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Abstra
tHigher-Order Spatial Dis
retization forTurbulent Aerodynami
 FlowsStan De RangoDo
tor of PhilosophyGraduate Department of Aerospa
e S
ien
e and EngineeringUniversity of Toronto2001A higher-order algorithm has been developed for 
omputing steady turbulent 
ow overtwo-dimensional airfoils. The algorithm uses �nite-di�eren
es applied through a gen-eralized 
urvilinear 
oordinate transformation, appli
able to single- and multi-blo
kgrids. Numeri
al dissipation is added using the matrix dissipation s
heme. Turbu-len
e is modeled using the Baldwin-Lomax and Spalart-Allmaras models. The various
omponents of the spatial dis
retization, in
luding the 
onve
tive and vis
ous terms,the numeri
al boundary s
hemes, the numeri
al dissipation, and the integration te
h-nique used to 
al
ulate for
es and moments, have all been raised to a level of a

ura
y
onsistent with third-order global a

ura
y. The two ex
eptions, both of whi
h provednot to introdu
e signi�
ant numeri
al error, are the �rst-order numeri
al dissipationadded near sho
ks and the �rst-order 
onve
tive terms in the Spalart-Allmaras tur-bulen
e model. Results for several grid 
onvergen
e studies show that this globallyhigher-order approa
h produ
es a dramati
 redu
tion in the numeri
al error in drag.It 
an provide equivalent a

ura
y to a se
ond-order algorithm on a grid with severaltimes fewer nodes. For subsoni
 and transoni
 single-element 
ases, errors of lessthan two per
ent are obtained on grids with only 15,000 nodes while 4 times as manynodes are required for the se
ond-order algorithm. Similar a

ura
y is obtained fora three-element 
ase on grids with only 73,000 nodes, a third of that required bythe se
ond-order algorithm. The results provide a 
onvin
ing demonstration of thebene�ts of higher-order methods for pra
ti
al 
ows.iii
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Chapter 1
Introdu
tion

In any free-market e
onomy, businesses work diligently to obtain some sort ofadvantage over their 
ompetition. Market dominan
e is often a
hieved by bringinga produ
t to market qui
kly and 
heaply. To do so involves eÆ
ient produ
t designand development. This is 
ertainly true in the 
ommer
ial air
raft industry wherethe re
ent de
ade has seen Bombardier, the �rst 
ompany to introdu
e the regionaljet, go on to play a dominant role in the regional jet industry.The pro
ess of designing an air
raft has matured greatly sin
e the Wright Flyertook its �rst powered 
ight in 1903. Early on, engineers employed empiri
al ap-proa
hes to solve aerodynami
 problems. In the 1950s 
omputational aerodynami
s,as a subset of 
omputational 
uid dynami
s (CFD), was in its infan
y. The 
ompu-tation of simple a
ademi
 
ows using linear equations and a few hundred unknownswas 
onsidered state of the art. But air
raft designs grew in
reasingly 
omplex andso too did the types of 
ow 
onditions that needed to be examined. Designers beganrelying heavily on experiments in wind tunnels. The pro
ess was slow and expensive.It took almost 20,000 hours of wind tunnel testing to develop the General Dynami
sF111 and the Boeing 747 [27℄. Advan
ing 
omputer 
apabilities have sin
e enabledex
eptional growth in CFD. The state of the art has now evolved to the ability to eval-uate the 
ow about 
omplete air
raft 
on�gurations using non-linear equations andseveral million unknowns. Dependen
e on wind tunnel testing has been signi�
antlyredu
ed with the in
reased use of CFD. 1



2 Chapter 1. Introdu
tionToday's CFD algorithms, however, do have their limits. Designers and engineersrequire 
omputational methods that are robust, a

urate, 
omputationally inexpen-sive, and provide a fast turn-around. A substantial portion of the time required in asimulation based on the Navier-Stokes (NS) equations is involved in problem setup,in
luding geometry de�nition and grid generation. Solutions to this obsta
le are un-able to keep pa
e with advan
es in 
omputer te
hnology and thus, should be thefo
us of intense resear
h by the CFD 
ommunity. Equally 
hallenging, however, isthe a

urate and 
ost-e�e
tive simulation of vis
ous 
ow at high Reynolds numbersasso
iated with full s
ale 
ight. The time required to 
ompute the solution of thesteady 
ompressible Navier-Stokes equations for the 
ow about a 
omplete air
raftremains ex
essive for routine use in air
raft design. Consequently, numeri
al solutionte
hniques appli
able to simpler physi
al models, su
h as panel methods or invis
idsolvers in
orporating the boundary-layer equations, are still heavily used in the designpro
ess, despite their limitations.There are a number of ways to redu
e the solution time for solving the Navier-Stokes equations. The �rst is to exploit 
omputer te
hnology to the fullest. ManyCFD developers have turned to running existing algorithms on massively parallel
omputers. Another solution is to improve the iterative method used to a
hieve steadystate su
h as modern Newton-Krylov type solvers [40℄. An alternative approa
hwould be to redu
e the mesh requirements by improving the a

ura
y of the spatialdis
retization. This allows a redu
tion in the number of grid nodes required to a
hievea given level of a

ura
y, resulting in savings in both 
omputing time and memory.The a

ura
y of the spatial dis
retization 
an be improved by in
reasing the order ofa

ura
y of the dis
rete operator. The purpose of this work is to use a higher-orderspatial dis
retization to improve the eÆ
ien
y of solving the Navier-Stokes equationsfor steady aerodynami
 
ows. In this work, the term \higher-order" is used to indi
ateorders of a

ura
y higher than se
ond.



Se
tion 1.1. Ba
kground 31.1 Ba
kgroundHigher-order spatial dis
retizations are typi
ally more 
omputationally expensiveper grid node than �rst- or se
ond-order methods. They require smaller grid densities,however, for a given level of a

ura
y. The in
rease in the 
omputing expense pernode is generally outweighed by the redu
tion in the number of grid nodes needed, re-du
ing the overall 
omputing expense. The promise of higher-order methods has beenre
ognized for some time, beginning with papers by Kreiss and Oliger [32℄ and Swartzand Wendro� [55℄. These authors examined the appli
ation of various �nite-di�eren
espatial s
hemes to linear �rst-order hyperboli
 equations with periodi
 boundary 
on-ditions. They demonstrated the ability of higher-order 
entered s
hemes to signi�-
antly redu
e the number of nodes required to minimize phase speed errors whennumeri
ally simulating the propagation of linear waves. They showed that, for the
ases studied, there was no signi�
ant advantage to using a

ura
ies higher thansixth-order. In general, as the algorithm a

ura
y in
reased, the bene�ts, in the formof redu
ed grid density requirements, did not o�set the added 
omputational e�ort ofthe algorithm. Fornberg [21℄ performed a similar study of spatial di�eren
e s
hemes,in
luding the use of fast Fourier transforms (FFT). The spatial derivatives of thegoverning equations were repla
ed with the FFT s
heme, produ
ing very a

uratedi�eren
e equations.Higher-order methods have re
eived 
onsiderable use in the numeri
al solutionof partial di�erential equations. In parti
ular, they have been applied to problemsinvolving wave propagation over long distan
es. Within the domain of aeronauti
s,they have primarily been used for time-dependent problems su
h as ele
tromagnet-i
s [30℄ and aeroa
ousti
s [62℄. In these dis
iplines, the grid resolution requirements ofse
ond-order methods 
an be
ome ex
essive, leading to impra
ti
al CPU and mem-ory requirements. Zingg [67℄ reviews a number of higher-order and optimized �nite-di�eren
e methods for numeri
ally simulating the propagation and s
attering of linearwaves.Another area where higher-order s
hemes are ne
essary to make the 
omputationfeasible is the simulation of transition and turbulen
e [44, 45, 65℄. Dire
t Numeri
al



4 Chapter 1. Introdu
tionSimulation (DNS) of turbulent 
ow is often not pra
ti
al in terms of 
omputationale�ort and hardware requirements. An alternate approa
h that is less 
omputation-ally intensive is Large Eddy Simulation (LES). Ghosal [22℄, and Krav
henko andMoin [31℄ provide a detailed analysis on the e�e
t of numeri
al error on the a

ura
yand robustness of LES of turbulent 
ows. The results illustrate the ne
essity of us-ing higher-order methods for these types of simulations. In LES, the full turbulent�eld is divided into a set of large-s
ale or \resolved" eddies and the small-s
ale or\subgrid" eddies. Only the resolved eddies are 
omputed dire
tly while the net e�e
tof the large number of subgrid eddies are approximated by a single subgrid model.For a

urate simulations, the numeri
al errors asso
iated with the large-s
ale modelshould be small 
ompared to the subgrid model. Both referen
es demonstrate that,for the 
ases examined, the trun
ation errors asso
iated with a se
ond-order s
hemein the large-s
ale model, are signi�
antly larger than the subgrid term over a widerange of wavenumbers. Higher-order s
hemes are therefore ne
essary to a

uratelyresolve the wide range of length s
ales of turbulen
e on pra
ti
al grids.In the dis
iplines dis
ussed thus far, the use of higher-order methods remains ana
tive area of resear
h. The appli
ation of higher-order methods to steady aerody-nami
 
ows, spe
i�
ally the solution of the steady Reynolds-averaged Navier-Stokes(RANS) equations, has been more limited. Initially, many RANS solvers used thes
alar arti�
ial dissipation s
heme presented in [28℄ to provide the numeri
al dissipa-tion needed for stability. The s
alar dissipation s
heme, however, has been shown bynumerous authors [3, 20℄ to be ex
essively dissipative in slow moving regions of 
owfor high Reynolds numbers. This results in 
ontaminated boundary layers and over-predi
tion of drag. There is no point in using a higher-order dis
retization as long asthe s
alar dissipation s
heme is used. The development of upwind s
hemes [49℄ andmatrix arti�
ial dissipation [54℄ was thus 
riti
al to the su

essful implementation ofhigher-order methods. It was shown in [68℄ that the numeri
al error introdu
ed usingmatrix dissipation is generally less than the trun
ation error from a se
ond-order 
en-tered di�eren
e operator. With the implementation of these sophisti
ated numeri
aldissipation s
hemes, the leading sour
e of numeri
al error be
ame the dis
retization ofthe 
onve
tive and di�usive 
uxes. To redu
e this leading sour
e of error, resear
hers



Se
tion 1.1. Ba
kground 5began implementing higher-order spatial s
hemes.The dis
retization of the invis
id or 
onve
tive terms for the RANS equationshas re
eived 
onsiderable attention over the last de
ade. It is 
ommon to 
ombinea high-order treatment for the invis
id 
ux terms with a se
ond-order approxima-tion for the vis
ous 
uxes. The higher-order treatment often 
onsists of a third-order upwind-biased s
heme. Examples of higher-order upwind s
hemes used in 
on-jun
tion with se
ond-order vis
ous approximations on stru
tured grids 
an found in[50, 23, 18, 61, 29℄.Compared to standard expli
it �nite di�eren
es, 
ompa
t s
hemes o�er the ad-vantage of using smaller sten
il sizes to obtain a 
omparable order of a

ura
y [33℄.Tolstykh and Lipavski [58℄ use third- and �fth-order 
ompa
t upwind di�eren
ingfor the solution of Burgers equation and the 2D 
ompressible NS equations. They
ombine the high-order spatial s
heme with GMRES [40℄ to aid 
onvergen
e to steady-state. Although Tolstykh and Lipavski use third-order approximations of the vis
ousterms in the solution of Burgers equation and demonstrate the bene�ts of doing so,they ele
t to use only se
ond-order di�eren
ing when solving the Navier-Stokes equa-tions. Mahesh [34℄ introdu
es a 
ompa
t s
heme appli
able to the solution of theNavier-Stokes equations in whi
h both �rst- and se
ond-order derivatives are solvedsimultaneously. The intent is to solve the invis
id terms, 
onsisting of �rst-orderderivatives, and the vis
ous terms, 
onsisting of se
ond-order derivatives, simultane-ously. This new s
heme was 
ompared to the standard Pad�e s
heme for eÆ
ien
yand a

ura
y using Fourier analysis. Unfortunately, Mahesh only illustrates how thespatial s
heme 
an be applied to the NS equations but does not show any solutions.Yee [63℄ formulates a fourth- and sixth-order 
ompa
t s
heme based on the workof Abarbanel and Kumar [1℄. Compa
t s
hemes tend to exhibit better spe
tral reso-lution 
ompared to their non-
ompa
t 
ousins. They involve, however, a tridiagonalmatrix inversion whi
h in
reases the operational 
ount per node. Abarbanel andKumar [1℄ proposed a spatially fourth-order 
ompa
t s
heme without the asso
iatedmatrix inversion. Numeri
al experiments showed that their s
heme exhibits poorsho
k resolution even with added linear numeri
al dissipation. In [63℄, Yee modi�esthe Abarbanel-Kumar 
ompa
t s
heme to be high-resolution at dis
ontinuities and
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tionextends the s
heme to a larger 
lass of expli
it and impli
it high-resolution s
hemes.Yee [63℄ also states that formal extension of the new s
hemes to in
lude vis
ous termswhile maintaining the same order of a

ura
y is quite involved and 
omputationallyexpensive. Yee suggests the option of using standard non-
ompa
t se
ond- or fourth-order 
entral di�eren
ing. Doing so, Yee [63℄ adds, raises the question as to thee�e
t of the in
onsistent dis
retization of the equations on the overall performan
eand a

ura
y of the �nal s
heme. More re
ent work where Yee and 
olleagues exam-ine higher-order 
ompa
t spatial algorithms in the 
ontext of TVD and ENO types
hemes, in
luding higher-order approximations for the vis
ous terms, 
an be foundin [64℄. The appli
ation of the higher-order vis
ous terms are, however, applied toDNS simulations and not the type of aerodynami
 
ows examined in this thesis.In [19℄, Ekaterinaris presents a fourth-order a

urate 
ompa
t spatial dis
retiza-tion for the Euler equations. Although we have restri
ted ourselves to the NS or RANSequations thus far, this referen
e is in
luded here be
ause the higher-order s
heme isapplied to the diagonal form [43℄ of the impli
it ADI method of Beam-Warming [8℄.The work presented in this thesis also employs the diagonalized Beam-Warming fa
-torization, and a 
omparison between the two s
hemes in future work might proveuseful. Also, unlike many resear
hers using impli
it time-mar
hing methods, Eka-terinaris shows how to obtain fourth-order a

ura
y for the impli
it operators. Itis 
ommon to retain low-order a

ura
y for the impli
it operators for simpli
ity and
omputational eÆ
ien
y. But this pra
ti
e of improper linearization of the dis
retizedequations 
an negatively a�e
t 
onvergen
e rates to steady-state.It is apparent that mu
h of the resear
h on higher-order s
hemes in the litera-ture 
on
entrates on the appli
ation of su
h s
hemes to the 
onve
tive terms of theNS equations. Very little attention is given to the vis
ous or turbulen
e terms. Re-sear
hers seem 
ontent to improve the spatial a

ura
y of the invis
id terms of a solverwhile using a low-ordered approximation to the vis
ous terms. The assumption madeis that the error introdu
ed in the di�eren
ing of the vis
ous 
uxes is small. All thereferen
es presented thus far demonstrate the signi�
ant bene�ts o�ered by higher-order methods in terms of a

ura
y and eÆ
ien
y. However, they do not address orattempt to quantify the penalty of not improving the vis
ous 
ux approximation. An



Se
tion 1.1. Ba
kground 7error in the vis
ous 
ux approximation within the boundary layer, where the 
owis dominated by a balan
e between the vis
ous and invis
id 
uxes in the streamwisemomentum equation, 
an lead to large errors in the predi
tion of drag.Early eviden
e of an attempt to use a higher-order treatment of the vis
ous termsfor steady 
ow 
an be found in [7℄, where the 
ase of a supersoni
 boundary layerover a 
at plate was examined. Hayder et al. [26℄ apply the same spatial algorithmfor subsoni
 
ow over a 
at plate. They 
ompare two spatial s
hemes. The �rst
onsists of fourth-order a

urate approximations for the invis
id terms and se
ond-order for the vis
ous terms. The se
ond s
heme was uniformly fourth-order a

uratefor both the invis
id and vis
ous terms. Boundary layer pro�les illustrate the markedimprovement that 
omes from using a fourth-order a

urate treatment of the vis
ousterms.Sjogreen [52℄ and Treidler and Childs [59℄ use a higher-order treatment for bothinvis
id and vis
ous terms on stru
tured grids for the solution of laminar 
ow past a
ylinder. Sjogreen [52℄ examines supersoni
 
ow at low Reynolds numbers. Se
ond-and fourth-order s
hemes are evaluated by performing grid 
onvergen
e studies 
om-paring surfa
e skin-fri
tion distributions. A

urate solutions were obtained on rela-tively 
oarse grids (65x33) using the fourth-order s
heme. In areas where the bound-ary layer remained fully atta
hed, the se
ond-order s
heme required 4 times as manynodes to obtain similar a

ura
y. There were some limitations, however, to the higher-order 
entered di�eren
e s
hemes used in [52℄. They 
ould not be used for dis
on-tinuous solutions. Hen
e the outer boundary of the grid was �t to the bow sho
kby using the Rankine-Hugoniot 
ondition. Furthermore, s
alar dissipation was used,whi
h may have limited the potential of the higher-order s
heme.Treidler and Childs [59℄ examine subsoni
 
ow about a 
ylinder and also performgrid 
onvergen
e studies 
omparing various ordered spatial s
hemes implemented inOVERFLOW [29℄, a well known 
ompressible Navier-Stokes 
ow solver developed atNASA Ames resear
h 
enter. The results indi
ate that examining total drag on ea
hgrid 
an be misleading. Skin-fri
tion and drag due to pressure 
an asymptote to thegrid independent value from opposite sides. Hen
e, numeri
al error in ea
h of theseterms 
an 
an
el ea
h other out presenting a far more positive pi
ture than may a
-
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tiontually exist. The fri
tion drag results 
omputed using the higher-order dis
retizationdes
ribed in [59℄ did not show signi�
ant improvement over the se
ond-order solver.The authors indi
ated that further study is ne
essary to isolate the 
ause of this be-haviour. The authors added that there was some 
on
ern as to the a

ura
y of for
eand moment integration and that more a

urate post-pro
essing might be ne
essary.Visbal and Gaitonde [60℄ present both qualitative and quantitative analysis forlaminar, in
ompressible, subsoni
 
ow past a 
at plate and 
ylinder. Centered 
om-pa
t s
hemes of up to sixth-order order are developed with �ltering s
hemes of upto tenth-order. As with previous authors, Visbal and Gaitonde [60℄ demonstratethe redu
ed grid density requirements when using high-order spatial s
hemes. These
ond-order s
heme used in most of their 
omparisons with the higher-order meth-ods, however, used s
alar arti�
ial dissipation whi
h is likely the major sour
e oferror presented in the results. When the se
ond-order method was 
ombined with afourth-order �lter (instead of damping) in one experiment for the 
at-plate solution,its a

ura
y improved substantially. For the unsteady laminar 
ow past a 
ylinder,Visbal and Gaitonde [60℄ 
ompare results on two grids for the various spatial s
hemesand 
ompare the Strouhal number and maximum lift and drag 
oeÆ
ients. Individualdrag 
omponents were not provided, making it diÆ
ult to determine the true bene�tof the higher-order vis
ous terms. Further qualitative analysis was performed in 3Dfor the unsteady laminar simulation of spiral vortex breakdown above a slender deltawing. Compared to the se
ond-order s
heme, the sixth-order s
heme was better ableto resolve the 
omplex 
ow stru
tures inherent in this 
ow. The sixth-order s
hemewas 1.9 - 2.4 times more 
omputationally expensive than the se
ond-order s
hemedepending on the details of the iterative solver. The authors make a 
onservativeestimate that the number of mesh points required in ea
h 
oordinate dire
tion 
an beredu
ed by a fa
tor of two. Consequently, for the type of 3D 
ow examined in [60℄,the required memory and CPU resour
es 
an be redu
ed by fa
tors of at least eightand four, respe
tively.Mu
h of the analysis presented thus far demonstrating the eÆ
ien
y of higher-order methods for solving the NS equations is based on laminar 
ow 
onditions withsmall free-stream Ma
h numbers. In the solution of the RANS equations in 
onjun
-



Se
tion 1.1. Ba
kground 9tion with turbulen
e modeling for 
ompressible subsoni
 or transoni
 
ow 
onditions,the 
ase is not as 
lear. Given the 
omplexities of high-Reynolds number external
ows about single- or multi-element airfoils, the use of higher-order methods mayprovide signi�
ant bene�ts. The 
ow around multi-element airfoils is generally more
omplex than for single-element geometries. Adequately resolving separated regionsand 
on
uent boundary layers often requires large grid densities. Nelson et al. [38℄demonstrated that se
ond-order multi-blo
k solutions for a 3-element airfoil are grid-dependent, even with grid densities of over 100,000 points. New algorithms are neededto redu
e the number of nodes required to a
hieve suÆ
iently grid independent re-sults, whi
h would in turn redu
e the CPU and memory requirements. In 
ombinationwith modern 
onvergen
e a

eleration te
hniques, higher-order methods appear to bethe next step towards a
hieving this goal.Published resear
h using higher-order methods with turbulen
e models for solvingexternal turbulent 
ow over single- or multi-element airfoils is limited. One example
an be found in Rangwalla and Rai [46℄. They present a fourth-order �nite-di�eren
es
heme for solving the 
ompressible thin-layer Navier-Stokes equations on grids hav-ing multiple zones. They examine subsoni
 
ow through an experimental turbinestage and 
ompare the fourth-order results with a standard third-order a

urateupwind-biased method. The third-order method was 
ombined with se
ond-orderapproximations for the vis
ous terms. The Baldwin-Lomax [4℄ turbulen
e model wasused with both spatial s
hemes. As in [60℄, pressure and entropy 
ontours illustratethe 
apability of the fourth-order treatment to resolve 
omplex 
ow physi
s betweenelements and the vorti
es shed from the trailing edges. The third-order method withse
ond-order vis
ous approximations was unable to resolve and tra
k the small s
ale
ow features given the grid density used.Although the bene�ts of the fourth-order method in [46℄ were signi�
ant, a numberof issues were not quanti�ed. The authors present a fourth-order s
heme for thevis
ous approximations but indi
ate that se
ond-order approximations are used at thesurfa
e and zonal boundary points. It is un
lear as to how this a�e
ts the a

ura
yof the solution in those areas. There is no indi
ation as to the spatial a

ura
y of theturbulen
e model or 
omputation of vorti
ity. These quantities 
an also a�e
t the
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tiona

ura
y of the vis
ous approximations. Mu
h of the data presented in [46℄ are relatedto pressure. There are no data presented with respe
t to vis
ous related items likeskin-fri
tion or boundary-layer pro�les. Su
h data are vital to aid in determining andquantifying the bene�ts of using higher-order approximations for the vis
ous terms.This literature review brie
y summarizes the development of higher-order spatials
hemes for the NS or RANS equations. Although the appli
ation of higher-ordermethods to DNS or laminar external 
ows has re
eived 
onsiderable attention inre
ent years, there still exists no 
lear demonstration that higher-order methods aremore eÆ
ient than 
onventional se
ond-order methods in the 
omputation of pra
ti
alturbulent aerodynami
 
ows.1.2 Obje
tivesThe obje
tive of this thesis is to develop a spatial dis
retization 
onsistent withthird-order a

ura
y, and to provide a 
lear demonstration as to the eÆ
ien
y of thisalgorithm 
ompared to a standard se
ond-order s
heme. We wish to demonstrate theimproved a

ura
y of the new higher-order algorithm on grids of pra
ti
al density.In order realize the full potential of the higher-order method, every aspe
t of thespatial dis
retization must be addressed and raised to a suitable level of a

ura
y.This in
ludes:� invis
id 
uxes, in
luding arti�
ial dissipation or �ltering,� metri
s of the 
urvilinear 
oordinate transformation,� vis
ous 
uxes,� 
onve
tive and di�usive 
uxes in the turbulen
e model,� near-boundary operators,� extrapolation at boundaries,� interpolation at zonal interfa
es,



Se
tion 1.2. Obje
tives 11� integration for for
e and moment 
al
ulations.Although it is generally fairly straightforward to in
rease the a

ura
y of the basi

ux derivatives, some of the other 
omponents 
an be more problemati
. In parti
-ular, high-order numeri
al boundary s
hemes 
an 
ause instabilities [70℄. Transoni

ows with sho
ks introdu
e an additional degree of diÆ
ulty in that �rst-order nu-meri
al dissipation is typi
ally added near sho
ks, whi
h 
an potentially underminethe bene�ts of a higher-order method [9℄. Grid 
onvergen
e studies [66, 47℄ are usedto 
ompare the a

ura
y of the higher-order dis
retization with a well-establishedse
ond-order dis
retization.





Chapter 2
Governing Equations

In this 
hapter the solution method for solving the Navier-Stokes equations ispresented. The higher-order spatial s
heme is developed and implemented in CY-CLONE [14℄, whi
h is based on the thin-layer Navier-Stokes solver ARC2D [41℄. Thissolver uses a generalized 
urvilinear 
oordinate transformation and is thus appli
a-ble to stru
tured grids. The new spatial algorithm is also implemented in TOR-NADO [17℄, an extension of CYCLONE to multi-blo
k grids. TORNADO is usedto model 
omplex 
ow around multi-element airfoils. The governing equations arepresented in Se
tion 2.1. The thin-layer approximation is des
ribed in Se
tion 2.2,and the Baldwin-Lomax and Spalart-Allmaras turbulen
e models are outlined in Se
-tion 2.3. A des
ription of the boundary 
onditions follows in Se
tion 2.4.
2.1 Navier-Stokes EquationsThe governing equations for aerodynami
 
ows are the Navier-Stokes equations.In two-dimensional form for Cartesian 
oordinates (x; y), the equations 
an be writtenas �Q�t + �E�x + �F�y = Re�1��Ev�x + �Fv�y � (2.1)13
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3777775 (2.2)


ontains the 
onservative variables. Here we s
ale the dimensional variables, Cartesian
oordinates (~x; ~y), density (~�), velo
ity (~u; ~v), total energy (~e), and time (~t), asx = ~x
 ; y = ~y
 ; � = ~�~�1 ; u = ~u~a1 ; v = ~v~a1 ; e = ~e~�1~a21 ; t = ~t a1
 (2.3)where 1 refers to free-stream quantities, 
 is the 
hord length, and a is the speed ofsound, whi
h for ideal 
uids is a = p
p=�. The ratio of spe
i�
 heats, 
, is takenas 1.4 for air. Pressure, p, is related to the 
onservative 
ow variables, Q, by theequation of state for a perfe
t gas, as followsp = (
 � 1)�e� 12�(u2 + v2)� (2.4)Referring to Equation 2.1, the 
onve
tive and vis
ous 
ux ve
tors are
E = 2666664 �u�u2 + p�uvu(e+ p)

3777775 ; F = 2666664 �v�vu�v2 + pv(e+ p)
3777775 (2.5)

and Ev = 2666664 0�xx�xy'1
3777775 ; Fv = 2666664 0�xy�yy'2

3777775 (2.6)



Se
tion 2.2. Thin-Layer Navier-Stokes Equations 15respe
tively, with�xx = (�+ �t)(4ux � 2vy)=3�xy = (�+ �t)(uy � vx)�yy = (�+ �t)(�2ux + 4vy)=3 (2.7)'1 = u�xx + v�xy + (�Pr�1 + �tPr�1t )(
 � 1)�1�x(a2)'2 = u�xy + v�yy + (�Pr�1 + �tPr�1t )(
 � 1)�1�y(a2)where � = ~�=~�1 is the non-dimensional dynami
 vis
osity, �t is the non-dimensionalturbulent eddy vis
osity, Re is the Reynolds number, Pr is the Prandtl number andPrt is the turbulent Prandtl number. The Prandtl number is de�ned byPr = 
p��t (2.8)where �t is the thermal 
ondu
tivity and 
p the spe
i�
 heat at 
onstant pressure.The Prandtl number is 
onsidered 
onstant in this study and is set to Pr = 0:72 andPrt = 0:90. Using the 
hord of the airfoil, 
, as the referen
e length, we de�ne theReynolds number as Re = �1 
 a1�1 : (2.9)
2.2 Thin-Layer Navier-Stokes EquationsFor the aerodynami
 
ows studied in this work, namely high Reynolds numbervis
ous 
ows, the e�e
ts of vis
osity are 
on
entrated near the airfoil surfa
e andin wake regions. Typi
ally, the vis
ous derivatives in the streamwise dire
tion arenegle
ted. This leads to the thin-layer approximation of the NS equations. Therationale behind this approximation is that for atta
hed and mildly separated 
ows,the gradients of the streamwise di�usion terms are small 
ompared to the normalgradients.



16 Chapter 2. Governing EquationsConverting to 
urvilinear 
oordinates (�; �) [41℄, and dropping all the vis
ousderivatives in the � dire
tion, we arrive at the thin-layer Navier-Stokes equations fora 
urvilinear 
oordinate system as follows (see Figure 2.1):�Q̂�t + �Ê�� + �F̂�� = Re�1�Ŝ�� (2.10)where, Q̂ = J�1 2666664 ��u�ve
3777775 (2.11)The 
onve
tive 
ux ve
tors are

Ê = J�1 2666664 �U�Uu + �xp�Uv + �yp(e+ p)U � �tp
3777775 ; F̂ = J�1 2666664 �V�V u+ �xp�V v + �yp(e+ p)V � �tp

3777775 (2.12)
with U = �t + �xu+ �yv; V = �t + �xu+ �yv (2.13)the 
ontravariant velo
ities. The variable J represents the metri
 Ja
obian of thetransformation: J�1 = (x�y� � x�y�) (2.14)The vis
ous 
ux ve
tor is

Ŝ = J�1 2666664 0�xm1 + �ym2�xm2 + �ym3�x(um1 + vm3 +m4) + �y(um2 + vm3 +m5)
3777775 (2.15)
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x

yFigure 2.1: Curvilinear 
oordinate transformation (used with permission from T. H.Pulliam)with m1 = (�+ �t)(4�xu� � 2�yv�)=3m2 = (�+ �t)(�yu� + �xv�)m3 = (�+ �t)(�2�xu� + 4�yv�)=3 (2.16)m4 = (�Pr�1 + �tPr�1t )(
 � 1)�1�x��(a2)m5 = (�Pr�1 + �tPr�1t )(
 � 1)�1�y��(a2)
2.3 Turbulen
e ModelsThe e�e
ts of turbulen
e 
an be approximated by adding an eddy vis
osity term,�t, to the dynami
 vis
osity � in the fashion shown in Eqs. 2.7 and 2.16. In ourstudy, we use the algebrai
 Baldwin-Lomax [4℄ model and the one-equation Spalart-Allmaras [53℄ model to 
ompute �t.
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e ModelCurrently, the Baldwin-Lomax turbulen
e model is only implemented in CY-CLONE. It is inadequate for high-lift multi-element 
ow 
omputations. The 
owmay 
ontain 
on
uent boundary layers, large separated regions, and separated wakes,none of whi
h 
an be treated properly with algebrai
 models. Hen
e, it is not usedin TORNADO. This model is, however, qui
k and robust for single-element 
ompu-tations and provides suÆ
iently a

urate results for atta
hed and mildly separated
ows. In the Baldwin-Lomax model, the boundary layer is divided into two layers,an outer and inner layer. The eddy vis
osity in the two layers is given by�t = ( (�t)inner y � y
rossover(�t)outer y > y
rossover (2.17)where y is the normal distan
e from the wall and y
rossover is the smallest value of yat whi
h values from the inner and outer formulas are equal.For the inner region, the Prandtl-Van Driest formulation is used:(�t)inner = � l2 j!j (2.18)l = k y [1 � e�(y+=A+)℄ (2.19)where k and A+ are 
onstants, j!j is the magnitude of the vorti
ity:j!j = �u�y � �v�x (2.20)and the law-of-the-wall 
oordinate y+ is given byy+ = �w u� y�w = p�w �w y�w (2.21)The subs
ript w denotes values at the wall, u� =p�w=�w is the fri
tion velo
ity, and�w is the shear stress at the wall.In the outer region, �t takes the following form:(�t)outer = K C
p � Fwake Fkleb(y) (2.22)where K is the Clauser 
onstant, C
p is an additional 
onstant, andFwake = min( ymax FmaxCwk ymax u2diff=Fmax (2.23)



Se
tion 2.3. Turbulen
e Models 19The quantities Fmax and ymax are determined from the fun
tionF (y) = y j!j [1 � e�(y+=A+)℄ (2.24)In wakes, the exponential term of Equation 2.24 is set equal to zero. Fmax is themaximum value of F (y) in a pro�le and ymax is the value of y that satis�es F (y) =Fmax. The fun
tion Fkleb(y) is the Klebano� intermitten
y fa
tor given byFkleb(y) = "1 + 5:5�y Cklebymax �6#�1 (2.25)The quantity udiff is the di�eren
e between maximum and minimum total velo
ityin the pro�le and is given byudiff = ( (pu2 + v2)max in boundary layers(pu2 + v2)max � (pu2 + v2)min in wakes (2.26)The Baldwin-Lomax turbulen
e model is patterned after that of Cebe
i [10℄. Re-quiring agreement with the Cebe
i formulation for 
onstant pressure boundary layersat transoni
 speeds leads to the following values for the 
onstants used in the aboveequations: A+ = 26; C
p = 1:6; Ckleb = 0:3Cwk = 0:25; k = 0:4; K = 0:01682.3.2 Spalart-Allmaras Turbulen
e ModelThe Spalart-Allmaras turbulen
e model is a one-equation transport model writtenin terms of the eddy-vis
osity-like term ~�. The equation isD~�Dt = 
b1 [1� ft2℄ ~S~� + 1� [r � ((� + ~�)r~�)℄ + 
b2 (r~�)2 (2.27)� h
w1fw � 
b1�2 ft2i� ~�d�2 + ft1�U2The kinemati
 eddy vis
osity, �t is related to the eddy vis
osity term ~� through theequation �t = ~�fv1 (2.28)



20 Chapter 2. Governing Equationswhere fv1 = �3�3 + 
3v1 (2.29)and � = ~�� (2.30)The produ
tion term ~S in the di�erential equation is given by~S = S + ~��2d2fv2 (2.31)where S is the magnitude of the vorti
ity, d is the distan
e to the wall andfv2 = 1� �1 + �fv1 (2.32)The destru
tion fun
tion fw is given byfw = g � 1 + 
3w3g6 + 
6w3� 16 (2.33)where g = r + 
w2(r6 � r) (2.34)and r = ~�~S�2d2 (2.35)Transition is in
luded using a trip fun
tion. The transition fun
tions areft1 = 
t1gt exp(�
t2 !2t�U2 [d2 + g2t d2t ℄) (2.36)ft2 = 
t3 exp(�
t4�2) (2.37)where gt = min(0:1; �U!t�xt ) (2.38)In the transition fun
tions, dt is the distan
e to the trip, !t is the vorti
ity at thetrip, and �xt is the grid spa
ing at the trip. The velo
ity di�eren
e between a �eld
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tion 2.4. Boundary Conditions 21point and the trip is �U . The 
onstants used for the Spalart-Allmaras model are
b1 = 0:1355 
b2 = 0:622
t1 = 5:0 
t2 = 2:0
t3 = 1:2 
t4 = 0:5
w1 = 
b1=�2 + (1 + 
b2)=�
w2 = 0:3 
w3 = 2:0
v1 = 7:1� = 23 � = 0:41For multi-element airfoils there is a trip on the upper and lower surfa
e of ea
helement so a point in the �eld 
ould refer to more than one trip. In this instan
e the
losest trip of those on the 
orre
t surfa
e of ea
h airfoil is used. Sin
e the e�e
t ofthe trip is very lo
alized, two trips are never 
lose enough to 
ause a signi�
ant e�e
ton the same �eld point. There are many subtleties regarding the implementationof this model in a multi-blo
k/multi-element 
ontext. Nelson [37℄ des
ribes theseimplementation issues for the Baldwin-Barth [5℄ turbulen
e model. The Baldwin-Barth model is also a one-equation transport model and is implemented in mu
h thesame manner as the Spalart-Allmaras model.2.4 Boundary ConditionsThe interior numeri
al s
heme used in CYCLONE and TORNADO requires fourboundary 
onditions to be spe
i�ed at ea
h domain boundary. Physi
al boundary
onditions provide some of the ne
essary equations. Numeri
al boundary 
onditions,normally obtained through extrapolation from the interior, are employed to makeup the balan
e. In this se
tion, the boundary 
onditions are outlined, while the
orresponding spatial s
hemes are dis
ussed in Se
tion 3.2.Figure 2.1 illustrates the 
omputational domain for an external 
ow around asingle-element airfoil. There are three boundaries to address: body surfa
e bound-aries, far-�eld boundaries, and the wake-
ut. All boundaries are treated expli
itlyin both CYCLONE and TORNADO, although there is an option in CYCLONE to
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tion 2.4. Boundary Conditions 23treat the wake-
ut impli
itly if the turbulen
e model is set up to do the same.The normal and tangent dire
tions at the boundaries are de�ned in a similarmanner in both CYCLONE and TORNADO for single-element C-grid topologies asshown in Figure 2.2. In Figure 2.2(b) the solution domain is divided into three blo
ksand ea
h blo
k side is numbered 1 - 4. The normal at the far�eld boundaries is de�nedto point out of the domain for both solvers.2.4.1 Body Surfa
eInvis
id FlowAt the body surfa
e (between points B and C in Figure 2.1), 
ow tangen
y mustbe satis�ed for invis
id 
ows. The normal 
omponent of velo
ity is set to zero and thetangential 
omponents are linearly extrapolated. The normal and tangential velo
itiesat the body are given by Vn = �x u+ �y vp�2x + �2y (2.39)Vt = �y u� �x vp�2x + �2y (2.40)The pressure at the surfa
e is extrapolated from the interior. The density is de-termined from the equation for free-stream stagnation enthalpy, H1, whi
h is held
onstant at the surfa
e: H1 = e1 + p1�1 = esurf + psurf�surf (2.41)Using Equation 2.4 and substituting for the energy variable in Equation 2.41, oneobtains the expression for density on the body surfa
e:�surf = 
 psurf(
 � 1)(H1 � 12(u2surf + v2surf)) (2.42)Vis
ous FlowFor vis
ous 
ow, no-slip 
onditions are applied on the body surfa
e. This 
onditionleads to the �rst two equations, velo
ities u = v = 0. Pressure 
an be obtained by



24 Chapter 2. Governing Equationsextrapolation from the interior or a Neumann 
ondition 
an be used where the normalgradient of pressure at the wall is set to zero:�p�� = 0 (2.43)We prefer to use the Neumann 
ondition as it is found to be more robust for higher-order spatial sten
ils. Note that the assumption that �p=�� = 0 is not stri
tly 
orre
t.However, for aerodynami
 
ows at high Reynolds numbers, the error introdu
ed isvery small. We have experimented with both extrapolation of pressure and the Neu-mann 
ondition with no signi�
ant 
hange in the solution. Furthermore, the errorintrodu
ed is a physi
al error, not a dis
retization error [48℄, and hen
e does not af-fe
t the 
on
lusions from grid 
onvergen
e studies. Further dis
ussion on this issue
an be found in Se
tion 3.2.5. Density 
an be determined from either adiabati
 orisothermal 
onditions at the surfa
e. We use adiabati
 
onditions in all 
al
ulations.For an adiabati
 wall, when 
oupled with the assumption of zero pressure gradientand the perfe
t gas law, density also satis�es a zero normal gradient at the wall:���� = 0 (2.44)2.4.2 Far-�eld BoundariesInvis
id - CYCLONEThe value of Q̂ at the boundary node is 
al
ulated as follows:Q̂b
 = 12(Q̂1 + Q̂ext)� 12sign(	)(Q̂1 � Q̂ext) (2.45)sign(	) = T� sign(��) T�1�where � is 
hosen in the dire
tion normal to the boundary, and 	 represents the
orresponding 
ux Ja
obian as follows:for k = kmax ( 	 = B̂� = � ;for j = 1 or j = jmax ( 	 = Â� = � ;
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Figure 2.3: Normal and tangential dire
tions at the boundaries for H-grid topologies.In Equation 2.45, b
 indi
ates the boundary value, 1 indi
ates values obtained fromfree-stream 
onditions, and ext indi
ates values extrapolated from the interior nodesof the mesh. � is a ve
tor 
ontaining the eigenvalues of the 
ux Ja
obian matrixÂ = �Ê=�Q̂ or B̂ = �F̂ =�Q̂. The matrix T 
ontains the eigenve
tors of 	. Thesevariables will be derived in detail in Chapter 3. The eigenvalues and eigenve
tors are
al
ulated from the mean state, Q̂avg = 12(Q̂1 + Q̂ext).Invis
id - TORNADOBefore pro
eeding, it is prudent to expand on the normal and tangent de�nitionsoutlined in Figure 2.2(b). For the majority of 
ases, TORNADO is used to solve 
owson H-grid topologies. Consistent with the normal and tangent dire
tions de�ned inFigure 2.2(b) for a multi-blo
k C-grid, Figure 2.3 illustrates the dire
tions de�nedfor an H-grid topology. Here, the normal and tangential velo
ities, depending on theside forming the far-�eld boundary, are as follows:Vn = �( ~�xu+ ~�yv)( � = 1 sides 3 and 4� = �1 sides 1 and 2 (2.47)



26 Chapter 2. Governing EquationsVt = �( ~�yu� ~�xv)( � = 1 sides 1 and 4� = �1 sides 2 and 3 (2.48)The metri
 terms are de�ned by~�x = 8>><>>: �xp�2x + �2y sides 2 and 4�xp�2x + �2y sides 1 and 3 and ~�y = 8>><>>: �yp�2x + �2y sides 2 and 4�yp�2x + �2y sides 1 and 3(2.49)The boundary 
onditions of Equation 2.45 have also been implemented in TOR-NADO but were not used in this study. Instead, 
hara
teristi
 
onditions are usedto apply the expli
it far-�eld boundaries. The four variables used are the lo
allyone-dimensional Riemann invariants:R1 = Vn � 2a
 � 1 (2.50)R2 = Vn + 2a
 � 1 (2.51)as well as Vt and a fun
tion of entropy:R3 = Vt (2.52)R4 = �
p (2.53)These four values are set to free-stream values or they are extrapolated from theinterior 
ow variables depending on the sign of the 
orresponding 
hara
teristi
 speed.For the Riemann invariants R1 and R2, the 
orresponding 
hara
teristi
 speeds are�1 = Vn � a and �2 = Vn + a respe
tively.For subsoni
 in
ow, Vn < 0, �1 < 0, and �2 > 0 so the Riemann invariantR1 is determined from free-stream 
onditions (u1,v1,a1), and R2 is determined byextrapolation from the interior (uext,vext,aext). For subsoni
 out
ow, Vn > 0, �1 < 0,and �2 > 0. As in the 
ase for subsoni
 in
ow, R1 is determined from free-stream
onditions and R2 is extrapolated. For in
ow, R3 and R4 are set to free-stream
onditions. For out
ow, they are extrapolated from the interior. On
e these fourvariables on the boundary are 
al
ulated, a number of quantities are re
al
ulatedusing the following relations:
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Vn = 12(R1 +R2) (2.54)a = 14(
 � 1)(R2 �R1) (2.55)� = (1
 a2R4) 1
�1 (2.56)p = 1
 � a2 (2.57)and the velo
ities are obtained fromu = 8>>>>><>>>>>: � ~�xVn + ~�yVt� ~�xVn � ~�yVt~�xVn � ~�yVt~�xVn + ~�yVt
side 1side 2side 3side 4 and v = 8>>>>><>>>>>: � ~�yVn � ~�xVt� ~�yVn + ~�xVt~�yVn + ~�xVt~�yVn � ~�xVt

side 1side 2side 3side 4 (2.58)For supersoni
 in
ow and out
ow 
onditions, the reader is referred to [41℄.Vis
ousA 
ommon pra
ti
e in vis
ous 
ow 
omputations is to use simple extrapolationof all variables from the interior at out
ow boundaries (j = 1 and j = jmax in Fig-ure 2.2(a)). The entropy gradients asso
iated with 
onve
tion of the wake make the
hara
teristi
 analysis used for invis
id 
ows inappropriate. Zeroth-order extrapo-lation of �, �u, �v and p is often used. This pro
ess is equivalent to a �rst-orderapproximation to �q=�� = 0 where q may represent any of the variables mentionedabove and � is in the dire
tion normal to the out
ow boundary. This approa
h isused for both CYCLONE and TORNADO. Se
ond-order approximations to the zeronormal gradient are used for the higher-order s
heme.2.4.3 Cir
ulation Corre
tionFor lifting bodies, the far-�eld boundary may a�e
t the solution. To 
orre
t forthis e�e
t, a far-�eld 
ir
ulation 
orre
tion is applied to the free-stream variables, asdes
ribed in Appendix A.





Chapter 3
Numeri
al MethodCYCLONE [14℄ and TORNADO [17℄ use impli
it time-mar
hing te
hniques toiterate to steady-state. The time-mar
hing method and other details of these twosolvers are des
ribed in Se
tion 3.1. Se
tion 3.2 des
ribes the spatial dis
retization ofthe new higher-order algorithm, whi
h is 
onsistent with global third-order a

ura
y.3.1 Time-Mar
hing MethodAlthough we are only interested in steady-state solutions for this work, the twosolvers are 
apable of eÆ
iently solving unsteady external 
ow about an airfoil [13, 15℄.Sin
e we are not interested in time a

ura
y, it is suÆ
ient to use a �rst-order time-mar
hing method to advan
e the solution to steady state. The �rst-order impli
itEuler method is used sin
e it has a broad stability region. When the impli
it Eulertime-mar
hing s
heme is applied to Equation 2.10 one obtains�Q̂n +�t���Ên+1 + ��F̂ n+1 �Re�1��Ŝn+1� = 0 (3.1)where �t is the time step and �Q̂ = Q̂n+1 � Q̂n with Q̂n = Q̂(n�t). The ve
tors Ê,F̂ , and Ŝ are lo
ally linearized:Ên+1 = Ên + Ân�Q̂n +O(�t2)F̂ n+1 = F̂ n + B̂n�Q̂n +O(�t2) (3.2)Ŝn+1 = Ŝn + K̂n�Q̂n +O(�t2)29



30 Chapter 3. Numeri
al Methodwhere the matri
es Â, B̂, and K̂ are the 
ux Ja
obians, de�ned byÂ = �Ê�Q̂ ; B̂ = �F̂�Q̂ , and K̂ = �Ŝ�Q̂Combining Equations 3.1 and 3.2 one arrives at the following:[I +�t��Ân +�t��B̂n ��tRe�1��K̂n℄�Q̂n = R̂n (3.3)where R̂n = ��t[��Ê(Q̂n) + ��F̂ (Q̂n)�Re�1��Ŝ(Q̂n)℄In general, Equation 3.3 is prohibitively time 
onsuming to solve dire
tly. Var-ious approximations 
an be made to the impli
it operator (left-hand side) in orderto redu
e the required 
omputational time. The approximately-fa
tored method ofBeam and Warming [8℄ 
an be applied to Equation 3.3. In 
ombination with spatialdi�eren
es, the equations take on the following form:[I +�tÆ�Ân℄[I +�tÆ�B̂n ��tRe�1Æ�K̂n℄�Q̂n = R̂n (3.5)where R̂n = ��t[Æ�Ê(Q̂n) + Æ�F̂ (Q̂n)�Re�1Æ�Ŝ(Q̂n)℄The symbol Æ in Equation 3.5 denotes a spatial operator. Central di�eren
es areused for the spatial dis
retization. Note that 
entral di�eren
es require the expli
itaddition of numeri
al dissipation as des
ribed in Se
tion 3.2.1.To further redu
e the 
omplexity of the left-hand-side, the diagonal form of Pul-liam and Chaussee [43℄ is implemented. The Ja
obian matri
es are diagonalized asfollows: �� = T�1� ÂT� (3.7)�� = T�1� B̂T� (3.8)where the matri
es �� and �� are diagonal matri
es whose elements are the eigen-values of the 
ux Ja
obians. The vis
ous 
ux Ja
obian K̂ 
annot be simultaneouslydiagonalized with the 
ux Ja
obian B̂, so it has been dropped from the left-hand side.



Se
tion 3.2. Spatial Dis
retization and For
e Integration 31However, a term approximating the vis
ous eigenvalues is added to the diagonal ofB̂, as des
ribed by Pulliam [41℄. The matrix T� has the eigenve
tors of Â as 
olumns,and T� has the eigenve
tors of B̂ as 
olumns. The eigenve
tor matri
es are fa
toredout, giving T�[I +�tÆ���℄T�1� T�[I +�tÆ��� ��tIÆ�(��)℄T�1� �Q̂n = R̂n; (3.9)where �� is the term approximating the vis
ous eigenvalues and is de�ned as�� = �JRe(�2x + �2y)Æ� �J�� (3.10)Variable time stepping is used to a

elerate the 
onvergen
e rate by roughly equal-izing the Courant numbers of ea
h 
ell. Using a spatially varying time step 
an bee�e
tive for grids with widely varying 
ell dimensions. Su
h grids are typi
al in aero-dynami
 simulations. The Courant number variation 
an be made more uniform bys
aling with the Ja
obian: �t = �tref1 +pJ (3.11)
3.2 Spatial Dis
retization and For
e IntegrationAs stated in Se
tion 1.2, one of the obje
tives of this thesis is to develop a 
on-sistent third-order algorithm. To a

omplish this, with the ex
eption of �rst-orderdissipation used near sho
ks and some terms within the turbulen
e models, only �nite-di�eren
e sten
ils of at least third-order a

ura
y are used. The only other ex
eptionsare the sten
ils used near some boundaries. Numeri
al boundary s
hemes must be
hosen su
h that they, when 
ombined with the interior s
heme, remain stable for awide variety of 
ow 
onditions and preserve the global spatial a

ura
y of the interiors
heme. Gustafsson [25℄ has shown that numeri
al boundary s
hemes 
an be oneorder lower than the interior s
heme without redu
ing the global order of a

ura
y.



32 Chapter 3. Numeri
al MethodHen
e we 
an use se
ond-order numeri
al boundary s
hemes while preserving third-order global a

ura
y. Nevertheless, we use third-order boundary s
hemes whereverpossible. The details of the following items will be addressed in this se
tion:� numeri
al dissipation,� invis
id 
uxes,� metri
s of the 
urvilinear 
oordinate transformation,� vis
ous 
uxes,� 
onve
tive and di�usive 
uxes in the turbulen
e model,� near-boundary operators,� extrapolation at boundaries,� interpolation at zonal interfa
es,� integration for for
e and moment 
al
ulations.The following se
tions des
ribe the new higher-order algorithm.3.2.1 Numeri
al DissipationIn order to maintain stability, numeri
al dissipation, often referred to as arti�
ialdissipation, must be added to the 
entered di�eren
e s
heme used for the 
onve
tive
uxes. The numeri
al dissipation is added using the matrix dissipation s
heme ofSwanson and Turkel [54℄. It is implemented in the following manner:� �Ê�� !j;k = Æ�Êj;k ���dj+ 12 ;k (3.12)�An analogous term appears in the � dire
tion



Se
tion 3.2. Spatial Dis
retization and For
e Integration 33with dj+ 12 ;k = jÂjj+ 12 ;k J�1j+ 12 ;k ��(2)j+ 12 ;k�� Jj;k Q̂j:k � �(4)j+ 12 ;k��r��� Jj;k Q̂j;k��(2)j;k = �2max(�j+1;k;�j;k;�j�1;k)�(4)j;k = max(0; �4 � �(2)j;k)�j;k = jpj+1;k � 2pj;k + pj�1;kjjpj+1;k + 2pj;k + pj�1;kjwhere Æ� is a 
entered di�eren
e operator, �� and r� are �rst-order forward andba
kward di�eren
e operators, and �4 = 0:02. We use �2 = 0 for subsoni
 
ows, and�2 = 1:0 for transoni
 
ows. The term �j;k is a pressure swit
h to 
ontrol the use of�rst-order dissipation near sho
k waves. The matrix jÂj is given byjÂj = T� j��jT�1� (3.13)Here j��j 
ontains the eigenvalues of the 
ux Ja
obian matrix Â = �Ê�� , as follows:j��j = 2666664 j�1j 0 0 00 j�2j 0 00 0 j�3j 00 0 0 j�4j
3777775 = 2666664 jU j 0 0 00 jU j 0 00 0 jU + a �j 00 0 0 jU � a �j

3777775 (3.14)where U is the 
ontravariant velo
ity 
omponent in the � dire
tion, a is the speedof sound, � = p�2x + �2y , and �x and �y are the metri
s of the 
urvilinear 
oordinatetransformation. The matrix T� 
ontains the right eigenve
tors of Â. In evaluatingjÂjj+ 12 ;k we have used the simple average (12 [ jÂjj;k + jÂjj+1;k ℄); the Roe average isre
ommended for 
ows 
ontaining very strong sho
k waves. To avoid zero eigenvalues,the elements of j�j� are modi�ed as follows:~�1; ~�2 = max(�1;2; Vl �)~�3 = max(�3; Vn �) (3.15)~�4 = max(�4; Vn �)where � is the spe
tral radius of the 
ux Ja
obian. We use Vl = Vn = 0 for subsoni

ow, and Vl = 0:025, Vn = 0:25 for transoni
 
ows. Note that the value of Vl has amu
h greater e�e
t on stability and total drag than Vn.
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al MethodPulliam [42℄ showed that the best rate of 
onvergen
e for the Euler equations isa
hieved when mat
hed arti�
ial dissipation operators are in
luded both impli
itlyand expli
itly. A 
ontribution from the dissipation, analogous to Equation 3.12, istherefore added to the left-hand-side of the impli
it algorithm of Equation 3.9.The variable dj+ 12 ;k in Equation 3.12 
ontains se
ond- and fourth-di�eren
e termswhi
h s
ale as �rst- and third-order terms respe
tively. The fourth-di�eren
e termuses a symmetri
 �ve-point sten
il:1�� (qj+2 � 4qj+1 + 6qj � 4qj�1 + qj�2) (3.16)At near-boundary nodes, the following operator is 
ommonly used for the dissipation:1�� (�2qj+1 + 5qj � 4qj�1 + qj�2) (3.17)Sin
e this term is only �rst-order a

urate, it is repla
ed by the following se
ond-orderoperator for use with the higher-order s
heme:1�� (qj+2 � 3qj+1 + 3qj � qj�1) (3.18)Os
illations in the vi
inity of sho
ks in transoni
 
ow 
an arise when using third-order dissipation. To provide better sho
k resolution, �rst-order dissipation is addednear sho
ks through the use of the pressure swit
h, �, des
ribed above. The e�e
t of�rst-order dissipation on the global a

ura
y of transoni
 solutions is investigated inthe Chapter 4.3.2.2 Invis
id FluxesCentered di�eren
es are used for the 
onve
tive 
uxes. Note that the use of fourth-di�eren
e (third-order) dissipation ne
essitates the use of a �ve-point sten
il andthus the solution of pentadiagonal systems. In
reasing the a

ura
y of the 
entereddi�eren
e operator to fourth order does not in
rease the sten
il size, and the overallin
rease in 
omputing expense per grid node is small. Finally, note that the gridmetri
s are evaluated using the same operators as the 
onve
tive 
uxes without anynumeri
al dissipation. It must be stressed that mat
hing the spatial operators of



Se
tion 3.2. Spatial Dis
retization and For
e Integration 35the metri
s and 
onve
tive terms is 
riti
al. Not doing so generates large trun
ationerrors. The resulting sour
e term pre
ludes the ability to obtain a zero residual forinitial uniform free-stream 
onditions.The following operators are used to approximate �rst derivatives:Higher-order AlgorithmInterior (4th-order) Æ�qj = 112�� (�qj+2 + 8qj+1 � 8qj�1 + qj�2) (3.19)First Interior Node (3rd-order)Æ�qj = 16�� (�2qj�1 � 3qj + 6qj+1 � qj+2) (3.20)Boundary (3rd-order)Æ�qj = 124�� (�11qj + 18qj+1 � 9qj+2 + 2qj+3) (3.21)The last equation is required only for the 
al
ulation of grid metri
s.3.2.3 Vis
ous FluxesThe vis
ous terms are in the following general form:��(�j���j) (3.22)There are a number of ways to deal with Equation 3.22. Some resear
hers ele
t toexpand the expression, through 
hain-rule di�erentiation, into its non-
onservative
ounterpart [33, 44, 45, 34℄ 
onsisting of �rst and se
ond derivatives as follows:(���)� = ���� + ���� (3.23)The reason is that dire
t evaluation of the se
ond derivative is signi�
antly more a
-
urate at the small s
ales than two appli
ations of a �rst-derivative operator. Thiswould make the non-
onservative form more attra
tive to those using DNS. Another
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al Methodreason 
ould be that su

essive appli
ations of standard 
entered-di�eren
e opera-tors for �rst derivatives may not provide suÆ
ient damping to odd-even modes. Inthe present work, the 
onservative form of the vis
ous terms is 
omputed. We ap-ply su

essive di�erentiation using quantities at mid-points of the mesh to obtain a
onservative operator. The di�erentiation is �rst biased in one dire
tion and thenbiased in the opposite dire
tion to 
omplete the se
ond derivative. We have used thisapproa
h without en
ountering any diÆ
ulty.The following fourth-order expression is used to 
al
ulate the ���j term, fromEquation 3.22, at half nodes:(Æ��)j+ 12 = 124�� (�j�1 � 27�j + 27�j+1 � �j+2) (3.24)Near boundaries, the following third-order expression is used:(Æ��)j+ 12 = 124�� (�23�j + 21�j+1 + 3�j+2 � �j+3) (3.25)The value of �j+ 12 is determined using the following fourth-order interpolation for-mula: �j+ 12 = 116(��j�1 + 9�j + 9�j+1 � �j+2) (3.26)Near boundaries, a third-order formula is used:�j+ 12 = 18(3�j + 6�j+1 � �j+2) (3.27)Using the following similar expressions,�j = �j+ 12 Æ��j+ 12(Æ��)j� 12 = 124�� (��j+1 + 27�j � 27�j�1 + �j�2) (3.28)(Æ��)j� 12 = 124�� (�23�j�1 + 21�j + 3�j+1 � �j+2)the 
omplete operator be
omes:Æ�(�jÆ��j) = 124�� (�j�3=2(Æ��)j�3=2 (3.29)�27�j�1=2(Æ��)j�1=2+27�j+1=2(Æ��)j+1=2��j+3=2(Æ��)j+3=2)
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tion 3.2. Spatial Dis
retization and For
e Integration 37in the interior, and Æ�(�jÆ��j) = 124�� (�23�j�1=2(Æ��)j�1=2 (3.30)+21�j+1=2(Æ��)j+1=2+3�j+3=2(Æ��)j+3=2��j+5=2(Æ��)j+5=2)near boundaries. This approa
h leads to a seven-point sten
il. On the left-hand-sideof the approximate fa
torization algorithm, we use a se
ond-order operator whi
h isidenti
al to the one used in the original se
ond-order algorithm.3.2.4 Turbulen
e ModelsThe implementation of the Baldwin-Lomax and Spalart-Allmaras turbulen
e mod-els requires the 
al
ulation of the vorti
ity. The pro
edure is slightly di�erent for thetwo turbulen
e models due to implementation issues.For the Baldwin-Lomax turbulen
e model, vorti
ity is 
omputed at the half-nodesusing the operators given in Equations 3.24 and 3.25. The grid metri
s are interpo-lated to the half nodes using Equations 3.26 and 3.27. Sin
e the 
omputation of theeddy-vis
osity takes pla
e at the half nodes, all other relevant information is alsointerpolated using the higher-order interpolants.For the Spalart-Allmaras model, the eddy-vis
osity is �rst 
omputed at ea
h nodeand then interpolated to the half node position. Hen
e, vorti
ity is 
omputed usingEquations 3.19 - 3.21. Equation 3.21 is used to 
ompute vorti
ity on the airfoilsurfa
e. Sin
e the grid metri
s are 
omputed at the same nodal positions, thereis no need to interpolate. On
e the eddy-vis
osity is 
omputed at ea
h node, it isinterpolated to the half nodes using Equations 3.26 and 3.27.The di�usive terms in the Spalart-Allmaras turbulen
e model are handled in thesame manner as the vis
ous terms des
ribed in the pre
eding subse
tion. A �rst-orderupwind s
heme is used for the 
onve
tive terms in order to maintain positivity of theeddy vis
osity. We have experimented with a third-order upwind-biased treatment of
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al Methodthe 
onve
tive terms and seen no degradation in a

ura
y asso
iated with the use ofthe �rst-order operator.3.2.5 Boundary Conditions and Zonal Interfa
esFar-Field BoundaryThe far-�eld boundary 
onditions are des
ribed in Se
tion 2.4.2 for both CYCLONEand TORNADO. The following se
ond-order extrapolation operator is used at thefar-�eld boundary: q1 = 3q2 � 3q3 + q4 (3.31)Extrapolation formulas of third order and higher in 
ombination with the fourth-orderinterior s
heme (i.e. Equation 3.19) proved unstable for both far-�eld and airfoil-bodyboundary 
onditions. We expand on this topi
 in the following subse
tion.As des
ribed in Se
tion 2.4.2, the use of a �nite domain does introdu
e error, evenwhen a 
ir
ulation 
orre
tion is used [66℄. The error varies with the inverse of thedistan
e to the outer boundary [48℄. However, this error does not depend on the griddensity and thus does not a�e
t the error estimates from the grid 
onvergen
e studies.Airfoil BodyThe pressure at the airfoil surfa
e is determined from a third-order approximation to�p=�n = 0 (see Se
tion 2.4.1), whi
h givesp1 = 111(18p2 � 9p3 + 2p4) (3.32)Note that third-order boundary s
hemes are suÆ
ent to maintain fourth-order globala

ura
y. Density at the airfoil surfa
e is determined from an expression analogousto Equation 3.32. We have experimented with extrapolation of pressure and densityusing Equation 3.31 and the following third-order operator:q1 = 4q2 � 6q3 + 4q4 � q5 (3.33)Both one- and two-dimensional experiments have shown that for extrapolation, thehighest order of a

ura
y that 
an be used while maintaining stability appears to be
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e Integration 392 less than that of the interior s
heme. In our experien
e, Equation 3.33 has provento be un
onditionally unstable in 
onjun
tion with Equation 3.19 used in the interior.Equation 3.31 was mildly stable for small time-steps. First-order extrapolation provedto be very robust but it would undermine the global a

ura
y of the higher-orders
heme. Experiments with sten
ils of up to third order (i.e. Equation 3.32) used toapproximate Equation 2.43 proved stable for all the 
ases examined in this work.Wake-CutAlthough the Baldwin-Lomax model is implemented with either an impli
it or anexpli
it wake-
ut, the Spalart-Allmaras model is not implemented to handle wake-
uts impli
itly. For 
onsisten
y, all results presented in this thesis are 
omputed whiletreating the wake-
ut expli
itly. The interpolation at the wake-
ut (w
) is 
omputedto fourth-order using the data above and below the wake-
ut as follows:qkw
 = 16(�qkw
+2 + 4qkw
+1 + 4qkw
�1 � qkw
�2) (3.34)Treatment of Blo
k Interfa
esNeighbouring blo
k boundaries, in the streamwise dire
tion, are overlapped atthe interfa
es. A spe
i�ed number of 
olumns of points are taken from the neigh-bouring blo
k (known as the halo 
olumn). Consider the re
tangular 2-blo
k grid inFigure 3.1. For simpli
ity, only one halo 
olumn will be 
onsidered here. The �rstinterior 
olumn of blo
k 2 is stored in the halo 
olumn of blo
k 1, and the last interior
olumn of blo
k 1 is stored in the halo 
olumn of blo
k 2. Blo
ks 1 and 2 are thenupdated independently, resulting in two solutions at the blo
k interfa
e. The two in-terfa
e solutions are subsequently averaged. At steady state, the streamwise interfa
eis 
ompletely transparent. Common blo
k interfa
es in the 
ross-stream dire
tion(i.e., sides 1 and 3 in Figures 2.2(b) and 2.3) are treated like wake-
uts and employEquation 3.34.
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Block 2Block 1

Block 1 Block 2

Halo Columns

Interior Columns

Block InterfaceFigure 3.1: 2-blo
k grid with halo data.3.2.6 For
e IntegrationA popular se
ond-order approa
h to the integration of the pressure �eld is totake the average Cp value between two neighbouring nodes on the airfoil surfa
e andhave the ve
tor a
t normal to the line joining the two points. This is illustrated inFigure 3.2. Pro
eeding around the airfoil, the appropriate 
ontributions in both thenormal and axial dire
tion with respe
t to the 
hord line are summed. On
e the shearstress is 
omputed at every node, it too is averaged and summed to give the vis
ous
ontribution to the normal and axial for
es. A more a

urate pro
edure is ne
essaryto maintain high-order global a

ura
y.The following expressions are used to evaluate the normal and axial for
e 
oeÆ-
ients, CN and CA respe
tively, with respe
t to the 
hord line. (For ease of presenta-tion, we 
onsider the pressure 
ontribution only.)CN = 1
 I �Cp(n̂ � ŷ)ds (3.35)CA = 1
 I �Cp(n̂ � x̂)ds (3.36)where 
 is the 
hord length, s is the ar
length along the airfoil surfa
e (see Figure 3.2),
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Cp
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Cp
j

Cp
j+1y

x

sFigure 3.2: Average Cp values for integration of surfa
e pressure.x and y are the Cartesian 
oordinates, and x̂ and ŷ are unit ve
tors in the 
oordinatedire
tions. The unit normal with respe
t to the surfa
e, n̂, is given byn̂ = �dyds x̂+ dxds ŷq(dxds )2 + (dyds )2 (3.37)We integrate the pressure and shear stress distributions with respe
t to the ar
lengtharound the airfoil. This avoids any possible singularities near the leading or trailingedges.A 
ubi
 spline is used to �t a 
urve through the nodes making up the airfoilsurfa
e. The spline allows for the 3rd-order interpolation of dxds and dyds at any point onthe airfoil surfa
e. The pressure distribution is also splined. An adaptive quadratureroutine is used to integrate Equations 3.35 and 3.36. The quadrature routine uses thetwo-point Gauss-Legendre rule as the basi
 integration formula with a global error-
ontrol strategy. Details regarding the me
hani
s of the global strategy 
an be foundin Mal
olm and Simpson[36℄.The 
al
ulation of Cp does not expli
itly involve any di�eren
ing. The skin-fri
tion
oeÆ
ient, Cf , however, is 
omputed as follows:Cf = �wq1 (3.38)where �w is the shear stress along the airfoil surfa
e, q1 = 12�1M21, is the dynami
pressure, and M1 is the free-stream Ma
h number. The shear stress is 
omputed as
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al Methodfollows: �w = ���u�y � �v�x� (3.39)= �h(u��y + u��y)� (v��x + v��x)iFor vis
ous 
ow, u = v = 0 along the airfoil surfa
e, hen
e u� = v� = 0. Thefollowing fourth-order spatial operator is used for the derivatives 
omputed normalto the surfa
e: Æ�q1 = 112�� (�25q1 + 48q2 � 36q3 + 16q4 � 3q5) (3.40)The grid metri
 terms use Equation 3.21. Note that expli
it use of the metri
 termsin Equation 3.39 underlines the importan
e of the a

ura
y of the metri
 terms if oneis to 
ompute skin fri
tion a

urately. The 
ommonly used se
ond-order 
ounterpartto Equation 3.40 is as follows:Æ�q1 = 12�� (�3q1 + 4q2 � q3) (3.41)It has been our experien
e that this sten
il is ina

urate for grids that are highlystret
hed in the dire
tion normal to the airfoil surfa
e. The trun
ation errors arelarge and 
ontribute 
onsiderable error to the integrated drag for
e. For a thoroughstudy of the e�e
t of grid density and distribution on skin fri
tion using variousturbulen
e models, the reader is referred to referen
e [57℄.



Chapter 4
Results and Dis
ussion

In this se
tion, we 
ompare results 
omputed using the higher-order algorithmwith those 
omputed using a se
ond-order dis
retization. Both s
hemes use matrixdissipation. The se
ond-order s
heme uses a se
ond-order three-point 
entered sten
ilfor the grid-metri
 approximations and the invis
id and vis
ous 
uxes. Zeroth-orderextrapolation is used at the body surfa
e and the far-�eld boundaries. The shear-stress distribution on the airfoil surfa
e and integrated body for
es are 
omputed tose
ond-order a

ura
y.Zingg at al. [69℄ showed that this se
ond-order dis
retization produ
es numeri
ala

ura
y whi
h is very similar to that obtained using either a third-order upwind-biased 
ux-di�eren
e-split s
heme or the 
onve
tive upstream split pressure s
hemewith se
ond-order approximations for the vis
ous 
uxes. Hen
e this lower-order dis-
retization is representative of the most popular 
urrent algorithms and provides asuitable ben
hmark for assessing the higher-order dis
retization. The goal of manyresear
hers in CFD today is to be able to predi
t total vehi
le drag to within 1or 2 per
ent [2, 12℄. Physi
al-model errors su
h as those asso
iated with laminar-turbulent transition, turbulen
e, and the thin-layer approximation generally ex
eedthose error levels. Limiting the numeri
al error to two per
ent, however, helps toavoid 
ompounding these errors and allows for a more a

urate assessment of thephysi
al model.The a

ura
y of the integration routines is investigated in Se
tion 4.1. Results43
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ussionobtained using CYCLONE are presented in Se
tion 4.2 and those obtained usingTORNADO are presented in Se
tion 4.3. The �gures of this 
hapter are in Ap-pendix B.4.1 For
e IntegrationTo investigate the a

ura
y of the integration routines we examine a 
ow for whi
hthere is an analyti
al solution. Using a 
onformal mapping, we 
an obtain the pressuredistribution and the lift 
oeÆ
ient for the steady in
ompressible potential 
ow overa Joukowsky airfoil. Thus we 
an evaluate integration te
hniques by applying themto a �nite number of pressure values from the analyti
al pressure distribution and
omparing with the analyti
al lift and drag 
oeÆ
ients. Figure B.1 depi
ts the errorin
urred in using the two di�erent integration algorithms (designated \2nd-order" and\third-order") in 
omputing Cl and Cd as a fun
tion of the number of points used inthe integration pro
edure, N . The �gure shows the expe
ted slopes 
orresponding tose
ond- and third-order a

ura
y. The higher-order integration s
heme redu
es theerror signi�
antly. With, say, 200 points distributed around the airfoil, the se
ond-order integration pro
edure produ
es an error in the lift 
oeÆ
ient well below 0.001,whi
h should suÆ
e for virtually any aerodynami
 appli
ation. However, the errorin the drag 
oeÆ
ient is about 1� 10�5, whi
h is likely to a�e
t the third signi�
ant�gure in a pra
ti
al 
ontext.4.2 CYCLONE Results4.2.1 Overview of Test Cases and Grid DetailsComputational results, obtained using CYCLONE, are presented for the followingtest 
ases:1. NACA 0012 airfoil, M1=0:16, �=6Æ, Re=2:88� 106, laminar-turbulent transi-tion at 0.05 and 0.8 
hords on the upper and lower surfa
es, respe
tively.
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tion 4.2. CYCLONE Results 452. NACA 0012 airfoil, M1 = 0:16, �= 12Æ, Re= 2:88 � 106, laminar-turbulenttransition at 0.01 and 0.95 
hords on the upper and lower surfa
es, respe
tively.3. NACA 0012 airfoil, M1 = 0:7, � = 3Æ, Re = 9:0 � 106, laminar-turbulenttransition at 0.05 
hords on both surfa
es.4. RAE 2822 airfoil, M1=0:729, �=2:31Æ, Re = 6:5 � 106, laminar-turbulenttransition at 0.03 
hords on both surfa
es.5. RAE 2822 airfoil, M1 = 0:754, � = 2:57Æ, Re = 6:2 � 106, laminar-turbulenttransition at 0.03 
hords on both surfa
es.These 
ases span a range of typi
al aerodynami
 
ows. Cases 1 and 2 are bothsubsoni
 
ows, the former fully atta
hed, the latter mildly separated. Experimentaldata 
an be found in Gregory and O'Reilly [24℄. Cases 3 and 4 are transoni
 
owswith moderate-strength sho
k waves. Case 5 is 
hara
terized by a mu
h strongersho
k wave on the upper surfa
e than Case 4. There is also a mu
h larger region ofsho
k-indu
ed boundary-layer separation. Experimental data for Cases 4 and 5 
anbe found in Cook et al. [11℄ The measured 
oordinates for the RAE 2822 airfoil areused, as in Maksymiuk et al. [35℄, rather than the standard 
oordinates.Tables 4.1 and 4.2 summarize the grids used for CYCLONE. The family of gridsoutlined in Table 4.1 is primarily used for subsoni
 
ases 1 and 2, while the gridsdes
ribed in Table 4.2 are used for transoni
 
ases 4 and 5 only. Both families ofgrids are used for 
ase 3. All of the grids have a \C" topology. The distan
e to thefar-�eld boundary is 12 
hords for all grids. While this 
auses some numeri
al error,the error does not s
ale with grid density. The error is proportional to the inverse ofthe distan
e to the outer boundary [48℄. Sin
e the distan
e to the outer boundary is
ommon to all grids, this error will not a�e
t our 
on
lusions. Grid Ay was generatedusing an ellipti
 grid generator. Grid B was generated by removing every se
ond nodein both 
oordinate dire
tions from grid A, and grid C was similarly generated fromgrid B. This te
hnique produ
es a sequen
e of grids suitable for a grid 
onvergen
eyWhen a grid is referred to without a numeri
 referen
e, i.e. grid A instead of grid A1 or A2, weare referring to grid A from both sets of families.
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ussionPoints on Points on O�-Wall Leading Edge Trailing EdgeGrid Dimensions Upper Lower Spa
ing Clustering ClusteringSurfa
e Surfa
e (�10�6) (�10�3) (�10�3)A1 1057� 193 401 400 0.23 0.1 0.5B1 529� 97 201 200 0.53 0.2 1.0C1 265� 49 101 100 1.2 0.4 2.0C1a 277� 49 113 100 1.2 0.4 2.0Table 4.1: Grid family 1 (CYCLONE).Points on Points on O�-Wall Leading Edge Trailing EdgeGrid Dimensions Upper Lower Spa
ing Clustering ClusteringSurfa
e Surfa
e (�10�6) (�10�3) (�10�3)A2 1025� 225 501 300 0.23 0.1 0.25B2 513� 113 251 150 0.53 0.2 0.5C2 257� 57 126 75 1.2 0.4 1.0Table 4.2: Grid family 2 (CYCLONE).study. Two examples of the grids used are shown in Figure B.2. Where transoni

ases are examined using the �rst family of grids, we also show results for grid C1a,whi
h has additional grid nodes 
lustered near the upper-surfa
e sho
k wave. These
ond family of grids has in
reased node density in the normal dire
tion and morenodes on the upper surfa
e than the lower surfa
e (but no 
lustering at the sho
k).Grid C, from both families, is relatively 
oarse (under 15,000 nodes), with a nodedensity suitable for extension to three-dimensional 
omputations, while grids A andB are primarily for estimation of solution error. For all grids and 
ases, the y+ valueat the �rst point from the surfa
e is less than one, where y+ is the standard law-of-the-wall 
oordinate, and therefore there are a few grid points in the linear sublayerof the turbulent boundary layers.4.2.2 Test Case 1 - NACA 0012 Subsoni
 FlowFigure B.3 shows the lift, pressure drag, and skin-fri
tion drag 
omputed usingthe Baldwin-Lomax turbulen
e model for 
ase 1 on grids A1, B1, and C1. The
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orresponding results 
omputed using the Spalart-Allmaras turbulen
e model 
anbe found in Figure B.4. They are plotted versus 1=N , where N is the number ofgrid nodes. Agreement between the two algorithms on grid A1 is good, indi
atingthat numeri
al errors are very small on this grid. Thus grid A1 provides a referen
efor estimating numeri
al errors on grids B1 and C1. Individual drag 
omponents,pressure and fri
tion drag, are shown instead of total drag in order to get a betterpi
ture of solution a

ura
y. The errors in these 
omponents are often of oppositesign.Examining the results using the Baldwin-Lomax model for 
ase 1, one �nds thatboth dis
retization s
hemes produ
e errors in lift of less than one per
ent on grid C1.The errors in pressure drag on grid C1 are larger, with the higher-order algorithmprodu
ing about 3 per
ent error and the se
ond-order algorithm produ
ing an errorof approximately 40 per
ent. Similarly, the higher-order algorithm produ
es an errorin fri
tion drag below 2 per
ent on grid C1, while the error from the se
ond-orderalgorithm approa
hes 12 per
ent.The results obtained using the Spalart-Allmaras model, displayed in Figure B.4,are similar to those obtained using the Baldwin-Lomax turbulen
e model. The similarerror levels indi
ate that the �rst-order 
onve
tive terms in the Spalart-Allmarasmodel are not a signi�
ant sour
e of numeri
al error. The se
ond-order algorithmprodu
es an error in pressure and fri
tion drag, on grid C1, of almost 30 per
entand 15 per
ent respe
tively. Similar to the Baldwin-Lomax results, the higher-orderalgorithm produ
es error levels of approximately three per
ent in pressure drag andone per
ent in fri
tion drag.The results presented in this work are not intended to demonstrate the formalorder of a

ura
y of the higher-order algorithm. In fa
t, the data in Figures B.3 andB.4 provide no indi
ation that the order of a

ura
y of the higher-order algorithm isgreater than se
ond-order. Without proper treatment of 
ow or grid singularities, itis unlikely that third-order behaviour 
an be shown. Instead, we wish to emphasizethe improved a

ura
y of the higher-order algorithm on grid C1, whi
h is typi
alof grids used in pra
ti
e. Based on Figures B.3 and B.4, the higher-order solution
omputed on grid C1 is more a

urate than the se
ond-order solution 
omputed on
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ussiongrid B1, whi
h has four times as many nodes.4.2.3 Test Case 2 - NACA 0012 Subsoni
 FlowThe 
ow in this test 
ase is 
hara
terized by a small region of separated 
ow onthe upper surfa
e near the trailing edge. To provide a broader perspe
tive on thepotential of the higher-order s
heme, the a

ura
y of four di�erent spatial dis
retiza-tions are 
ompared. The family of grids from Table 4.1 are used and the results, usingthe Baldwin-Lomax turbulen
e model, are plotted in Figure B.5. The methods arelabelled as follows:1. Se
ond-order - matrix arti�
ial dissipation with se
ond-order 
entered di�er-en
es for both invis
id and vis
ous 
uxes, se
ond-order metri
 approximationsand for
e integration;2. CUSP - the 
onve
tive upstream split pressure (CUSP [56℄) s
heme as imple-mented by Neme
 and Zingg [39℄, with se
ond-order 
entered di�eren
es forboth invis
id and vis
ous 
uxes, se
ond-order metri
 approximations and for
eintegration;3. Third-order upwind - third-order upwind-biased s
heme [49℄ for the invis
idterms, as implemented by Jespersen et al. [29℄, with se
ond-order vis
ous terms,grid metri
s, and integration;4. Higher-order - matrix arti�
ial dissipation with fourth-order 
entered di�er-en
es for the invis
id and vis
ous terms, fourth-order metri
 approximationsand third-order for
e integration;The errors in the lift 
oeÆ
ient for all four methods are below two per
ent ongrid C1. All of the methods appear to be equally a

urate. Closer inspe
tion of the
ow�eld within the boundary layer shows that this is not the 
ase, as we shall seelater. The errors in the drag 
oeÆ
ients 
omputed on grid C1 are mu
h larger. Forthe two subsoni
 
ases, examined thus far, the bene�ts of the higher-order s
hemeare signi�
ant. The errors in pressure and fri
tion drag produ
ed by the higher-order
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heme on grid C1 are generally less than two per
ent. Furthermore, these errors aresmaller than those produ
ed by the other three s
hemes on grid B1, whi
h has fourtimes as many nodes. The errors in the drag 
omponents from the three remainings
hemes are greater than two per
ent, even on grid B1.Closer inspe
tion of the solutions reveals that the lower-order s
hemes lead toan overpredi
tion of the boundary-layer thi
kness on the upper surfa
e, 
onsistentwith overpredi
tion of pressure drag and underpredi
tion of fri
tion drag. Figure B.6shows the skin-fri
tion distribution near the leading edge. The grid A1 results, whi
hprovide an a

urate referen
e solution, show every fourth grid node. The higher-order results on grid C1 are in good agreement with the referen
e solution, while these
ond-order result signi�
antly underpredi
ts the maximum near the leading edge.The higher-order solution is also more a

urate along the upper surfa
e where theerror in the se
ond-order results persists all the way to the trailing edge. Figures B.7and B.8 show the boundary-layer pro�les at 85% 
hord on the upper surfa
e 
omputedon grid C1. The higher-order s
heme is superior to the other s
hemes, illustratingthe importan
e of raising the a

ura
y of the dis
retization of the vis
ous terms. Thehigher-order results are virtually grid independent, even on grid C1. Note that these
ond- and higher-order algorithms both use the same numeri
al dissipation s
heme.Given the a

urate results of the higher-order s
heme on grid C1, the third-ordermatrix dissipation does not appear to 
ontaminate the solution. It is a
hieving itsgoal of produ
ing stability and damping under-resolved modes without introdu
ingsigni�
ant error. The error in the se
ond-order results must, therefore, be dominatedby dis
retization errors of the invis
id and vis
ous terms. The third-order upwindresults, however, are not mu
h better than the se
ond-order results suggesting thatthe dis
retization error of the metri
s and the vis
ous terms dominate the third-orderupwind results.4.2.4 Test Case 3 - NACA 0012 Transoni
 FlowThe results 
omputed using the se
ond- and higher-order s
heme with the Baldwin-Lomax model, on grid family 1, are displayed in Figure B.9. The higher-order dis-
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retization produ
es the smallest pressure drag error on grid C1, but is neverthelesswell in ex
ess of two per
ent. One sour
e of this error is the �rst-order dissipationintrodu
ed near the sho
k wave. Both s
hemes produ
e lower pressure drag errorswhen run without any limiting, i.e. without any �rst-order dissipation, but visibleos
illations result. Another sour
e of error with the matrix dissipation s
heme (thusa�e
ting the higher-order algorithm as well) is the requirement of nonzero values of Vland Vn in Equation 3.15 for transoni
 
ows. This leads to some of the overdissipation
hara
teristi
 of the s
alar arti�
ial dissipation s
heme. For example, the results inFigure B.9 were obtained using Vl = 0:025. Redu
ing Vl to a value of 0.015 redu
esthe pressure drag result for the higher-order algorithm on grid C1 from 0.00896 to0.00889. The 
orresponding error in those values, 
ompared to the solution on gridA1, is 3.9% and 3.1% respe
tively, a 20% redu
tion in error. Redu
ing Vl even fur-ther to 0.005 does not improve the result. Although the relative redu
tion in error issubstantial, the goal is to produ
e results, on grids with similar densities as grid C1,with errors no greater than two per
ent.Adding nodes near the sho
k, as in grid C1a, does not redu
e the pressure dragerror signi�
antly. Figure B.10 shows details of the pressure 
oeÆ
ient on the uppersurfa
e of the airfoil 
omputed on grid C1a. For the grid A1 solution, every se
ondgrid point is plotted. The higher-order algorithm produ
es an improvement in thesho
k lo
ation and a signi�
ant redu
tion in error in the low pressure region forwardof the sho
k, with the grid A1 solution taken as a referen
e. The grid A1 results showa spike at the laminar-turbulent transition point whi
h is not seen on the 
oarser gridC1a. The present treatment of transition in the Baldwin-Lomax turbulen
e model isslightly grid-dependent and may explain some of the error seen.The added nodes near the sho
k wave do little to redu
e the pressure drag error.The numeri
al error asso
iated with the added �rst-order dissipation in that region is,therefore, not the largest sour
e of error. Results using the Spalart-Allmaras modelprodu
e similar error levels, indi
ating that the error is not likely to be related todis
retization errors within the turbulen
e models. It turns out that a small re
ir-
ulation region exists just aft of the sho
k lo
ation. More nodes are needed in thedire
tion normal to the airfoil surfa
e to adequately resolve the boundary layer in that
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ond family of grids, outlined in Table 4.2, addresses this issue. Usinggrid family 2 redu
es the pressure drag error signi�
antly. Results for this test 
aseusing the Spalart-Allmaras model on grids A2, B2, and C2 are found in Figure B.11.The numeri
al errors, for the higher-order algorithm, have all been redu
ed to lessthan 2% on grid C2, whi
h has less than 15,000 nodes.4.2.5 Test Cases 4 and 5 - RAE 2822 Transoni
 FlowFigures B.12 and B.13 show the lift and drag 
omponents 
omputed using theSpalart-Allmaras model on grid family 2. The results indi
ate that the higher-orderdis
retization leads to a signi�
ant redu
tion in the error relative to the se
ond-order s
heme, generally produ
ing solutions on grid C2 whi
h are a

urate to within2 per
ent. The ex
eption is the pressure drag for 
ase 5, for whi
h the higher-ordersolution has an error of nearly 4 per
ent, and the solution 
omputed using the se
ond-order s
heme has an error just over 5 per
ent. Using third-order dissipation aloneonly marginally improves the pressure drag results indi
ating that using �rst-orderdissipation near the sho
k is not the sour
e of this error. It appears that there isinsuÆ
ient grid resolution in the vi
inity of the separation bubble at the sho
k evenfor the higher-order s
heme. Despite the small improvement in pressure drag error,
loser examination of lo
al 
ow 
hara
teristi
s indi
ates that the higher-order solutionis signi�
antly more a

urate than the se
ond-order solution. Figure B.14 shows aportion of the 
omputed pressure 
oeÆ
ient distribution on the upper surfa
e for 
ase5. The solution using the higher-order dis
retization on grid C2 lies mu
h 
loser tothe grid A2 solution than that 
omputed using the se
ond-order s
heme on grid C2.Boundary-layer pro�les 
on�rm the improved a

ura
y of the higher-order s
heme.Figure B.15 shows the 
omputed pro�les on the upper surfa
e at 95% 
hord. Theerror in the velo
ity pro�le 
omputed on grid C2 using the se
ond-order s
heme isquite large, while the error in the higher-order results, though visible, is small.



52 Chapter 4. Results and Dis
ussion4.2.6 A

ura
y of vis
ous terms, grid metri
sand for
e integrationIn the 
ontext under 
onsideration here, namely the solution of the thin-layerNavier-Stokes equations using a generalized 
urvilinear 
oordinate transformation,the extension of all terms to higher order 
an be a

omplished very eÆ
iently (seeSe
tion 4.2.7). In other 
ontexts, su
h as the full Navier-Stokes equations or �nite-volume algorithms on unstru
tured grids, the 
osts asso
iated with higher-order ap-proximations 
an be substantial [6℄. Thus it is instru
tive to examine the relativeimportan
e of raising various terms to higher order.The spatial dis
retization of the entire 
ode 
an be broken down into various
omponents, as outlined in Se
tion 3.2. In this se
tion, all terms relating to vis
osityand turbulen
e are referred to as vis
ous terms. It is our experien
e that the mosta

urate results are obtained when all the 
omponents are treated in a similar fashion,that is, the order of a

ura
y of all the 
omponents of the dis
retization is 
onsistent.Mixing higher-order invis
id terms with low-orderz metri
 terms 
an lead to largetrun
ation errors. Similarly, mixing higher-order metri
s with low-order vis
ous terms
an also lead to erroneous results. The problem is magni�ed when dealing with 
asesinvolving 
ow dis
ontinuities su
h as sho
ks. Hen
e, it 
an be diÆ
ult to determineexa
tly how e�e
tive any one 
omponent of the dis
retization is at redu
ing numeri
alerror sin
e the result 
an behave in a very nonlinear fashion. Nonetheless, we attemptto address some of these issues here.In Se
tion 4.2.3, we 
ompared various dis
retization s
hemes for a subsoni
 
ase,in
luding a third-order upwind s
heme. It 
an be shown that the third-order upwindtreatment of the invis
id terms is equivalent to a fourth-order 
entral s
heme witha third-order dissipative 
omponent, mu
h like the higher-order algorithm des
ribedhere [69℄. The third-order upwind s
heme is 
ombined with se
ond-order grid metri
s,vis
ous terms, and for
e integration. Figure B.16 shows a portion of the upper surfa
epressure distribution, for 
ase 4, obtained using the Baldwin-Lomax turbulen
e modelon grid C1a. For the grid A1 solution, every se
ond point is plotted. Compared to thez\Low-order" referes to orders of a

ura
y of se
ond-order or lower



Se
tion 4.2. CYCLONE Results 53third-order s
heme, the higher-order dis
retization produ
es a signi�
ant redu
tion inerror over the �rst 20% 
hord. The result provides further eviden
e of the importan
eof raising all 
omponents of the dis
retization, in
luding the grid metri
s, to a higher-order of a

ura
y.In [16℄, De Rango and Zingg, 
arried out a study of the e�e
t on a

ura
y of raisingthe vis
ous terms and integration algorithm to higher order. We now summarize andexpand upon those results. First we address the relative importan
e of the a

ura
yof the vis
ous terms. Plotted in Figure B.17 are results for 
ase 1 using the higher-order s
heme with se
ond- and fourth-order 
entered treatments of the vis
ous terms.Grid family 1 is used. Note that higher-order metri
s and for
e integration are usedfor both sets of results. The lower-order treatment of the vis
ous terms surprisinglyimproves the lift results. The error in the original higher-order lift result, however, isless than one per
ent on grid C1 and is 
onsidered suÆ
iently a

urate. The se
ond-order vis
ous terms have the opposite e�e
t on the a

ura
y of the individual drag
omponents. In fa
t, the error on grid C1 doubles when the lower-order vis
ous termsare used.Although the results vary from 
ase to 
ase, the higher-order vis
ous terms gener-ally a

ount for roughly 10% of the error redu
tion asso
iated with the higher-orderdis
retization relative to the se
ond-order s
heme. Using 
ase 2 as an example, these
ond-order algorithm produ
es an error in pressure drag on grid C1 of roughly 47%in 
omparison with the grid A1 solution. Using the higher-order algorithm, this erroris redu
ed to 1.3%. If lower-order approximations are used for the vis
ous terms, theerror in
reases to 4.6% per
ent. Although the higher-order vis
ous terms a

ount fora relatively small fra
tion of the overall error redu
tion, they redu
e the error by afa
tor greater than three in this example.Velo
ity boundary-layer pro�les for 
ase 5 were shown in Figure B.15. In Fig-ure B.18, we add to those results the velo
ity pro�le 
omputed using the higher-orderdis
retization with the vis
ous terms dis
retized using the se
ond-order s
heme. Con-sistent with the previous example, raising the vis
ous terms to higher order a

ountsfor roughly 10 per
ent of the overall error redu
tion.For some transoni
 
ases, using a lower-order approximation for the vis
ous terms



54 Chapter 4. Results and Dis
ussionShear-Stress Grid B1 Grid C1Approximation % Error % Errorhigher-order 0.4 1.42nd-order -1.5 -7.9Table 4.3: E�e
t of shear-stress approximation on a

ura
y of Cdf using higher-ordersolution for 
ase 1 (Baldwin-Lomax model). Note: % error is relative to the value
omputed using the higher-order algorithm on grid A1, whi
h is Cdf = 0:005277.Shear-Stress Grid B1 Grid C1Approximation % Error % Errorhigher-order 0.0 0.22nd-order -1.8 -9.4Table 4.4: E�e
t of shear-stress approximation on a

ura
y of Cdf using higher-ordersolution for 
ase 3 (Baldwin-Lomax model). Note: % error is relative to the value
omputed using the higher-order algorithm on grid A1, whi
h is Cdf = 0:004967.
an have a more adverse e�e
t on the a

ura
y of the higher-order algorithm. Fri
tiondrag results for 
ase 3 are shown in Figure B.19. Compared to the grid A1 solution,the skin fri
tion obtained on grid C1, using se
ond-order approximations for thevis
ous terms, is in error by approximately 10%. The error is not redu
ed signi�
antlyeven using grid B1 whi
h has four times as many nodes. This is a good example ofthe nonlinear e�e
ts dis
ussed earlier when mixing 
omponents of di�erent spatiala

ura
ies.The 
omputation of fri
tion drag is a two-step pro
ess, the �rst being the 
om-putation of shear stress given by Equation 3.39. The se
ond involves the a
tualintegration of the surfa
e shear-stress distribution. The a

ura
y of the shear-stress
omputation has a mu
h larger e�e
t on the a

ura
y of the 
omputed fri
tion dragthan the integration of the shear-stress distribution. Fri
tion drag results for 
ases1 and 3, for the higher-order solution using the higher-order integration routine, areshown in Tables 4.3 and 4.4. The e�e
t on a

ura
y using se
ond- and fourth-orderapproximations (Equations 3.40 and 3.41) for the normal velo
ity derivatives in Equa-tion 3.39 is examined. Third-order approximations are used for the grid metri
s on



Se
tion 4.2. CYCLONE Results 55the airfoil surfa
e. The results 
learly indi
ate the importan
e of treating most termsin a 
onsistent manner. Similar results to the se
ond-order results are obtained iffourth-order approximations are used for the velo
ity derivatives and se
ond-orderapproximations are used for the surfa
e grid metri
s. The se
ond-order three-pointone-sided di�eren
e operator (Equation 3.41) typi
ally used for grid metri
 terms anddi�eren
ing on the surfa
e is found to be parti
ularly sus
eptible to error from gridstret
hing.For the 
ases studied, the di�eren
e in integrated lift and fri
tion drag valuesbetween the se
ond- and third-order integration routines is small. The third-orderintegration routine improves the integrated pressure drag values by 0.5 - 1% of thereferen
e Cdp obtained on grid A1.4.2.7 Convergen
e rate and 
omputational eÆ
ien
yDensity residual 
onvergen
e histories for grid C, using the Spalart-Allmaras tur-bulen
e model, are displayed in Figure B.20. Convergen
e using the Baldwin-Lomaxmodel is similar. In all 
ases, the two algorithms 
onverge similarly for the �rst threeto four orders of magnitude redu
tion in residual, and the higher-order algorithm
onverges somewhat more slowly after that. Figure B.21 shows the drag 
onvergen
ehistories for the four 
ases. Convergen
e of lift and drag is typi
ally a
hieved afterabout four orders of residual redu
tion on grid C, so the extra 
ost asso
iated withthe higher-order algorithm is quite small.For the solution of the thin-layer Navier-Stokes equations using a generalized
urvilinear 
oordinate transformation, the extension of all terms to higher order 
anbe a

omplished very eÆ
iently. The 
ost per grid node per iteration is in
reased byabout 6%. Sin
e the lift and drag 
onvergen
e rates are not signi�
antly a�e
ted, theoverall 
ost in
rease on a given grid is about 6% relative to the se
ond-order algo-rithm. Hen
e the 
omputational e�ort required to a
hieve a given level of a

ura
yis greatly redu
ed using the higher-order algorithm. In some 
ases, equivalent a

u-ra
y is a
hieved in less than 1/16 the expense of the se
ond-order algorithm, whi
hrequires a mu
h �ner grid.



56 Chapter 4. Results and Dis
ussionElement Upper LowerSurfa
e Surfa
eSlat 5.00 -Main 0.97 11.0Flap 2.70 99.3Table 4.5: Transition lo
ations for 
ase 6 given as per
entage of elemental 
hord.4.3 TORNADO Results4.3.1 Overview of Test Case and Grid DetailsThe test 
ase examined is Case A-2 from AGARDAdvisory Report No. 303. Windtunnel data were measured for a two-dimensional super
riti
al airfoil with high-liftdevi
es and the model designation is NHLP 2D. These data were obtained during the1970's as part of the National High Lift Programme in the United Kingdom. The 
asesele
ted for examination here is L1T2 whi
h in
ludes a 12.5%
 leading-edge slat and a33%
 single slotted 
ap, where 
 is the 
hord length of the nested 
on�guration. Theslat is lo
ated in the optimum position at an angle of 25 degrees and the 
ap angleis 20 degrees. This geometry, whi
h is typi
al of a take-o� 
on�guration, is shownin Figure B.22. TORNADO results for this 
ase were �rst presented by Nelson etal. [38℄. It should be noted that in referen
e [38℄, the blunt trailing edge of the 
apis 
losed by rotating the upper and lower surfa
es through equal angles. The sharppoints on the lower surfa
e of the slat and main element are a
tually very small bluntedges. The same 
oordinates are used in this study with the ex
eption that the lower-surfa
e blunt edges of the slat and main element (not referring to the trailing edges)are also 
losed to a single point. A full set of 
oordinates for this 
ase 
an be foundin Appendix D.The 
ow 
onditions for this 
ase, test 
ase 6, are set at M1 = 0:197, a Reynoldsnumber of 3:52 � 106, and an angle of atta
k of 20:18Æ. The transition points aretabulated in Table 4.5. The transition for the lower surfa
e of the slat is �xed tothe third node from the sharp point between the slat leading and trailing edges as



Se
tion 4.3. TORNADO Results 57Grid Number ofNodesA 255,295B 183,721C 126,185D 72,837E 51,749Table 4.6: Multi-blo
k grid densities.illustrated in Figure B.23.Five grids are used in this study, ea
h of them generated independently with anH-mesh topology. Generating a sequen
e of grids, suitable for multi-element 
ases, inthe fashion des
ribed in Se
tion 4.2.1, would make the grid density of a grid A far tooimpra
ti
al. The solution domain for ea
h grid is divided into 27 blo
ks. The samedomain de
omposition is shared amongst all �ve grids and is shown in Figure B.24.The grids are labeled as grids A through E. The grid densities are given in Table 4.6.Grid densities of individual blo
ks are outlined in Tables C.1 -C.5 in Appendix C.Given that this is a high-lift 
ase, the far-�eld boundary is pla
ed at a distan
e of24 
hords from the airfoil surfa
e, twi
e the grid extent used for the single-element
ases. The grid 
ells at the far-�eld boundaries are approximately 1 
hord in length.Individual blo
k detail is provided for two reasons: 1) to allow for pre
ise reprodu
tionof the grids by other resear
hers in the future, and 2) to give the reader a detaileda

ount of the distribution of the grid points amongst the three elements, noting thatthe grid density required for a

urate results is di�erent for ea
h element.The slat requires spe
ial attention. At an angle of atta
k of 20:18Æ, the pressuregradients near the leading edge are quite large. In fa
t, in Nelson et. al. [38℄, itwas shown that at high angles of atta
k, very high 
ow gradients exist outside theboundary layer near the leading edge of the slat. Hen
e, given the �nite numberof grid points available, it is felt that grids B through E require a 
luster point inthat region. The 
luster point is lo
ated at approximately 14.7% along the ar
lengthfrom the begining of side 1, blo
k 2, to the trailing edge on the upper surfa
e. It is



58 Chapter 4. Results and Dis
ussionDrag Higher-order Se
ond-orderComponent Slat Main Element Flap Slat Main Element FlapCdp -0.71975 0.54096 0.22272 -0.71929 0.54082 0.22311Cdf 0.00196 0.00683 0.00189 0.00193 0.00672 0.00184Table 4.7: Elemental drag 
omponents on grid A for 
ase 6.lo
ated just after the leading edge, with a spa
ing of 2�10�4
. The 
luster point wasnot used in grid A both to avoid any in
uen
e on the referen
e solution from 
lusterpoints, and sin
e the large number of points pla
ed on the slat makes 
luster pointsunne

esary for this grid.Trailing-edge 
lustering is set at 5�10�4
 for all three elements. The trailing-edge
lustering is kept 
onstant for all of the grids. Given that this spa
ing is the smallestof those used in the single-element 
ases, it is unlikely to introdu
e any signi�
antnumeri
al error. The o�-wall spa
ing is also kept 
onstant for all �ve grids at 10�6
hords.4.3.2 Test Case 6 - High-Lift Subsoni
 FlowThe higher-order dis
retization s
hemes implemented in CYCLONE and TOR-NADO are identi
al with one ex
eption. The original se
ond-order treatment of thedi�usive terms within the Spalart-Allmaras turbulen
e model is used. The higher-order treatment of those terms in TORNADO presented stability problems whi
h arelikely related to the handling of blo
k interfa
es. The Spalart-Allmaras turbulen
emodel was ex
lusively used for this test 
ase. Values for the limiters, Vl and Vn, usedin Equation 3.15 in the matrix dissipation s
heme were set to 0.01.The results for this test 
ase are plotted in Figure B.25. The errors in lift 
oeÆ
ientare small. Nevertheless, similar to the results for test 
ases 4 and 5, the higher-order s
heme, 
oupled with the Spalart-Allmaras turbulen
e model, predi
ts lift morea

urately than the se
ond-order s
heme on grids D and E. The errors in the drag
omponents are mu
h larger. Compared to the solution on grid A, the errors in thedrag 
omponents for the higher-order s
heme on grid D are less than 3% while the
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tion 4.3. TORNADO Results 59Algorithm Slat Main Element Flap Complete Airfoilhigher-order 2.9 5.1 2.3 10.3se
ond-order 98.9 -34.7 -8.8 55.4Table 4.8: Elemental pressure drag error in 
ounts on grid D for 
ase 6. (Note:One 
ount is equivalent to 0.0001 units in drag. The 
ount errors are relative to thesolution of ea
h respe
tive algorithm on grid A - see Table 4.7)Algorithm Slat Main Element Flap Complete Airfoilhigher-order 0.2 -0.3 -0.5 -0.6se
ond-order -1.0 -8.6 -3.9 -13.5Table 4.9: Elemental fri
tion drag error in 
ounts on grid D for 
ase 6. (Note: One
ount is equivalent to 0.0001 units in drag. The 
ount errors are relative to thesolution of ea
h respe
tive algorithm on grid A - see Table 4.7)error in the se
ond-order results for both pressure and fri
tion drag 
oeÆ
ents ongrid D ex
eeds 12%. The error in the drag 
omponents for the se
ond-order s
hemeapproa
hes 22% on grid E while the error in the higher-order result is still well behavedat approximately 5%.Individual drag 
omponents were plotted for single element 
ases in Se
tion 4.2to avoid 
an
elation of errors between pressure and fri
tion drag. When analyzingsolutions about multi-element airfoils, the same 
are must be taken to avoid 
an
e-lation error between elemental pressure and fri
tion drag. For example, the pressuredrag is negative on the slat and positive on the remaining two elements. Elementalpressure and fri
tion drag values for solutions on grid A are presented in Table 4.7.The results in Table 4.7 provide a referen
e for the elemental-drag errors presentedin Tables 4.8 and 4.9 for solutions on grid D. A bene�t of analyzing the data in thisfashion is that it provides the reader with some insight into whi
h areas of the gridneed to be re�ned if further improvement in a

ura
y is desired. The pressure-dragerror on the slat and main element for the se
ond-order solution is quite large. Theopposite sign of the errors lead to signi�
ant 
an
ellation error as well. The elementalpressure- and fri
tion-drag error for the higher-order solution is several times smallerthan those produ
ed by the se
ond-order algorithm.



60 Chapter 4. Results and Dis
ussionGrid Cl Cdp CdfAA 4.074 0.04398 0.01070A 4.074 0.04393 0.01068Table 4.10: Higher-order results for 
ase 6.To ensure that the o�-wall spa
ing of 10�6 
hords is suÆ
iently small enough notto introdu
e signi�
ant numeri
al error, we introdu
e grid AA. Grid AA is identi
alto grid A ex
ept that the o�-wall spa
ing is redu
ed to 5� 10�7 
hords. The higher-order results on grid A and AA are shown in Table 4.10. The di�eren
e between thetwo solutions is negligible indi
ating that the original 
hoi
e for the o�-wall spa
ingis adequate. For all grids, the y+ value at the �rst point from the surfa
e is less thanone, having a maximum of 0.8 on the main element for grid E.Figure B.26 shows the experimental and 
omputed surfa
e pressure distributionsfor the NHLP airfoil. The 
omputed result, using the se
ond-order s
heme on grid A,is very a

urate, 
omparable to those presented by Nelson et. al. [38℄, using a some-what di�erent grid 
on�guration. A portion of the upper surfa
e pressure distributionof the slat is shown in Figure B.27. The se
ond-order s
heme, on grid D, does poorlyat 
omputing the minimum pressure. Similar results are found on the main elementas well.Figure B.28 shows boundary-layer velo
ity pro�les at the trailing edge of the 
ap.For the se
ond-order solution on grid A, every third grid point is plotted. The pro�les
an be divided into four regions:1. the �rst 3% of 
hord above the 
ap surfa
e 
orresponds to the 
ap boundarylayer;2. the region between 3% and 10% of 
hord 
orresponds to the wake from the mainelement;3. the region between 10% and 18% of 
hord 
orresponds to the wake from theslat;



Se
tion 4.3. TORNADO Results 614. beyond 18% of 
hord above the 
ap surfa
e, the 
ow slowly returns to free-stream 
onditionsGiven the superior results presented thus far for the higher-order s
heme, the higher-order result on grid A is taken as the referen
e solution. Region 1 appears to beadequately resolved for both dis
retization s
hemes, even on grid D. In region 2, thehigher-order result on grid D is more a

urate than the se
ond-order result on gridA, a grid with more than 3 times as many nodes. In region 3, the error in the se
ond-order result on Grid D is quite large and in
reases in region 4. These slower velo
itiesin the wake explain the larger drag values reported earlier. The se
ond-order result ongrid A and the higher-order result on grid D provide similar a

ura
y in regions 3 and4. The se
ond-order grid A result is slightly better in region 3 while the higher-ordergrid D result is slightly better in region 4. Nonetheless, the higher-order s
heme is inex
ellent agreement with the referen
e solution using a grid with only 73,000 nodes,one third of the grid density of grid A.4.3.3 Convergen
e rate and 
omputational eÆ
ien
yDensity residual and drag 
onvergen
e histories for grid D, are displayed in Fig-ure B.29. As in the single-element 
ases, the two algorithms 
onverge similarly forthe �rst three to four orders of magnitude redu
tion in residual, and the higher-orderalgorithm 
onverges somewhat more slowly after that. In this 
ase, the higher-orders
heme takes approximately 33% more iterations than the se
ond-order s
heme to
onverge to within 0.2% of the 
onverged drag. The higher-order algorithm, however,produ
es a solution that is far more a

urate on grid D with the se
ond-order s
hemerequiring at least 3 times as many nodes to produ
e similar a

ura
y.The added 
omputational 
ost of the higher-order s
heme in TORNADO is similarto the added 
ost in CYCLONE. Compared to the se
ond-order algorithm, the 
ostper grid node per iteration is in
reased by about 7%, with no in
rease in memoryusage. This is an important fa
tor when 
onsidering extending TORNADO to 3Dappli
ations. The higher-order s
heme produ
es a

urate results on relatively 
oarsegrids, thereby redu
ing memory requirements and 
omputational 
osts. Table 4.11



62 Chapter 4. Results and Dis
ussionGrid Number of Memory UsedNodes (megabytes)A 255,295 102B 183,721 75C 126,125 54D 72,837 34E 51,749 26Table 4.11: Memory requirements for TORNADO.summarizes the memory requirements of TORNADO for the grid densities used inthis study. The higher-order s
heme produ
es results on grid D within three per
entof the solutions on grid A while only using 34 megabytes of memory.



Chapter 5
Contributions and Con
lusions

We have presented a stable, a

urate, and robust higher-order algorithm for aero-dynami
 
ows, and, furthermore, we have 
ompared its eÆ
ien
y with that of a well-established se
ond-order algorithm. The higher-order algorithm was implementedin both a single- and multi-blo
k solver. With a few ex
eptions, all 
omponents ofthe spatial dis
retization, in
luding the 
onve
tive and vis
ous terms, the numeri
alboundary s
hemes, the numeri
al dissipation, and the integration te
hnique used to
al
ulate for
es and moments, have been raised to a level of a

ura
y 
onsistent withthird-order global a

ura
y. The turbulen
e models were also addressed, with mostof the terms raised to a higher order of a

ura
y. A detailed quantitative evaluationof the higher-order algorithm was performed with emphasis on a

ura
y, robustness,and 
omputational 
ost.Grid 
onvergen
e studies demonstrate that the new algorithm produ
es a sub-stantial redu
tion in the numeri
al error in drag in 
omparison with the se
ond-orderalgorithm for both subsoni
 and transoni
 
ows. The results show that the higher-order algorithm produ
es a smaller error on a given grid than the se
ond-order algo-rithm produ
es on a grid with several times as many nodes. Hen
e the higher-orderalgorithm 
an provide equivalent a

ura
y with a large redu
tion in 
omputing ex-pense. For example, using the higher-order dis
retization, numeri
al errors of lessthan 2 - 3% 
an be obtained in the 
omputation of lift and drag 
omponents for gridswith less than 15,000 nodes for single-element 
ases and less than 73,000 nodes for a63



64 Chapter 5. Contributions and Con
lusionsthree-element airfoil. The se
ond-order algorithm required 3-4 times as many nodesto a
hieve similar a

ura
y.Compared to the se
ond-order algorithm, the in
reased 
ost per grid node periteration, when using the higher-order algorithm, is approximately 6 - 7%. There is nopenalty in memory usage. For single-element 
ases the lift and drag 
onvergen
e rateswere very similar for both dis
retization s
hemes, while the higher-order algorithm
onverges approximately 33% slower for the multi-element 
ase. The se
ond-orderalgorithm, however, requires 3 - 4 times as many nodes as the higher-order algorithmto produ
e similar a

ura
y. Both s
hemes prove to be equally robust.A key aspe
t of the higher-order algorithm is the 
onsisten
y of the dis
retiza-tion with respe
t to a

ura
y. A

ura
y was signi�
antly 
ompromised when low-order and higher-order terms were mixed in some areas of the dis
retization. Inthis work, almost all approximations are 
onsistent with third-order global a

ura
y.The ex
eptions are the �rst-order treatment of the 
onve
tive terms in the Spalart-Allmaras turbulen
e model, the se
ond-order di�eren
es used for the di�usive termsin the Spalart-Allmaras model in TORNADO, and the �rst-order numeri
al dissi-pation added near sho
ks. The grid 
onvergen
e studies provide an a

urate meansto 
ompare the dis
retization s
hemes. Comparison of surfa
e pressure and velo
ityboundary-layer pro�les on several grids revealed a number of items:� It was shown that a

ura
y was not adversely a�e
ted by the �rst-order terms.In fa
t, very a

urate results were obtained for transoni
 
ases without 
lus-tering the grid near the sho
ks despite using �rst-order dissipation to 
apturesho
ks.� The grid metri
s play a 
riti
al role in a
hieving a

urate results. The poor re-sults from the third-order upwind s
heme indi
ate that the metri
 terms shouldbe raised to the same level of a

ura
y as the 
onve
tive terms.� The higher-order dis
retization of the vis
ous terms a

ounted for approxi-mately 10% of the overall error redu
tion a
hieved with the higher-order al-gorithm relative to to the se
ond-order s
heme.



Se
tion 5.1. Re
ommendations for Future Work 65� Prior to this work, whether or not more a

urate post-pro
essing was ne
essaryto obtain a

urate for
e and moment 
oeÆ
ients needed to be addressed. Thehigher-order 
omputation of shear stress proved 
riti
al to the a

urate predi
-tion of fri
tion drag. The higher-order for
e integration provided only a smallbene�t for the 
ases examined.5.1 Re
ommendations for Future WorkThis investigation suggests a number of avenues for future work, in
luding thefollowing:� Solutions to various 
ows were presented with numeri
al errors of less than 3%on relatively 
oarse grids. It is not 
lear whether it is ne
essary to progress toeven higher orders of a

ura
y. The next step should be to determine, and ad-dress if pra
ti
al, the largest remaining sour
e of numeri
al error. For example,the e�e
t of grid singularities on solution a

ura
y should be investigated.� Grid 
onvergen
e studies were used to 
ompare the higher-order algorithm toa number of dis
retization s
hemes, all of whi
h are appli
able to solving theNavier-Stokes equations on stru
tured grids. It would be informative to seesimilar studies to assess the relative a

ura
y of various dis
retizations on un-stru
tured grids.� The ability of the higher-order algorithm to obtain a

urate results on relatively
oarse grids has been demonstrated. Extension to three dimensions should be
arried out.� The higher-order algorithm should be 
ombined with modern 
onvergen
e a
-
eleration te
hniques su
h as multigrid or GMRES.� There remains a need for eÆ
ient error estimation te
hniques.
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Appendix A
Cir
ulation Corre
tion

One generally assumes that the 
ow at the far-�eld boundaries is uniform andmeets free-stream 
onditions. If those boundaries are pla
ed 
lose to a lifting air-foil, however, disturban
es from the airfoil surfa
e may not have settled down tofree-stream 
onditions by the time they rea
h the far-�eld boundaries. Hen
e, im-posing free-stream 
onditions under those 
ir
umstan
es would undoubtedly a�e
tthe physi
s of the 
ow. One way to alleviate this problem is to pla
e the far-�eldboundaries very far away from any lifting bodies. That solution is impra
ti
al sin
e itwould require many more grid nodes. Pulliam [41℄ shows that boundaries as mu
h as96 
hords away are needed to minimize the e�e
t of the boundaries on the a

ura
yof the solution. Following the work of Salas et al. [51℄, Pulliam added a 
ompressiblepotential vortex solution as a perturbation to the free-stream velo
ity givinguf = u1 + �� sin(�)2�r[1�M21 sin2(� � �)℄ (A.1)vf = v1 � �� 
os(�)2�r[1�M21 sin2(� � �)℄ (A.2)where � = 12M1
Cl, 
 is the 
hord of the airfoil, Cl is the 
oeÆ
ient of lift, M1 thefree-stream Ma
h number, � the angle of atta
k, � =p1�M21 and r and � are thepolar 
oordinates to the point of appli
ation on the far-�eld boundary relative to thequarter-
hord point on the airfoil 
hord line. The speed of sound is also 
orre
ted to77



78 Appendix A. Cir
ulation Corre
tionenfor
e 
onstant free-stream enthalpy at the boundary as follows:a2f = (
 � 1)�H1 � 12(u2f + v2f)� (A.3)Using this far-�eld vortex 
orre
tion, Zingg [66℄ was able to produ
e very good resultsin drag on grids with a grid extent of 12 
hords. The results were 
ompared tosolutions obtained on grids with far-�eld boundaries set at 96 
hords.



Appendix B
Figures

79



80 Appendix B. Figures

1e-10

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

0.001 0.01 0.1

E
rr

or

1/N

Cl (2nd-order)
Cd (2nd-order)

Cl (3rd-order)
Cd (3rd-order)

Figure B.1: Error in for
e integration algorithm. Note: error is realtive to analyti
allift and drag 
oeÆ
ients whi
h are Cl = 1:218153560 and Cd = 0:0.



81

(a) Close-up of NACA 0012 airfoil (Grid C1).

(b) Close-up of RAE 2822 airfoil (Grid C2).Figure B.2: Airfoil geometries and sample grids used with CYCLONE.
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e study for 
ase 3 using grid family 2 (Spalart-Allmarasmodel).
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) CdfFigure B.12: Grid 
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e study for 
ase 4 using grid family 2 (Spalart-Allmarasmodel).
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93

Nondimensional Velocity

D
is

ta
nc

e
F

ro
m

A
irf

oi
l(

ch
or

ds
)

0 0.2 0.4 0.6 0.8 1
0

0.01

0.02

0.03

0.04

0.05

0.06

Second-order Grid A2
Second-order Grid C2
Higher-order Grid C2
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omputed on grid C1a (Baldwin-Lomax model).
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ase 5, upper surfa
e at 95% 
hord (Spalart-Allmaras).
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(d) Case 4 - Grid C2Figure B.21: Drag 
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e histories (Spalart-Allmaras model).
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Figure B.22: High-lift test 
ase A2.
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Figure B.23: Lo
ation of �xed transition point on lower surfa
e of slat for 
ase 6.
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106 Appendix C. Multi-blo
k Grids
Blo
k Blo
k Dimensions (� � �)1 65 � 1612 222 � 1613 189 � 1614 81 � 1615 65 � 1616 65 � 977 65 � 978 57 � 979 85 � 9710 189 � 9711 81 � 9712 65 � 9713 65 � 9714 65 � 9715 57 � 9716 121 � 9717 77 � 9718 40 � 9719 81 � 9720 65 � 9721 65 � 7722 65 � 7723 57 � 7724 121 � 7725 77 � 7726 81 � 7727 65 � 77total nodes 255,295Table C.1: Blo
k dimensions for grid A.
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Blo
k Blo
k Dimensions (� � �)1 61� 1292 177� 1293 169� 1294 65� 1295 49� 1296 61� 937 53� 938 53� 939 73� 9310 169� 9311 65� 9312 49� 9313 61� 7714 53� 7715 53� 7716 109� 7717 69� 7718 35� 7719 65� 7720 49� 7721 61� 6522 53� 6523 53� 6524 109� 6525 69� 6526 65� 6527 49� 65total nodes 183,721Table C.2: Blo
k dimensions for grid B.



108 Appendix C. Multi-blo
k Grids
Blo
k Blo
k Dimensions (� � �)1 57� 1092 149� 1093 141� 1094 41� 1095 41� 1096 57� 777 45� 778 45� 779 49� 7710 141� 7711 41� 7712 41� 7713 57� 6514 45� 6515 45� 6516 89� 6517 57� 6518 35� 6519 41� 6520 41� 6521 57� 5322 45� 5323 45� 5324 89� 5325 57� 5326 53� 5327 41� 53total nodes 126,185Table C.3: Blo
k dimensions for grid C.
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Blo
k Blo
k Dimensions (� � �)1 49� 812 111� 813 97� 814 41� 815 33� 816 49� 577 33� 578 33� 579 49� 5710 97� 5711 41� 5712 33� 5713 49� 4914 33� 4915 33� 4916 65� 4917 39� 4918 25� 4919 41� 4920 33� 4921 49� 3922 33� 3923 33� 3924 65� 3925 39� 3926 39� 3927 33� 39total nodes 72,837Table C.4: Blo
k dimensions for grid D.



Blo
k Blo
k Dimensions (� � �)1 42� 692 95� 693 83� 694 33� 695 29� 696 42� 497 29� 498 29� 499 41� 4910 83� 4911 33� 4912 29� 4913 42� 3714 29� 3715 29� 3716 55� 3717 33� 3718 21� 3719 33� 3720 29� 3721 42� 3322 29� 3323 29� 3324 55� 3325 33� 3326 33� 3327 29� 33total nodes 51,749Table C.5: Blo
k dimensions for grid E.
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112 Appendix D. NHLP Multi-element Airfoil CoordinatesX Y0.027257 0.0204980.020872 0.0155630.011227 0.006611-0.004398 -0.009567-0.012387 -0.019220-0.019165 -0.028956-0.023010 -0.035321-0.027407 -0.044011-0.029561 -0.050210-0.030276 -0.059158-0.028458 -0.067011-0.024626 -0.071463-0.018779 -0.073341-0.016801 -0.073880-0.025502 -0.076949-0.035312 -0.080319-0.042159 -0.082184-0.049070 -0.083118-0.055921 -0.082630-0.059094 -0.081361-0.062121 -0.079626-0.066375 -0.074374-0.067787 -0.068143-0.067082 -0.061726-0.066222 -0.058840-0.063378 -0.053099-0.059606 -0.047766-0.053544 -0.041046-0.046321 -0.034484-0.034245 -0.024138-0.019484 -0.012454-0.066512 -0.0029380.008815 0.0079810.014342 0.0117340.020072 0.0155910.027257 0.020498Table D.1: NHLP slat 
oordinates.



113X Y0.899869 0.0175490.871248 0.0197680.835977 0.0215130.802387 0.0221300.766457 0.0212150.753478 0.0202500.735188 0.0181820.729529 0.0173100.718889 0.0154460.709570 0.0134820.701591 0.0112790.690283 0.0073840.682294 0.0036910.676976 0.0000890.672987 -0.0039020.669990 -0.0111230.673323 -0.0188020.677314 -0.0207000.668664 -0.0214640.634736 -0.0246070.602137 -0.0277810.567868 -0.0313540.534940 -0.0344980.500681 -0.0376320.466742 -0.0401750.432483 -0.0420890.400213 -0.0433020.368273 -0.043775Table D.2: NHLP Main element 
oordinates.... 
ontinued on next page



114 Appendix D. NHLP Multi-element Airfoil CoordinatesX Y0.333683 -0.0436290.300083 -0.0427730.267812 -0.0413260.232882 -0.0390800.202600 -0.0364630.167009 -0.0328770.136738 -0.0297290.101466 -0.0262540.084176 -0.0245310.071125 -0.0232360.067865 -0.0228070.061245 -0.0222800.054724 -0.0216530.052894 -0.0214130.048644 -0.0210550.043553 -0.0193270.039062 -0.0151390.037490 -0.0094800.039193 -0.0016000.043656 0.0061870.048248 0.0108750.055930 0.0168620.062122 0.0209800.072404 0.0268950.083746 0.0322210.104780 0.0401920.117321 0.0441770.134553 0.047860Table D.2: NHLP Main element 
oordinates.... 
ontinued on next page



115X Y0.153484 0.0506220.168355 0.0524060.172915 0.0529050.182465 0.0539710.203186 0.0560820.234227 0.0588400.266158 0.0611870.301089 0.0632630.335030 0.0648490.366300 0.0658960.401560 0.0666220.434490 0.0668390.468430 0.0665550.499030 0.0658420.533300 0.0645380.567889 0.0626240.599828 0.0602520.635427 0.0572770.668685 0.0533040.701283 0.0492300.734552 0.0446570.765160 0.0401540.799088 0.0347910.833345 0.0291170.867943 0.0231830.899869 0.017549Table D.2: NHLP main element 
oordinates.



116 Appendix D. NHLP Multi-element Airfoil CoordinatesX Y1.214680 -0.1184711.193338 -0.1119181.151011 -0.0988661.123652 -0.0903821.097227 -0.0822591.058956 -0.0706931.034640 -0.0635590.996144 -0.0526130.967852 -0.0447690.953672 -0.0409250.940453 -0.0373660.926249 -0.0335870.917217 -0.0311880.909172 -0.0289670.905110 -0.0274910.901393 -0.0250440.900337 -0.0172330.907724 -0.0096130.915381 -0.0070610.920258 -0.0062960.926455 -0.0058190.930336 -0.0058610.937716 -0.0059970.941851 -0.0063340.950354 -0.0072720.960401 -0.0088490.971630 -0.0110690.977521 -0.0123970.989219 -0.0152880.995342 -0.0169461.001426 -0.0187071.020144 -0.0246781.034262 -0.0296551.063794 -0.0409111.097863 -0.0552781.125609 -0.0685131.155571 -0.0844271.183471 -0.1001541.214680 -0.118471Table D.3: NHLP 
ap 
oordinates.


