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Abstra
tAerodynami
 OptimizationUsing the Flow Sensitivity Approa
hPeterson WongMaster of Applied S
ien
eGraduate Department of Aerospa
e S
ien
e and EngineeringUniversity of Toronto2001The 
ow sensitivity approa
h for aerodynami
 optimization using 
omputational 
uid dy-nami
s is studied. The 
ow sensitivity equation is solved using matrix-free GMRES in
onjun
tion with �rst-order Ja
obian matrix pre
onditioning. The a

ura
y of the gradi-ents 
al
ulated using the 
ow sensitivities is assessed by 
omparison with �nite-di�eren
egradients. Several design problems are studied, in
luding inverse design, drag minimization,and lift enhan
ement. A wide range of 
onstraints are applied to the design 
ases, su
h asspe
i�ed lift, lower limit on pressure, and geometry 
onstraints. The matrix-free sensitivityapproa
h provides a robust and a

urate method for gradient 
al
ulation in aerodynami
design optimization.
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uxĤ pressure sour
e termQ 
ontinuous 
ow variablesQ dis
rete 
ow variablesŜ vis
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Chapter 1
Introdu
tion
1.1 MotivationRe
ent development of robust, a

urate and eÆ
ient 
ow solvers, with the rapidgrowth of 
omputer power, have motivated resear
h in CFD optimization. The signi�
an
eof this work is the potential to design an optimum wing a

ording to user spe
i�
ations inan automated manner. Current resear
h areas in
lude lift enhan
ement, drag minimizationand preventing separation. The goal is to develop a reliable and systemati
 design pro
edurewhi
h is suitable for industrial appli
ations.1.2 Literature ReviewHi
ks, Murman and Vanderplaats [1℄ developed an airfoil design algorithm morethan twenty years ago. They used a gradient-based method with gradients 
al
ulated using�nite-di�eren
es and a simple transoni
 small-disturban
e 
uid 
ow model. The topi
 ofaerodynami
 design was further pioneered by Jameson [2℄, who �rst applied 
ontrol theoryto aerodynami
 optimization problems.Design optimization 
an be done using several methods. Gunzburger [3℄ summa-rized di�erent approa
hes that 
an be used to solve the optimization problem. Frank andShubin [4℄ 
ompared gradient-based methods for the one-dimensional nozzle design prob-lem. The inverse problem was solved and the optimizer su

essfully determined the nozzleshape that mat
hed the target velo
ity distribution.For gradient-based methods, the reliability of the optimization depends on the1



2 Chapter 1. Introdu
tiona

ura
y of the 
al
ulated gradients. There are several ways to 
al
ulate the gradients. Theadjoint method is most eÆ
ient be
ause the 
omputational 
ost to 
al
ulate the gradientsdoes not depend on the number of design variables used. The adjoint gradients 
an be
al
ulated using a dis
rete or a 
ontinuous formulation. Anderson and Venkatakrishnan[5℄ solved the inverse problem and the drag minimization problem for a two-dimensionalairfoil. The 
ontinuous adjoint formulation was used on unstru
tured grids. Pre
onditionedGMRES 
oupled with an impli
it multigrid solver was used to solve the adjoint equationsand the KSOPT 
ode [6℄ was used as the optimizer. Nielsen and Anderson [7℄ used thedis
rete adjoint method to perform aerodynami
 optimization for multi-element airfoilsand wings. They used the three-dimensional Reynolds-averaged Navier-Stokes equationson unstru
tured grids. Elliott and Peraire [8℄ solved 
onstrained and multi-point shapeoptimization problems for three-dimensional bodies using a subspa
e BFGS method.An alternative method of 
al
ulating the gradients is to use the 
ow sensitivityequations. This method is less eÆ
ient than the adjoint approa
h be
ause the numberof sensitivity equations to be solved depends on the number of design parameters used.However, there are some advantages to be 
onsidered:� The sensitivity approa
h is advantageous when 
ow 
onstraints are applied to thedesign problem be
ause 
ow sensitivities 
an be reused.� The 
ow sensitivities may give the designer more insight about how the physi
alsystem responds to di�erent design variables.� The sensitivity equations 
an be solved using the matrix-free GMRES approa
h, whi
hredu
es memory use in the pro
edure, and 
an avoid diÆ
ulties in linearization.Turgeon and Pelletier [9℄ applied the 
ontinuous sensitivity approa
h to optimal design inmixed 
onve
tion. The geometry of a mixed 
onve
tion system was designed to a
hieve thebest heat transfer property.The third method to 
al
ulate the gradients is to use �nite di�eren
es. Thismethod is most 
omputationally expensive. However, it is a

urate and 
an be easily ex-tended to multidis
iplinary and general engineering designs. Newman et al. [10℄ studiedmultidis
iplinary sensitivity derivatives using 
omplex variables. An aero-stru
tural prob-lem was analyzed. Anderson et al. [11℄ performed the sensitivity analysis for the Navier-Stokes equations on unstru
tured meshes using 
omplex variables. They reported that



Se
tion 1.3. Obje
tives 3
omplex sensitivity derivatives are not prone to errors 
aused by subtra
tive 
an
ellation.However, the 
omplex approa
h su�ers from twi
e the memory requirement and three timesthe algorithm running time.1.3 Obje
tivesThe obje
tive of the proje
t is to implement the 
ow sensitivity approa
h for aero-dynami
 optimization problems. We fo
us on some advantages of the sensitivity approa
hto assess the feasibility of the method in optimization. The algorithm is tested on a one-dimensional nozzle problem and various two-dimensional aerodynami
 design problems with
onstraints.





Chapter 2
The Nozzle Design ProblemThis 
hapter presents several gradient-based methods: �nite di�eren
e, 
ow sen-sitivity, dis
rete and 
ontinuous adjoint. One-dimensional nozzle design as in referen
e [12℄is 
onsidered. The inverse design problem is studied for both subsoni
 and transoni
 
ases,with two and ten design variables.2.1 Governing EquationsThe governing equations are the quasi-one-dimensional Euler equations.�Q̂�t + �Ê�x = Ĥ (2.1)The steady solution is obtained by setting the time derivative term to zero. The steady
ow equations used in the optimization problem areF(Q̂) = ��Ê�x + Ĥ = 0 (2.2)where F denotes the 3� 1 ve
tor of 
ontinuous 
ow equations. The 
onservative variablesare given by Q = 26664 ��ue 37775 = 26664 q1q2q3 37775 (2.3)and Q̂ = QS (2.4)5



6 Chapter 2. The Nozzle Design Problemwhere S is the 
ross-se
tional area of the nozzle. The invis
id 
uxes are given byE = 26664 �u�u2 + pu(e+ p) 37775 = 26664 q2q22q1 + (
 � 1)(q3 � 12 q22q1 )q2q1 [q3 + (
 � 1)(q3 � 12 q22q1 )℄ 37775 (2.5)and Ê = ES (2.6)The sour
e terms are given byH = 26664 0p0 37775 = 26664 0(
 � 1)(q3 � 12 q22q1 )0 37775 (2.7)and Ĥ = HdSdx (2.8)2.2 Design VariablesThe nozzle shape is 
ontrolled by the design variables g. Figure 2.1 shows the
ontrol points of the nozzle design problem. The nozzle geometry is formed by 
ubi
 splineinterpolation through the 
ontrol points. Hen
e, the nozzle area S is a fun
tion of the designvariables. As a result, F is a fun
tion of both the 
onservative 
ow variables and the designvariables.2.3 Flow SolverWe follow the methology of referen
e [13℄ to solve the 
ow equations. The spatialderivatives are dis
retized on a uniform grid. Spatial dis
retization is based on se
ond-order
entered di�eren
es with a nonlinear arti�
ial dissipation model. This leads to a system ofnonlinear algebrai
 equations R(Q; g) = 0 (2.9)where R is the 3(jmax)� 1 ve
tor of dis
rete 
ow equations, Q is the 3(jmax)� 1 ve
tor ofdis
rete 
ow variables, and jmax is the number of grid nodes. The dis
rete 
ow equationsare solved using an impli
it time mar
hing method to steady state.
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(b) 10 design variablesFigure 2.1: Design variables of the nozzle problem.2.4 Gradient Cal
ulationWe use a gradient-based optimization algorithm to sear
h for the optimum design.This se
tion summarizes four di�erent methods for gradient 
al
ulations [3℄.2.4.1 Bla
k Box/Finite-Di�eren
e Approa
hThe easiest method for gradient 
al
ulation is the �nite-di�eren
e approa
h. Nomodi�
ation is needed to the 
ow solver. The gradients of the obje
tive fun
tion are ob-tained by perturbing the design variables in the design spa
e. Using forward di�eren
es,the gradient with respe
t to the �rst design variable isdJdg1 = J(Q(g1 + �; g2; � � �); g1 + �; g2; � � �)� J(Q(g1; g2; � � �); g1; g2; � � �)� (2.10)The obje
tive fun
tion J(Q; g) is a fun
tion of both the 
ow variables and the designvariables. The 
ow variables are fun
tions of the design variables be
ause they must satisfythe 
ow equations R(Q; g) = 0. The 
ost of gradient 
al
ulation using the �nite-di�eren
eapproa
h is M 
ow solves, where M is the number of design variables.



8 Chapter 2. The Nozzle Design Problem2.4.2 Flow Sensitivity Approa
hAnother method to 
al
ulate the gradients is the 
ow sensitivity approa
h, usingthe following equation: dJdg = �J�g + �J�Q dQdg (2.11)The partial derivatives �J=�g and �J=�Q are usually known. There are two methods to
al
ulate the 
ow sensitivities dQ=dg. The �rst way is to use �nite di�eren
es. This methodis expensive with the 
ost of M 
ow solves. The other method is to di�erentiate the 
owequations R(Q; g) = 0 to obtain the sensitivity equations�R�Q dQdg = ��R�g (2.12)The 
ow sensitivities 
an be solved from the sensitivity equations. The 
ost of gradient
al
ulation using this approa
h is M linear solves.2.4.3 Dis
rete AdjointThe gradients 
an also be 
al
ulated using the adjoint equations. The adjointequations are formed using the Lagrange multiplier method. The Lagrangian is formedfrom the obje
tive fun
tion and the 
ow equations:L(Q; g;  ) = J(Q; g) �  TR(Q; g) (2.13)The adjoint equation is obtained by setting the derivative of the Lagrangian with respe
tto the 
ow variables to zero: �R�QT = �J�QT (2.14)After solving for the adjoint variables  from the above equation, the gradients are then
al
ulated using dJdg = �J�g �  T �R�g (2.15)The 
ost of 
al
ulating the gradients using the dis
rete adjoint approa
h is one linear solve,independent of the number of design variables.2.4.4 Continuous AdjointThe 
ontinuous adjoint equations are formed by di�erentiation of the 
ontinuousLagrangian with respe
t to the 
ow variables. The derivation is shown in Appendix B. Seereferen
e [14℄ for a 
omparison between the 
ontinuous and dis
rete adjoint approa
hes.



Se
tion 2.5. Optimization Results 9

1

1

1

2

2

2

2

3

3

3

3

3

4

4

4

4

5 5

5

6
7

8

9

1113

g1

g2

1 1.25 1.5 1.75
0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

Level J
15 1.5
14 1.4
13 1.3
12 1.2
11 1.1
10 1.0
9 0.9
8 0.8
7 0.7
6 0.6
5 0.5
4 0.4
3 0.3
2 0.2
1 0.1

Figure 2.2: Contour plot of the obje
tive fun
tion for subsoni
 
ase.2.5 Optimization ResultsThe optimization problem is solved using KSOPT [6℄. The inverse design problemis 
onsidered. A target velo
ity distribution is spe
i�ed, and the optimizer sear
hes for thenozzle shape that mat
hes the velo
ity distribution. The obje
tive fun
tion is given byJ(Q) = 12Xj �uj � u�j�2 (2.16)Figures 2.2 and 2.3 show 
ontour plots of the obje
tive fun
tions in the design spa
e fortwo-design-variable subsoni
 and transoni
 
ases. The obje
tive fun
tion is more sensitiveto the se
ond design variable in the transoni
 
ase.The partial derivatives of the obje
tive fun
tion with respe
t to the 
ow variablesat node j are � �J�Q�j = � �J�q1 �J�q2 �J�q3 �j (2.17)with �J�q1 = �q2q1 � u�j���q2q21� (2.18)�J�q2 = �q2q1 � u�j�� 1q1��J�q3 = 0
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Figure 2.3: Contour plot of the obje
tive fun
tion for transoni
 
ase.The partial derivatives of the obje
tive fun
tion with respe
t to all 
ow variables are�J�Q = " � �J�Q�1 � � � � �J�Q�jmax # (2.19)In this 
ase, the obje
tive fun
tion does not depend expli
itly on the design variables. Thepartial derivatives of the obje
tive fun
tion with respe
t to the design variables are thuszero: �J�g = 0 (2.20)The 
ow Ja
obian �R=�Q 
an be 
al
ulated using equation A.1 in Appendix A. Thederivatives of the 
ow equations with respe
t to the design variables �R=�g are 
al
ulatedusing �nite di�eren
es. The gradients of the obje
tive fun
tion are 
al
ulated using themethods des
ribed in se
tion 2.4. Figure 2.4 shows the 
al
ulated gradients with respe
t tog2. For the subsoni
 
ase, the gradients 
al
ulated using the four methods agree well. Forthe transoni
 
ase, the gradient 
al
ulated using �nite di�eren
es is slightly di�erent fromthose 
al
ulated using the other methods. This di�eren
e produ
es no signi�
ant e�e
t oneither optimizer a

ura
y and performan
e.Figures 2.5 to 2.8 show the results of the inverse design problem using the 
owsensitivity approa
h. The nozzle geometries that 
orrespond to the target velo
ities are
al
ulated a

urately. The numbers of gradient and fun
tion evaluations used for ea
h 
aseare re
orded in table 2.1.



Se
tion 2.5. Optimization Results 11

-7

-6

-5

-4

-3

-2

-1

0

1

2

0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8

gr
ad

ie
nt

 d
J/

dg
2

g2

finite difference
sensitivity

discrete adjoint
continuous adjoint(a) Subsoni
 -12

-10

-8

-6

-4

-2

0

2

4

6

8

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5 1.6

gr
ad

ie
nt

 d
J/

dg
2

g2

finite difference
sensitivity

discrete adjoint
continuous adjoint(b) Transoni
Figure 2.4: Comparing gradients using di�erent methods (g1 �xed at 1:166667).

Case Design Variables Gradient Evaluations Fun
tion Evaluations1 Subsoni
 2 7 502 Transoni
 2 10 723 Subsoni
 10 22 1454 Transoni
 10 39 283Table 2.1: Gradient and fun
tion evaluations for the four design 
ases.
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Chapter 3
The Airfoil Design Problem
3.1 OverviewThe airfoil design problem 
onsists of design obje
tives, 
onstraints, design vari-ables and the 
ow equations. Some examples of design obje
tives are drag redu
tion andin
reased lift-to-drag ratio. Design obje
tives are written as obje
tive fun
tions. Examplesof design 
onstraints in
lude target lift spe
i�
ation, pressure 
onstraints and geometry
onstraints. Constraints 
an be posed as equality 
onstraints or inequality 
onstraints. Thedesign variables are the airfoil geometry and the angle of atta
k. We modify the designvariables to satisfy the design obje
tives while satisfying the 
onstraints. A set of 
owequations are used to govern the physi
s of the problem. The design problem is to �nd aset of design variables that minimize the obje
tive fun
tion and satis�es the 
ow equationsand 
onstraints.3.1.1 Governing EquationsThe governing equations are the steady two-dimensional thin-layer Navier-Stokesequations. We use the Baldwin and Lomax turbulen
e model [15℄ to simulate turbulent
ow. The governing equations in generalized 
urvilinear 
oordinates are��Ê + ��F̂ =M1Re�1��Ŝ (3.1)17



18 Chapter 3. The Airfoil Design ProblemThe invis
id 
uxes Ê and F̂ are fun
tions of the 
ow variables QQ = 26666664 ��u�ve
37777775 ; Ê = J�1 26666664 �U�uU + �xp�vU + �ypU(e+ p)

37777775 ; F̂ = J�1 26666664 �V�uV + �xp�vV + �ypV (e+ p)
37777775 (3.2)where the 
ontravariant velo
ities areU = �xu+ �yv; V = �xu+ �yv (3.3)The Ja
obian of transformation is given byJ�1 = x�y� � x�y� (3.4)Pressure is related to the 
ow variables by the equation of statep = (
 � 1)�e� 12�(u2 + v2)� (3.5)where 
 is the ratio of spe
i�
 heats. The vis
ous 
ux isŜ = J�1 26666664 0�xm1 + �ym2�xm2 + �ym3�x(um1 + vm2 +m4) + �y(um2 + vm3 +m5)

37777775 (3.6)where m1 = (�+ �t)(4�xu� � 2�yv�)=3 (3.7)m2 = (�+ �t)(�yu� + �xv�)m3 = (�+ �t)(�2�xu� + 4�yv�)=3m4 = (�Pr�1 + �tPr�1t )(
 � 1)�1�x��(a2)m5 = (�Pr�1 + �tPr�1t )(
 � 1)�1�y��(a2)The speed of sound is a = p
p=�. The dynami
 vis
osity is � and turbulent vis
osity �t.The Reynolds number is Re and Prandtl number Pr.



Se
tion 3.1. Overview 19Invis
id Vis
ousGrid size 245 � 41 257 � 57Cluster points:Upper LE 0.001 0.0005Upper TE 0.01 1.0E-3Lower TE 0.01 1.0E-3Number of grid lines:Upper 90 100Lower 90 100Wake
ut 33 29Chords to far �eld 12 12�max 41 57O�wall spa
ing 2.0E-3 2.0E-6Table 3.1: AMBER2D parameters for grid generation.3.1.2 Flow SolverWe use the 
ow solver ARC2D [13℄ to solve the 
ow equations. This is a �nite-di�eren
e s
heme on a stru
tured grid. Spatial dis
retization is based on se
ond order
entered di�eren
es with a nonlinear dissipation model. Spatial dis
retization leads to asystem of nonlinear algebrai
 equationsR(Q; g) = 0 (3.8)where R is the 4(jmaxkmax)�1 ve
tor of dis
rete 
ow equations, andQ is the 4(jmaxkmax)�1ve
tor of dis
rete 
ow variables. The approximate fa
torization te
hnique is used to solvethe 
ow equations. A far-�eld 
ir
ulation 
orre
tion is applied.3.1.3 Grid GenerationThe 
ow equations are dis
retized on a C-topology stru
tured grid. We use the gridgenerator AMBER2D [16℄ to generate a grid from a set of airfoil body points. Table 3.1summarizes the grid generation parameters used. For vis
ous 
ows, more grid lines arerequired in the � dire
tion, with a smaller o�wall spa
ing.
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(d) RAE2822 (19 
ontrol points)Figure 3.1: B-spline 
ontrol points.3.1.4 Control Points and B-Spline InterpolationWe use a set of B-spline 
ontrol points to des
ribe an airfoil. We follow theapproa
h from Neme
 and Zingg [17℄. Figure 3.1 shows the 
ontrol points and the airfoilgeometry. The airfoil geometry is formed by B-spline interpolation through these 
ontrolpoints. Fourth-order B-splines are used. We use 15 
ontrol points to des
ribe an airfoil forinvis
id design, and 19 points for vis
ous design.Some 
ontrol points may be �xed during a design pro
ess, with the remainderassigned as design variables. For example, three 
ontrol points may be �xed at the leadingedge to ensure a well-de�ned leading edge 
urvature. We 
an �x four 
ontrol points at thetrailing edge (two on ea
h surfa
e) to prevent trailing edge 
ross-over.



Se
tion 3.2. Gradient Solver 213.1.5 OptimizersTwo optimizers are used in this work. Both optimizers use a quasi-newton methodto determine a sear
h dire
tion using an approximate Hessian matrix. The �rst one is theBFGS algorithm from Broyden-Flet
her-Goldfarb-Shanno, together with a 
ubi
 line sear
h.The se
ond optimizer is the KSOPT 
ode written by Wrenn [6℄. It uses the Davidon-Flet
her-Powell (DFP) algorithm with a quadrati
 line sear
h. KSOPT is a 
onstrainedoptimizer. Constraints are in
orporated through the Kreisselmeier-Steinhauser (KS) fun
-tion.3.2 Gradient Solver3.2.1 The Flow Sensitivity Approa
hThe gradients are 
al
ulated using the 
ow sensitivity approa
h. The 
ow sensitiv-ity approa
h 
onsists of two steps. The �rst step is to solve for the 
ow sensitivities from thesensitivity equations. Then we 
al
ulate the required gradients from the 
ow sensitivities.To present the sensitivity approa
h, we start with the 
ow equationsF(Q; g) = ��Ê + ��F̂ �M1Re�1��Ŝ = 0 (3.9)where F is the 4 � 1 ve
tor of 
ontinuous 
ow equations. Then we di�erentiate the 
owequations and expand using 
hain ruledFdg = �F�g + �F�Q dQdg = 0 (3.10)Rearrange to obtain the sensitivity equation�F�Q dQdg = ��F�g (3.11)The �rst step is to solve for the 
ow sensitivities dQ=dg from the sensitivity equation. Thereis one sensitivity equation for ea
h design variable�F�Q dQdgm = � �F�gm (3.12)The se
ond step is to 
al
ulate the required gradients from the 
ow sensitivitiesdJdg = �J�g + �J�Q dQdg (3.13)



22 Chapter 3. The Airfoil Design ProblemThere is one gradient for ea
h design variabledJdgm = �J�gm + �J�Q dQdgm (3.14)For ea
h design problem, we �rst de�ne an obje
tive fun
tion J . Next, we 
al
ulate thepartial derivatives �J=�Q and �J=�g. The required gradients 
an then be 
al
ulated usingequation 3.13. We 
an repeat the same pro
edure to 
al
ulate 
onstraint gradients, byreusing the 
ow sensitivities: dC1dg = �C1�g + �C1�Q dQdg (3.15)dC2dg = �C2�g + �C2�Q dQdg...3.2.2 Dis
rete and Continuous FormulationsThere are two ways to implement the 
ow sensitivity approa
h. For the 
ontinuoussensitivity approa
h, we start with the 
ontinuous 
ow equations 3.9. Then we di�erentiateto obtain the 
ontinuous sensitivity equations 3.11. These equations are then dis
retizedand solved to 
al
ulate the 
ow sensitivities.The se
ond method is the dis
rete sensitivity approa
h. In this formulation, the
ow equations 3.9 are dis
retized to obtain the dis
rete 
ow equationsR(Q; g) = 0 (3.16)Then we di�erentiate the dis
rete 
ow equations 3.16 to obtain the dis
rete sensitivityequations �R�Q dQdg = ��R�g (3.17)This is a large sparse linear system. The right-hand-side of the system is the partial deriva-tive of the 
ow equations with respe
t to the design variables. This is 
al
ulated using
entered di�eren
es: �R�g = R(Q; g + �)�R(Q; g � �)2� (3.18)The left-hand-side of the system is the 
ow Ja
obian matrix.We use the dis
rete 
ow sensitivity approa
h. One advantage of the dis
rete ap-proa
h is that a large part of the 
ode 
an be reused from the 
ow solver.



Se
tion 3.2. Gradient Solver 233.2.3 Dis
rete Flow EquationsThe 
ow equations are dis
retized exa
tly the same as the 
ow solver. Spatialdis
retization is based on se
ond-order 
entered di�eren
es with a nonlinear dissipationmodel.Finite Di�eren
ingSe
ond-order 
entered di�eren
es are used to dis
retize the invis
id 
uxes on astru
tured grid ��Êj;k = Êj+1;k � Êj�1;k2 (3.19)��F̂j;k = F̂j;k+1 � F̂j;k�12The vis
ous 
ux involves se
ond derivatives. Centered di�eren
es are evaluated at halfnodes ��Ŝj;k = Ŝj;k+ 12 � Ŝj;k� 12 (3.20)The dis
rete 
ow equation at node (j; k) 
an be written asRj;k(Q; g) = 12 hÊj+1;k � Êj�1;k + F̂j;k+1 � F̂j;k�1i (3.21)�M1Re�1 hŜj;k+ 12 � Ŝj;k� 12 i+Dj;k = 0The terms Dj;k are the arti�
ial dissipation terms.Arti�
ial DissipationThe s
alar nonlinear dissipation model of Jameson et al. [18℄ is used. The dissi-pation terms 
an be written as a sum of se
ond- and fourth-order terms for both dire
tionsin the 
urvilinear mesh Dj;k = D(2�)j;k +D(4�)j;k +D(2�)j;k +D(4�)j;k (3.22)The se
ond and fourth order dissipation terms in the � dire
tion areD(2�)j;k = �� �"(2)j+ 12 ;kr�(Jj;kQ̂j;k)� (3.23)D(4�)j;k = �� �"(4)j+ 12 ;kr���r�(Jj;kQ̂j;k)� (3.24)



24 Chapter 3. The Airfoil Design ProblemHere � andr denote �rst-order ba
kward and forward di�eren
es respe
tively. The se
ond-di�eren
e dissipation 
oeÆ
ients are"(2)j+ 12 ;k = 2 ��(�)J�1�(2)�j+ 12 ;k (3.25)The term �(�) is the spe
tral radius of the 
ux Ja
obian matrix �Ê=�Q̂�(�)j;k = jU j+ aq�2x + �2y (3.26)and �(2)j;k = �2�tmax(�j+1;k;�j;k;�j�1;k) (3.27)The value of �t is set to one in the gradient 
al
ulation. The pressure gradient 
oeÆ
ient� is de�ned as �j;k = jpj+1;k � 2pj;k + pj�1;kjjpj+1;k + 2pj;k + pj�1;kj (3.28)The fourth-di�eren
e dissipation 
oeÆ
ients are"(4)j+ 12 ;k = max �0; �42 ��(�)J�1�j+ 12 ;k � 2�(2)j+ 12 ;k� (3.29)The values of �2 and �4 used are 1.0 and 0.01 respe
tively.3.2.4 Boundary ConditionsWe follow the approa
h of Pueyo [19℄ in the treatment of boundary 
onditions.There are two types of boundary 
onditions: body boundary and far �eld. At body bound-aries, 
ow tangen
y 
onditions are imposed for invis
id 
ow and no-slip 
onditions areused for vis
ous 
ow. The 
hara
teristi
 approa
h from Riemann is used to determine thefar-�eld boundary 
onditions. The invis
id body boundary 
onditions are(Vn)j;1 = 0 (3.30)(Vt)j;1 � 2(Vt)j;2 + (Vt)j;3 = 0pj;1 � 2pj;2 + pj;3 = 0Hj;1 �H1 = 0Here, Vn and Vt are the velo
ity 
omponents normal and tangential to the body surfa
erespe
tively. The stagnation enthalpy is denoted as H = (e + p)=�. The vis
ous body
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onditions are �j;1 � �j;2 = 0 (3.31)(�u)j;1 = 0(�v)j;1 = 0pj;1 � pj;2 = 0Far-�eld boundary 
onditions are 
al
ulated using Riemann invariants. For subsoni
 out
owat the k = kmax boundary, the far-�eld boundary 
onditions are�Vn � 2a
 � 1�j;kmax � �Vn � 2a
 � 1�1 = 0 (3.32)�Vn + 2a
 � 1�j;kmax � �Vn + 2a
 � 1�j;kmax�1 = 0Sj;kmax � Sj;kmax�1 = 0(Vt)j;kmax � (Vt)j;kmax�1 = 0Here, S = p
=� is the entropy. For in
ow 
onditions, S and Vt are set to free stream values.Far-�eld boundary 
onditions at j = 1 and j = jmax 
an be derived similarly.3.2.5 Di�erentiation of the Dis
rete Flow EquationsWe di�erentiate the dis
rete 
ow equations to obtain the dis
rete sensitivity equa-tions �R�Q dQdg = ��R�g (3.33)The left-hand side is the 
ow Ja
obian matrix. This 
an be reused from existing 
ow solversthat use an impli
it approa
h. Many 
ow solvers do not use the exa
t 
ow Ja
obian tosolve the 
ow equations. An approximate Ja
obain is 
ommonly used and it does not a�e
tthe a

ura
y of the 
ow solution. However, the a

ura
y of the 
ow sensitivities dependson how a

urately the 
ow Ja
obian is formed. Re
all the dis
retized 
ow equations fromse
tion 3.2.3 Rj;k(Q; g) = 12 hÊj+1;k � Êj�1;k + F̂j;k+1 � F̂j;k�1i (3.34)�M1Re�1 hŜj;k+ 12 � Ŝj;k� 12 i+D(2�)j;k +D(4�)j;k +D(2�)j;k +D(4�)j;k = 0



26 Chapter 3. The Airfoil Design ProblemThe linearization of equation 3.34 leads to nine 4� 4 blo
ks. The nine blo
ks are given byB�2;�j;k = �D(4�)j;k�Q̂j�2;kB�1;�j;k = �D(4�)j;k�Q̂j�1;k + �D(2�)j;k�Q̂j�1;k � 12 �Êj�1;k�Q̂j�1;kB�2;�j;k = �D(4�)j;k�Q̂j;k�2B�1;�j;k = �D(4�)j;k�Q̂j;k�1 + �D(2�)j;k�Q̂j;k�1 � 12 �F̂j;k�1�Q̂j;k�1 �M1Re�1�Ŝj;k� 12�Q̂j;k�1B0j;k = �D(4�)j;k�Q̂j;k + �D(2�)j;k�Q̂j;k + �D(4�)j;k�Q̂j;k + �D(2�)j;k�Q̂j;k+M1Re�1 24�Ŝj;k� 12�Q̂j;k + �Ŝj;k+ 12�Q̂j;k 35 (3.35)B+1;�j;k = �D(4�)j;k�Q̂j;k+1 + �D(2�)j;k�Q̂j;k+1 � 12 �F̂j;k+1�Q̂j;k+1 �M1Re�1�Ŝj;k+ 12�Q̂j;k+1B+2;�j;k = �D(4�)j;k�Q̂j;k+2B+1;�j;k = �D(4�)j;k�Q̂j+1;k + �D(2�)j;k�Q̂j+1;k � 12 �Êj+1;k�Q̂j+1;kB+2;�j;k = �D(4�)j;k�Q̂j+2;kIf all the terms are linearized exa
tly, we obtain the exa
t 
ow Ja
obian Ae. However, someterms are diÆ
ult to linearize analyti
ally su
h as equations 3.26 and 3.27. This o

urs inthe dissipation terms, turbulen
e model and 
ir
ulation 
orre
tion.One way to avoid this diÆ
ulty is to treat the 
oeÆ
ients of the arti�
ial dissi-pation, as well as � and �t as 
onstants in the linearization. This forms the se
ond-orderapproximate Ja
obian A2. It is used in the 
ow solver PROBE [20℄. Alternatively, it ispossible to obtain the exa
t Ja
obian numeri
ally, at a higher 
omputational 
ost.The se
ond-order approximate Ja
obian 
an be approximated further by usingonly se
ond-di�eren
e dissipation terms. This forms the �rst-order approximate Ja
obianA1 as de�ned in referen
e [20℄. The dissipation 
oeÆ
ients of the new matrix are given by"l2 = "r2 + �"r4 (3.36)
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tion 3.2. Gradient Solver 27Here the supers
ript r denotes values from the right-hand side and l for the �rst-orderJa
obian. Fourth-di�eren
e dissipation terms are removed. The resulting matrix is morediagonally dominant and it has �ve blo
ks per row instead of nine. Less 
omputational 
ostand memory are required to form this matrix. We use this matrix as a pre
onditioner insolving the sensitivity equations as shown in the next se
tion.Besides the interior nodes, the boundary equations are linearized as well whenforming the 
ow Ja
obian matrix. Impli
it boundary 
onditions are required to 
al
ulatea

urate 
ow sensitivities. Referen
e [19℄ provides a detailed des
ription about linearizationof boundary 
onditions.3.2.6 Solving the Dis
rete Flow Sensitivity EquationsThe sensitivity equation is a large sparse linear system. Solving the system usingdire
t solvers su
h as LU fa
torization is 
omputationally expensive. We use the GMRESapproa
h, whi
h is an iterative solver for linear systems. We use the restart version ofGMRES, denoted as GMRES(m).The system needs pre
onditioning before applying the GMRES approa
h. Thisimproves the eÆ
ien
y and robustness of the linear solver. We use a pre
onditioner basedon a �rst-order Ja
obian matrix, following the approa
h of Pueyo and Zingg [20℄. Rightpre
onditioning is used. The pre
onditioner is de
omposed using blo
k-�ll in
omplete LUfa
torization with a level of �ll, BFILU(n).Sin
e the GMRES algorithm requires only matrix-ve
tor produ
ts, the sensitivityequations 
an be solved using a matrix-free approa
h. Matrix-ve
tor produ
ts are approxi-mated by se
ond-order Fre
het derivatives�R�Qv = R(Q+ �v)�R(Q� �v)2� (3.37)The order of the derivatives a�e
ts the a

ura
y of the 
ow sensitivities. The stepsize is
hosen as �kvk ' p�m (3.38)where kvk is the norm of v and �m is the value of ma
hine zero.The matrix-free approa
h redu
es memory use, and avoids diÆ
ulties in lineariza-tion. Figure 3.2 shows the gradient a

ura
y of the matrix-free and the standard approa
hes.Matrix-free sensitivity gradients are more a

urate when 
ompared to �nite-di�eren
e gra-
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Figure 3.2: Comparing gradient a

ura
y relative to �nite-di�eren
e gradients.dients. The reason is that matrix-free Ja
obian are 
loser to the exa
t Ja
obian Ae, thanthe se
ond-order Ja
obian A2 used in the matrix approa
h.It is possible to obtain adjoint gradients with the same level of a

ura
y as thematrix-free sensitivity gradients by using the exa
t Ja
obian. One suggestion to form anexa
t Ja
obian in a�ordable 
ost is to 
al
ulate �Ê=�Q̂, �F̂ =�Q̂ and �Ŝ=�Q̂ analyti
ally,but �D=�Q̂ numeri
ally.The ordering of unknowns a�e
ts the 
onvergen
e of the pre
onditioned iterativesolver [20℄. Figure 3.3 shows the stru
ture of the Ja
obian matrix using natural orderingon a 22 � 8 grid. The o�-diagonal elements are 
aused by the wake
ut. Figure 3.4 showsthe matrix stru
ture using reverse Cuthill-M
Kee (RCM) reordering. The resulting matrixhas a lower bandwidth.The 
ow sensitivity equations are solved using the GMRES approa
h with thefollowing parameters:� Matrix-free GMRES(90) with se
ond-order Fre
het derivatives� Pre
onditioner based on �rst-order Ja
obian matrix with � = 3:0
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Figure 3.3: Matrix stru
ture of the 
ow Ja
obian matrix using natural ordering.

Figure 3.4: Matrix stru
ture of the 
ow Ja
obian matrix using reverse Cuthill-M
Kee(RCM) reordering.
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Figure 3.5: Typi
al GMRES 
onvergen
e histories for the sensitivity problem.� Pre
onditioner de
omposed using BFILU(5)� RCM reordering of unknownsA parametri
 study of the gradient solver parameters is shown in Appendix D. Figure 3.5shows a typi
al 
onvergen
e history of the sensitivity problem.3.3 Gradient Results3.3.1 Contour Plot of Flow SensitivitiesThe dis
rete 
ow sensitivities are solved for at every node in the grid. Figure 3.6shows a 
ontour plot of the 
ow sensitivities with respe
t to 
ontrol point number 6 ofthe invis
id RAE2822 airfoil. Control point number 6 is lo
ated on the bottom surfa
e asshown in �gure 3.1(b). The airfoil is at Ma
h number 0:74 and 2:0 degrees angle of atta
k.Invis
id results are shown. Flow sensitivites dp=dg are plotted and they represent the
orresponding 
hange in pressure with respe
t to the design variable. They are 
al
ulatedby di�erentiation of equation 3.5 analyti
ally. Although 
ontrol point number 6 is lo
ated
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Figure 3.6: Contour plot of the 
ow sensitivities: 
hange in pressure �eld with respe
t to
ontrol point number 6.on the lower surfa
e, it a�e
ts the 
ow near the sho
k as shown in the �gure.Figure 3.7 shows the 
ow sensitivities with respe
t to 
ontrol point number 12 onthe upper surfa
e 
lose to the sho
k. Flow sensitivities have large values near the sho
k.This means that the 
ow at this region is very sensitive to the 
ontrol point. Figure 3.8shows the 
ow sensitivities with respe
t to the angle of atta
k.3.3.2 Finite-Di�eren
e Gradient A

ura
yThe a

ura
y of the �nite-di�eren
e gradients depends on both the 
ow solvertoleran
e and the �nite-di�eren
e stepsize. In this and the next se
tion, the error is de�nedby 
omparing to the �nite-di�eren
e gradients obtained using a 
ow solver toleran
e of10�15 and a �nite-di�eren
e stepsize of 10�6. Design variables g1 and g2 
orrespond to
ontrol points number 10 and 11, respe
tively, as shown in �gure 3.1(b). Invis
id results areshown. Figure 3.9 shows the e�e
t of 
ow solver toleran
e. We use a 
ow solver toleran
eof 10�15. The e�e
t of �nite-di�eren
e stepsize is shown in �gure 3.10. We use a stepsizeof 10�6.
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t of Fre
het derivative stepsize on sensitivity gradients.
3.3.3 Sensitivity Gradient A

ura
yThe a

ura
y of the matrix-free sensitivity gradients depends on the Fre
het deriva-tive stepsize, GMRES solver toleran
e, �nite-di�eren
e stepsizes (in �J=�Q, �J=�g and�R=�g), 
ow solver toleran
e and the order of Fre
het derivatives used.Figure 3.11 shows the e�e
t of Fre
het derivative stepsize. Figure 3.12 shows thee�e
t of GMRES solver toleran
e. We use a GMRES solver toleran
e of 10�8. Figure 3.13shows the e�e
t of �nite-di�eren
e stepsize in �J=�Q, �J=�g and �R=�g. We use a stepsizeof 10�6 for these partial derivatives. Figure 3.14 shows the e�e
t of 
ow solver toleran
e.We use a solver toleran
e of 10�15. It is sometimes diÆ
ult to obtain low solver toleran
efor vis
ous 
ows in some situations, as shown in the next se
tion. Figure 3.15 showsthe gradient results using �rst- and se
ond-order Fre
het derivatives, 
ompared to �nite-di�eren
e gradients.
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t of GMRES solver toleran
e on sensitivity gradients.
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ow solver toleran
e on sensitivity gradients.
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Figure 3.16: Plot of the turbulent vis
osity �t vs. n.3.4 Turbulen
e ModelTurbulent 
ows are simulated using the Baldwin-Lomax turbulen
e model. Thisis an algebrai
 model. The turbulent vis
osity is 
al
ulated from the 
ow variables in ea
h
ow solve iteration and updated.3.4.1 Baldwin-Lomax Turbulen
e ModelThe Baldwin and Lomax model is a two-layer eddy vis
osity model. The turbulentvis
osity is given by �t = 8<: (�t)inner n � n
r(�t)outer n > n
r (3.39)where n is the normal distan
e from the wall. Figure 3.16 shows a plot of a typi
al turbulentvis
osity term, together with its inner and outer 
omponents.The inner turbulent vis
osity is 
al
ulated using the Prandtl-Van Driest formula-tion (�t)inner = �l2j!j (3.40)



38 Chapter 3. The Airfoil Design Problemwhere l = kn[1� exp(�n+=A+)℄ (3.41)The magnitude of the vorti
ity is given byj!j = juy � vxj (3.42)and the law-of-the-wall 
oordinate n+ isn+ = �wu�n�w = p�w�wn�w (3.43)The subs
ript w denotes values at the wall, u� is the fri
tion velo
ity, p�w�w, and �w is theshear stress at the wall.The outer turbulent vis
osity is given by(�t)outer = KC
p�FwakeFkleb(n) (3.44)where K is the Clauser 
onstant, andFwake = min8<: nmaxFmaxCwknmaxu2dif=Fmax (3.45)The values of Fmax and nmax are determined from the fun
tionF (n) = nj!j[1� exp(�n+=A+)℄ (3.46)A plot of F (n) vs. n is shown in �gure 3.17. In wakes, the exponential term in equation 3.46is set to zero. The value nmax is the value of n whi
h F (n) rea
hes its maximum Fmax. Thefun
tion Fkleb(n) is the Klebano� intermitten
y fa
torFkleb(n) = "1 + 5:5�Cklebnnmax �6#�1 (3.47)The value of udif is the di�eren
e between maximum and minimum total velo
ity in thepro�le udif = 8<: (pu2 + v2)max in boundary layers(pu2 + v2)max � (pu2 + v2)min in wakes (3.48)
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40 Chapter 3. The Airfoil Design Problem3.4.2 Fix to the Baldwin-Lomax Model Convergen
eFlow solves using this turbulen
e model often do not 
onverge below a residual ofroughly 10�10. Figure 3.18 shows the hanging of the 
ow solve 
onvergen
e history.In the 
al
ulation of the outer vis
osity term, we need to determine the maximumof the non-linear fun
tion F (n) in equation 3.46. The main problem is that vorti
ity is onlyevaluated at dis
rete grid nodes in the � dire
tion. Sin
e the fun
tion F is 
al
ulated fromthe vorti
ities, its value is known only at dis
rete nodes.In older version of the 
ode, the maximum values are found by a sear
h throughthe grid nodes. The node with the maximum fun
tion value is denoted by an integer value�̂max. There are 
ases where the maximum will os
illate between two adja
ent grid nodes.Figure 3.17 shows an example. Figure 3.19 shows the os
illation in the turbulen
e vis
osity
aused by failure in determination of Fmax. This 
auses 
onvergen
e to stall.We solve the problem using a real number for �max. This real maximum is 
al
u-lated by a quadrati
 �t of the fun
tion through three grid points:F (�) = A�2 +B� + C (3.49)The maximum of the parabola is then determined to be the maximum of the fun
tion Fmax,with the 
orresponding grid lo
ation �max. The value of nmax is then found using linearinterpolation through the grid points:n(�) = D� +E (3.50)With this modi�
ation, the 
ow solver no longer hangs and 
onverges to ma
hinezero, as shown in �gure 3.18. The modi�ed 
ode may experien
e 
onvergen
e problems inthe �rst few iterations. We use the original approa
h for the �rst 100 iterations and runthe rest using the modi�
ation.Comparing the results obtained using both versions, the total lift is di�erent by0:03% and total drag is di�erent by 0:08%. The new version of the 
ode in
reased the
omputational 
ost of a 
ow solve by 16%. The 
urrent 
ode is not optimized for speed andit is possible to improve this by removing some redundant 
ode.
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Chapter 4
Results
4.1 Invis
id Design ResultsThree design 
ases are presented for invis
id airfoil design. Table 4.1 summarizesthe number of design variables (ndv) and the free-stream 
ow 
onditions for the design
ases. Two optimizers are used. Se
tions 4.1.1 to 4.1.3 show the design results using BFGS.Results using KSOPT are shown in se
tion 4.1.4. The required runtime for the invis
iddesign 
ases are re
orded in se
tion 4.1.5.4.1.1 Inverse DesignThe �rst 
ase is the inverse design problem. The NACA0012 is used as the initialairfoil and the RAE2822 is spe
i�ed as the target. The obje
tive fun
tion is given byJ(Q) = 12Xj �Cp;j � C�p;j�2 (4.1)The obje
tive fun
tion is the sum of the di�eren
es between the 
urrent and target pressuredistribution on the airfoil surfa
e. The target pressure C�p is generated by running a 
owCase Title ndv M1 �initial1 Inverse design 8 + � 0.30 2.02 Drag minimization with lift 
onstraint 8 + � 0.74 2.03 Lift enhan
ement with pressure 
onstraint 12 + � 0.30 2.0Table 4.1: Invis
id design 
ase parameters.43



44 Chapter 4. ResultsControl Start at target Start at NACA0012point mf(2) Sensitivity mf(2) Finite di�eren
es3 0.33 E-15 -0.862090 E+02 -0.862091 E+024 0.66 E-15 -0.314694 E+02 -0.314694 E+025 0.14 E-16 0.143369 E+02 0.143366 E+026 0.23 E-15 0.142520 E+02 0.142472 E+0210 -0.44 E-14 0.140756 E+03 0.140754 E+0311 -0.69 E-15 0.789935 E+01 0.789863 E+0112 0.11 E-15 -0.409515 E+02 -0.409515 E+0213 0.26 E-14 -0.722893 E+02 -0.722893 E+02� 0.67 E-16 -0.404324 E+01 -0.404324 E+01Table 4.2: Veri�
ation of gradient a

ura
y for the invis
id inverse design problem. (Invis
id
ase 1.)solve on the target RAE2822. In this 
ase, the obje
tive fun
tion is a fun
tion of the 
owvariables only.This is a spe
ial 
ase sin
e the optimum design is known in advan
e. We startwith the target airfoil to verify the gradients. Sin
e the airfoil is the optimum design, thegradients should be zero. The results are shown in the se
ond 
olumn of table 4.2. Thenorm of the gradients has an order 10�15. The matrix-free sensitivity approa
h with se
ondorder Fre
het derivatives mf(2) are used. The remaining 
ontrol points not shown in thetable are �xed with values that 
orrespond to the target RAE2822 airfoil.Next we verify the gradient a

ura
y at the initial airfoil NACA0012. The sensi-tivity gradients are 
ompared to the �nite di�eren
e gradients. This is shown in the lasttwo 
olumns in table 4.2. The sensitivity gradients agree well with the �nite di�eren
egradients. The norm of di�eren
e between the two sets of gradients is 10�3.We start the optimization pro
ess after verifying the gradients. The optimizerBFGS is used. Figure 4.1 shows the design results. The optimizer su
essfully generates thetarget airfoil geometry by mat
hing the target pressure distribution. The design history isshown in �gure 4.2. The obje
tive fun
tion is redu
ed by 16 orders of magnitude. The normof the di�eren
e between the �nal and target pressure distribution is of the order of ma
hinezero. The norm of the gradients is redu
ed by 8 orders of magnitude. Usually, gradient
onvergen
e 
an only a
hieve the square root of the obje
tive fun
tion 
onvergen
e.The optimizer BFGS requires one 
ow solve and one gradient 
al
ulation in ea
hiteration. In �gure 4.2, one design 
y
le is de�ned as one BFGS iteration and it 
onsists
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Figure 4.1: Airfoil geometry and pressure distribution of the invis
id inverse design problem.(Invis
id 
ase 1, BFGS.)
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46 Chapter 4. Resultsof one 
ow solve and one gradient 
al
ulation. The de�nition is di�erent for the otheroptimizer KSOPT.The initial airfoil is modi�ed to a
hieve 
onvergen
e to ma
hine zero. The initialairfoil used is not an exa
t NACA0012 airfoil. The leading and trailing edges of the initialairfoil geometry, as well as the wake
ut of the airfoil grid, are modi�ed to be exa
tly thesame as those for the target RAE2822 airfoil. This ensures the pressure 
an be mat
hedexa
tly at these positions. If an exa
t NACA0012 airfoil is used as the initial airfoil withall design variables used, the obje
tive fun
tion only redu
es 2 orders of magnitude. This isdue to the fa
t that the wake
ut is �xed during the design, whi
h 
ause failure in mat
hingthe trailing edge pressure exa
tly. Regridding the airfoil regularly during the design maysolve this problem.4.1.2 Drag Minimization with Lift ConstraintThe se
ond 
ase is the drag minimization problem. The obje
tive is to minimizethe drag of the baseline RAE2822 with a lift 
onstraint: the lift must be greater than orequal to the original lift 
oeÆ
ient. No thi
kness 
onstraints are applied. We �x three
ontrol points at the leading edge and four 
ontrol points at the trailing edge in order toensure a well-de�ned leading edge 
urvature and to prevent 
ross-over in the trailing edgegeometry. The obje
tive fun
tion is given byJ(Q; g) =  CdC�d !2 + Jlift(Q; g) (4.2)The obje
tive fun
tion is 
omposed of two terms. The �rst term is the drag 
oeÆ
ient tobe minimized. This is normalized with the initial drag C�d . The se
ond term is the lift
onstraint penalty term Jlift(Q; g) = 8>><>>:  1� ClC�l !2 if Cl < C�l0 if Cl � C�l (4.3)The obje
tive fun
tion is penalized if the lift 
oeÆ
ient is less than a lower limit. The lowerlimit C�l is spe
i�ed as the initial lift in this example.The sensitivity gradients are veri�ed and 
ompared to the �nite-di�eren
e gradi-ents before running the optimization. The results are shown in the se
ond and third 
olumnsof table 4.3. The two sets of gradients agree well with ea
h other. The norm of di�eren
e
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id Design Results 47Control Initial Final Designpoint Sensitivity mf(2) Finite di�eren
es Sensitivity mf(2) Finite di�eren
es3 0.339014 E+00 0.339014 E+00 0.562909 E-02 0.562910 E-024 0.165348 E+00 0.165348 E+00 0.279830 E-02 0.279830 E-025 0.765403 E-01 0.765403 E-01 0.133344 E-02 0.133344 E-026 0.139446 E-01 0.139446 E-01 0.295906 E-03 0.295906 E-0310 0.877925 E+00 0.877925 E+00 0.557355 E-02 0.557376 E-0211 0.522648 E+00 0.522648 E+00 0.255430 E-02 0.255431 E-0212 -0.788470 E-01 -0.788470 E-01 0.294871 E-02 0.294871 E-0213 0.262841 E+00 0.262841 E+00 0.634060 E-02 0.634060 E-02� 0.170910 E-01 0.170910 E-01 0.275055 E-03 0.275055 E-03Table 4.3: Veri�
ation of gradient a

ura
y for the invis
id drag minimization problem.(Invis
id 
ase 2.) Cl Cd �ÆInitial 0.913 0.0149 2.000Final Design (BFGS) 0.911 0.0005 0.177Final Design (KSOPT) 0.937 0.0006 0.868Table 4.4: Optimization results of the invis
id drag minimization problem. (Invis
id 
ase2.)between the gradients has a value of 10�8. We also 
he
k the gradient a

ura
y for the �naldesign. The results are shown in the last two 
olumns of table 4.3. The sensitivity gradientsof the �nal design agree with the �nite-di�eren
e gradients, with a norm of di�eren
e of10�7. The gradients of the �nal design are not zero in this 
ase. In this work, the optimizer
an zero the gradients only for the inverse design problem. The reason is unknown and itdepends on the implementation of the optimizer.The design results using BFGS are shown in �gure 4.3. The �nal design is a thinnerairfoil, and the sho
k is eliminated in the design pro
ess. The design history is shown in�gure 4.4. Figures 4.5 and 4.6 show the Ma
h 
ontours of the original airfoil and the �naldesign. The thinner airfoil has redu
ed the sho
k to a 
ompression wave. The 
hanges indrag and lift 
oeÆ
ient, as well as the angle of atta
k, are tabulated in table 4.4. KSOPTresults are shown in se
tion 4.1.4.
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Figure 4.3: Final design of the invis
id drag minimization problem. (Invis
id 
ase 2, BFGS.)
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Figure 4.6: Ma
h 
ontours of the �nal design of the invis
id drag minimization problem.(Invis
id 
ase 2, BFGS.)4.1.3 Lift Enhan
ement with Pressure ConstraintThe third 
ase is a 
onstrained lift enhan
ement problem. The obje
tive is tomaximize the lift of the baseline RAE2822, with a lower limit on the surfa
e pressure.All 
ontrol points are used as design variables ex
ept the leading and trailing edges. Theobje
tive fun
tion is given by J(Q; g) = �C�lCl �2 + Jpres(Q; g) (4.4)The obje
tive fun
tion is 
omposed of two terms. The �rst term is the lift 
oeÆ
ient to bemaximized, normalized with the initial lift C�l . The se
ond term is the pressure 
onstraintpenalty term Jpres(Q; g) = 8>><>>: "1� min(Cp;j)C�p #2 if min(Cp;j) < C�p0 if min(Cp;j) � C�p (4.5)The obje
tive fun
tion is penalized if the pressure 
onstraint is violated. A pressure limitC�p of -1.2 is used.Figure 4.7 shows the �nal design. No thi
kness 
onstraints are implemented. The
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Figure 4.7: Final design of the invis
id lift enhan
ement problem. (Invis
id 
ase 3, BFGS.)
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Figure 4.8: Design history of the invis
id lift enhan
ement problem. (Invis
id 
ase 3, BFGS.)Cl �ÆInitial 0.523 2.000Final Design (BFGS) 1.283 4.214Final Design (KSOPT) 1.526 1.589Table 4.5: Optimization results of the invis
id lift enhan
ement problem. (Invis
id 
ase 3.)�nal airfoil is a 
ambered airfoil at a higher angle of atta
k. The design history is shownin �gure 4.8. It indi
ates that the optimization does not 
onverge. The pattern shows thatthe design path is repeating itself. The spikes in the design history are large steps takenby the BFGS linesear
h after a new sear
h dire
tion is determined. When a design is 
loseto a 
onstraint boundary, these large steps often violate 
onstraints. The penalty terms
ause the design to move ba
kwards. This pro
ess repeats and it is the me
hanism of thehanging pro
ess. A better design 
an be obtained using the optimizer KSOPT, as shown in�gures 4.13 and 4.14 in the next se
tion. This suggests that BFGS with penalty fun
tionsmay be inadequate for 
onstraint dominated optimization problems.The 
hanges in lift 
oeÆ
ient and the angle of atta
k during the design are tab-ulated in table 4.5. In this parti
ular problem, better results are optained using KSOPT.(See �gure 4.13 for the KSOPT results.) The �nal design with KSOPT has higher lift at amu
h lower angle of atta
k.The optimizer does not produ
e a more extreme shape in �gure 4.7 even thoughthere are no thi
kness 
onstraints. We �x the upper surfa
e of the airfoil and rerun the
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id Design Results 53same design using BFGS in order to study the reason.Figure 4.9 shows the results with the upper surfa
e �xed. A thi
kness 
onstraintweight fa
tor wT of 0.1 is used. (wT is de�ned below.) Without thi
kness 
onstraints, thedesign result has a 
ross-over in the airfoil geometry. The lower surfa
e of the airfoil ishighly 
urved upwards and 
rosses over the upper surfa
e. We �x this problem by imposingthi
kness 
onstraints. ~J(Q; g) = J(Q; g) +wT Xi Ti(g) (4.6)The thi
kness penalty terms areTi(g) = 8>><>>:  1� tit�i !2 if ti < t�i0 if ti � t�i (4.7)Thi
kness 
onstraints are pla
ed at several positions along the x-axis of the airfoil geometry.We spe
ify the thi
kness 
onstraints t�i as the original airfoil thi
kness. The strength of thethi
kness 
onstraint is 
ontrolled by the weight fa
tor wT .Figure 4.10 shows the design history with the upper surfa
e �xed. The norm ofgradients shows quadrati
 
onvergen
e as shown in the �gure. The reason why the designusing all 
ontrol points does not produ
e a more extreme shape using BFGS is not 
lear.However, we are able to design a better lower surfa
e by �xing the upper surfa
e for thisparti
ular 
ase.4.1.4 Constrained OptimizationThis se
tion shows the design results obtained using the optimizer KSOPT. Twoinvis
id design 
ases are shown: drag minimization and lift enhan
ement. These 
ases arede�ned in previous se
tions. KSOPT supports inequality 
onstraints and requires 
onstraintgradients. One design 
y
le of KSOPT 
onsists of one gradient 
al
ulation and several 
owsolves. The 
onstrained formulation of the drag minimization problem isJ(Q; g) =  CdC�d ! (4.8)C(Q; g) =  1� ClC�l ! � 0Figure 4.11 shows the design results using KSOPT. The �nal design is similar to that
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Figure 4.9: Final design of the invis
id lift enhan
ement problem with upper surfa
e �xed.(Invis
id 
ase 3, BFGS.)
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Figure 4.10: Design history of the invis
id lift enhan
ement problem. with upper surfa
e�xed. (Invis
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ase 3, BFGS.)
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id drag minimization problem using KSOPT. (Invis
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ase 2, KSOPT.)
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Figure 4.12: Design history of the invis
id drag minimization problem using KSOPT. (In-vis
id 
ase 2, KSOPT.)obtained using BFGS. The 
hanges in lift, drag and the angle of atta
k are shown inTable 4.4. The design history is shown in �gure 4.12. The obje
tive fun
tion gradients donot 
onverge to zero for 
onstrained 
ases.The 
onstrained formulation of the lift enhan
ement problem isJ(Q; g) = �C�lCl � (4.9)C(Q; g) = "1� min(Cp;j)C�p # � 0Thi
kness 
onstraints are in
orporated using equation 4.6 with a 
onstraint fa
tor of 1:0.Figure 4.13 shows the design results using KSOPT. The 
hanges in lift and the angle ofatta
k are shown in table 4.5. In this 
ase, KSOPT produ
es a better design with higher liftand less 
onstraint violation. There is a pull-up fa
tor in KSOPT that 
ontrols the strengthof 
onstraints. We in
rease this fa
tor during the design. Too low a value produ
es a
onservative design for whi
h the 
onstraints are far from violation.The design history is shown in �gure 4.14. Unlike the results obtained using BFGS,the design for this 
ase 
onverges smoothly.4.1.5 EÆ
ien
y of the Invis
id Design CasesTable 4.6 summarizes the runtime and design 
y
les for the invis
id design 
ases.BFGS is more eÆ
ient and requires fewer 
ow solves. In the table, 
ase 3b denotes the lift
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Figure 4.13: Final design of the invis
id lift enhan
ement problem using KSOPT. (Invis
id
ase 3, KSOPT.)
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58 Chapter 4. ResultsCase Optimizer Runtime Number of Number ofdesign 
y
les 
ow solves1 BFGS 1 hr 47 mins 70 702 BFGS 7 hrs 33 mins 199 1993 BFGS 3 hrs 3 mins 68 683b BFGS 2 hrs 28 mins 89 892 KSOPT 1 day 15 hrs 41 mins 149 10133 KSOPT 17 hrs 10 mins 199 1247Table 4.6: Runtime and design 
y
les of the invis
id design 
ases.Case Runtime Number of Number ofdesign 
y
les 
ow solves1 13 mins 8 82 16 mins 10 103 17 mins 6 63b 12 mins 6 62 43 mins 8 583 2 hrs 19 mins 27 188Table 4.7: Runtime and design 
y
les to get 90 % bene�t for the invis
id design 
ases.enhan
ement problem with the upper airfoil surfa
e �xed.For the 
ases shown, most of the design is done usually in the �rst few iterations.Table 4.7 shows the required runtime and design 
y
les to a
hieve 90 % bene�t of the design.This is de�ned as 90 % redu
tion of the di�eren
e between the initial and �nal obje
tivefun
tions. As shown in the table, pra
ti
al designs 
an be a
hieved usually in less then tendesign 
y
les. The rest of the 
omputational work does not 
ontribute mu
h to pra
ti
alengineering design.4.2 Vis
ous Design ResultsFour design 
ases are presented for vis
ous airfoil design. Table 4.8 summarizes thenumber of design variables and the free-stream 
ow 
onditions for the design 
ases. Here,tr denotes the laminar to turbulent transition points on both upper and lower surfa
es(per
entage 
hord). Only BFGS results are presented for vis
ous 
ows.
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tion 4.2. Vis
ous Design Results 59Case Title ndv M1 �initial Re tr1 Inverse design 12 + � 0.30 2.0 2:88 � 106 1%2 Drag minimization 12 + � 0.74 2.0 9:0 � 106 5%with lift 
onstraint3 Maximize lift-to-drag ratio 12 + � 0.70 2.2 9:0 � 106 5%4 Lift enhan
ement 16 + � 0.30 2.0 2:88 � 106 5%with pressure 
onstraintTable 4.8: Vis
ous design 
ase parameters.Control Initial NACA0012point Sensitivity mf(2) Finite di�eren
es3 -0.187631 E+03 -0.187597 E+034 -0.117027 E+03 -0.117013 E+035 -0.494222 E+02 -0.493876 E+026 0.684423 E+01 0.688854 E+017 0.303036 E+02 0.303346 E+028 0.353796 E+02 0.353948 E+0212 0.254680 E+03 0.254828 E+0313 0.766349 E+02 0.767251 E+0214 -0.114638 E+02 -0.113366 E+0215 -0.449036 E+02 -0.447748 E+0216 -0.771329 E+02 -0.770579 E+0217 -0.111233 E+03 -0.111208 E+03� -0.510418 E+01 -0.510418 E+01Table 4.9: Veri�
ation of gradient a

ura
y for the vis
ous inverse design problem. (Vis
ous
ase 1.)4.2.1 Inverse DesignThe �rst 
ase is the inverse design problem from NACA0012 to RAE2822. Theobje
tive fun
tion is given by equation 4.1. We verify the gradients before running thedesign. The results are shown in table 4.9. The leading and trailing edges of the airfoil are�xed similar to the invis
id 
ase.The design results using BFGS are shown in �gure 4.15. Figure 4.16 shows thedesign history. The obje
tive fun
tion redu
es 16 orders of magnitude. The norm of thegradients is redu
ed by 8 orders of magnitude.
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Figure 4.15: Final design of the vis
ous inverse design problem. (Vis
ous 
ase 1, BFGS.)
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Figure 4.16: Design history of the vis
ous inverse design problem. (Vis
ous 
ase 1, BFGS.)
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ous Design Results 61Control Initialpoint Sensitivity mf(2) Finite di�eren
es3 0.520632 E+02 0.520631 E+024 0.280185 E+02 0.280184 E+025 0.148741 E+02 0.148741 E+026 0.643658 E+01 0.643657 E+017 0.183497 E+01 0.183497 E+018 0.289205 E-02 0.288866 E-0212 -0.440524 E+02 -0.440536 E+0213 0.133756 E+03 0.133756 E+0314 0.294035 E+02 0.294035 E+0215 -0.202665 E+02 -0.202666 E+0216 0.101094 E+02 0.101094 E+0217 0.914149 E+01 0.914151 E+01� 0.105821 E+01 0.105821 E+01Table 4.10: Veri�
ation of gradient a

ura
y for the vis
ous drag minimization problem.(Vis
ous 
ase 2.)4.2.2 Drag Minimization with Lift ConstraintThe se
ond 
ase is the drag minimization problem. The obje
tive fun
tion is givenby equation 4.2. We �x three 
ontrol points at the leading edge and four at the trailingedge, similar to the invis
id 
ase. We verify the gradients before running the design. Theresults are shown in table 4.10.The design using BFGS has a 
ross-over in the airfoil geometry. We impose thi
k-ness 
onstraints with a weight fa
tor of 0.03. This is di�erent from the invis
id 
ase, whi
hdoes not require a thi
kness 
onstraint. Vis
ous e�e
ts are important for a

urate dragpredi
tion. The vis
ous 
ow model should be used for drag-related design problems.The �nal design is a thin airfoil as shown in �gure 4.17. The design result dependson the thi
kness 
onstraint. Figure 4.18 shows the design history. As in the invis
id 
ase,the gradients do not 
onverge to zero. Figures 4.19 and 4.20 show the Ma
h 
ontours ofthe original airfoil and the �nal design. Vis
ous e�e
ts 
an be seen in these �gures, at theboundary layers and wakes. The sho
k is eliminated in the �nal design. The 
hanges indrag, lift, and the angle of atta
k are tabulated in table 4.11.
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Figure 4.17: Final design of the vis
ous drag minimization problem. (Vis
ous 
ase 2, BFGS.)
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Figure 4.18: Design history of the vis
ous drag minimization problem. (Vis
ous 
ase 2,BFGS.)
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Figure 4.19: Ma
h 
ontours of the original airfoil of the vis
ous drag minimization problem.(Vis
ous 
ase 2, BFGS.)
Cl Cd �ÆInitial 0.712 0.015 2.000Final Design 0.658 0.008 1.036Table 4.11: Optimization results of the vis
ous drag minimization problem. (Vis
ous 
ase2.)
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Figure 4.20: Ma
h 
ontours of the �nal design of the vis
ous drag minimization problem.(Vis
ous 
ase 2, BFGS.)
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Figure 4.21: Final design for vis
ous lift-to-drag ratio maximization problem. (Vis
ous 
ase3, BFGS.)4.2.3 Maximize Lift-to-Drag RatioThe third 
ase is to maximize the lift-to-drag ratio. The obje
tive fun
tion is thedrag-to-lift ratio to be minimized. J(Q; g) = CdCl (4.10)The design using BFGS has a 
ross-over in the airfoil geometry. Thi
kness 
on-straints are imposed with a weight fa
tor of 0.1. The �nal design is shown in �gure 4.21.The design history is shown in �gure 4.22. The 
hanges in drag, lift and the angle of atta
kare tabulated in table 4.12.4.2.4 Lift Enhan
ement with Pressure ConstraintThe fourth 
ase is the lift enhan
ement problem. The obje
tive fun
tion is given byequation 4.4. All 
ontrol points are used as design variables ex
ept the leading and trailingedges. No thi
kness 
onstraints are imposed. The design results are shown in �gure 4.23.



66 Chapter 4. Results

Number of design cycles

O
bj

ec
tiv

e
fu

nc
tio

n
an

d
no

rm
of

gr
ad

ie
nt

s

20 40 60 80
10-2

10-1

100
Objective function
Norm of gradients

Figure 4.22: Design history for vis
ous lift-to-drag ratio maximization problem. (Vis
ous
ase 3, BFGS.)

Cl Cd �ÆInitial 0.678 0.010 2.200Final Design 1.118 0.012 3.133Table 4.12: Optimization results for vis
ous lift-to-drag ratio maximization problem. (Vis-
ous 
ase 3.)
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Figure 4.23: Final design of the vis
ous lift enhan
ement problem. (Vis
ous 
ase 4, BFGS.)Cl �ÆInitial 0.442 2.000Final Design 1.322 5.552Table 4.13: Optimization results of the vis
ous lift enhan
ement problem. (Vis
ous 
ase 4.)The �nal design is similar to the invis
id design. Figure 4.24 shows the design history.The design does not 
onverge for the same reason as the invis
id 
ase. The 
hanges in lift
oeÆ
ient and the angle of atta
k during the design are tabulated in table 4.13. The �naldesign has a higher angle of atta
k than the invis
id design.The design results with the upper airfoil surfa
e �xed are shown in �gure 4.25.Similar results to the invis
id 
ase are obtained. The design history is shown in �gure 4.26.
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Figure 4.24: Design history of the vis
ous lift enhan
ement problem. (Vis
ous 
ase 4,BFGS.)
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Figure 4.25: Final design of the vis
ous lift enhan
ement problem with upper surfa
e �xed.(Vis
ous 
ase 4, BFGS.)
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Figure 4.26: Design history of the vis
ous lift enhan
ement problem with upper surfa
e�xed. (Vis
ous 
ase 4, BFGS.)Case Runtime Number of Number ofdesign 
y
les 
ow solves1 8 hrs 8 mins 84 842 8 hrs 25 mins 104 1043 7 hrs 14 mins 84 844 3 hrs 34 mins 21 214b 11 hrs 20 mins 117 117Table 4.14: Runtime and design 
y
les of the vis
ous design 
ases.4.2.5 EÆ
ien
y of the Vis
ous Design CasesTable 4.14 summarizes the runtime and design 
y
les for the vis
ous design 
ases.In the table, 
ase 4b denotes the lift enhan
ement problem with the upper airfoil surfa
e�xed. Vis
ous designs take longer to run. Both the 
ow solver and the gradient 
al
ulationrun longer. This is due to the higher number of grid nodes and the turbulen
e model.Figure 4.15 shows the required runtime and design 
y
les to a
hieve 90 % bene�t of thedesign.



Case Runtime Number of Number ofdesign 
y
les 
ow solves1 50 mins 8 82 1 hrs 49 mins 20 203 3 hrs 18 mins 38 384 1 hrs 22 mins 8 84b 45 mins 8 8Table 4.15: Runtime and design 
y
les to get 90 % bene�t for the vis
ous design 
ases.



Chapter 5
Con
lusionsThe 
ow sensitivity method using the matrix-free GMRES approa
h is presentedfor CFD design problems. The sensitivity approa
h is 
apable of 
al
ulating a

urate gra-dients 
omparable to �nite-di�eren
e gradients at a mu
h lower 
ost. The 
ow sensitivityapproa
h is less eÆ
ient when 
ompared to the adjoint approa
h, sin
e it depends on thenumber of design variables used, but is potentially more a

urate due to the matrix-freeformulation. If the number of 
onstraint gradients required is high, the 
ow sensitivityapproa
h 
an be eÆ
ient.Both un
onstrained and 
onstrained design 
ases are studied. The algorithm de-s
ribed is 
apable of airfoil design for a wide range of obje
tive fun
tions and 
onstraints.The optimizer KSOPT is found to be more robust than the optimizer BFGS, espe
ially for
onstrained problems, but BFGS is often faster.
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Appendix A
The One-Dimensional FlowJa
obianThe Ja
obian of the steady quasi-one-dimensional 
ow equations is given by�F�Q = � ddx �Ê�Q + �Ĥ�Q (A.1)= � ddxĴE + ĴHThe Ja
obian of the invis
id 
uxes isJE = �E�Q = 26664 0 1 0�(3� 
)u22 (3� 
)u 
 � 1(
 � 1)u3 � 
u e� 
 e� � 3
�12 u2 
u 37775 (A.2)

= 266664 0 1 0�12 (3�
)q22q21 (3�
)q2q1 
 � 1(
�1)q32q31 � 
q2q3q21 
q3q1 � 32 (
�1)q22q21 
q2q1 377775 (A.3)and ĴE = JES (A.4)The Ja
obian of the sour
e term isJH = �H�Q = 26664 0 0 0(
 � 1)u22 �(
 � 1)u 
 � 10 0 0 37775 (A.5)75



76 Appendix A. The One-Dimensional Flow Ja
obian= 26664 0 0 012 (
�1)q22q21 � (
�1)q2q1 
 � 10 0 0 37775 (A.6)and ĴH = JH dSdx (A.7)



Appendix B
Continuous Adjoint Formulationfor the Inverse ProblemThe 
ontinuous Lagrangian for the inverse problem 
an be written asL(Q; g;  ) = J (Q; g)� <  ;F(Q; g) > (B.1)where <;> denotes an inner produ
t.B.1 Variation of the Obje
tive Fun
tionThe obje
tive fun
tion is given byJ = Z ba 12(q2q1 � u?)2dx (B.2)De�ne M = 12(q2q1 � u?)2 (B.3)The variation of the obje
tive fun
tion with respe
t to the 
ow variables is given byÆJ = Z ba �M�Q ~Qdx (B.4)B.2 Variation of the Inner Produ
tRe
all the 
ow equations from Appendix A,F = � ddx(ES) +HdSdx (B.5)77



78 Appendix B. Continuous Adjoint Formulation for the Inverse ProblemThe inner produ
t between the 
ow equations and the adjoint variables is given byI = <  ;F >= Z ba  TFdx (B.6)= Z ba � T ddx(ES)dx + Z ba  THdSdx dxThe variation of the inner produ
t is given byÆI = Z ba � T ddx (JE ~QS)dx+ Z ba  TJH ~QdSdxdx (B.7)Integrate by parts the �rst term to isolate the variation of the 
ow variables,Z ba � T ddx(JE ~QS)dx = �  T (JE ~QS)���ba + Z ba (d dx )TJE ~QSdx (B.8)So, the variation of the inner produ
t 
an be written asÆI = �  T (JE ~QS)���ba + Z ba (d dx )TJE ~QSdx+ Z ba  TJH ~QdSdxdx (B.9)B.3 The Continuous Adjoint EquationsThe 
ontinuous adjoint equation is obtained by setting the variation of the La-grangian with respe
t to the 
ow variables to zeroÆL = ÆJ � ÆI = 0 (B.10)ÆL = Z ba f�M�Q � (d dx )TJES �  TJH dSdx g ~Qdx+  T (JE ~QS)���ba = 0 (B.11)Sin
e ~Q is arbitrary, the 
ontinuous adjoint equation is given byS(JE)T d dx + dSdx (JH)T = (�M�Q )T (B.12)with boundary 
onditions  (a) = 0 (B.13) (b) = 0



Appendix C
Equivalen
e of the ContinuousAdjoint and Dis
rete adjoint

The 
ontinuous adjoint formulation is equivalent to the dis
rete adjoint formulationfor the inverse problem with �xed 
ow boundary 
onditions and �xed boundary 
ontrolpoints.C.1 Dis
retize the Continuous Adjoint EquationsThe 
ontinuous adjoint equations are given byAT d dx +BT = ��M�Q �T (C.1)Here, A = ĴE and B = ĴH . Using se
ond-order 
entered di�eren
es to dis
retize thederivative, the following dis
rete form is obtained.� 12�xATj  j�1 +BTj  j + 12�xATj  j+1 = ��M�Q �Tj (C.2)26664 � 12�xATj BTj 12�xATj 3777526664  j�1 j j+1 37775 = 26664 (�M�Q )Tj 37775 (C.3)79



80 Appendix C. Equivalen
e of the Continuous Adjoint and Dis
rete adjointC.2 Equivalen
e of the Dis
rete and Adjoint EquationsThe dis
rete adjoint equations are given by(�R�Q )T = ( �J�Q)T (C.4)Consider the left-hand side. �R�Q = � ddxĴE + ĴH (C.5)(�R�Q )j = �Aj+1 �Aj�12�x +Bj (C.6)= 26664 � 12�xAj12�xAj�1 Bj � 12�xAj+112�xAj 37775 (C.7)The transpose of the derivative is equivalent to the left-hand side of equation C.3.(�R�Q )Tj = 26664 � 12�xATj BTj 12�xATj 37775 (C.8)



Appendix D
Parametri
 Study of the GradientSolver
D.1 Matrix Sensitivity Approa
hTable D.1 shows a parametri
 study of the gradient solver for the matrix sensitivityapproa
h. We study the parameters for a transoni
 invis
id 
ow over the RAE2822 airfoilwith two design variables (
ontrol points 10 and 11). In this 
ase, the se
ond-order Ja
obianhas 1,377,728 non-zero elements, and the �rst-order Ja
obian (pre
onditioner) has 780,224non-zero elements. In the table, GMRES time represents the time required to redu
e theresidual of the sensitivity equations by eight orders of magnitude, and BFILU time is thetime required for the in
omplete LU fa
torization. There are two 
olumns of GMRES timeand GMRES iterations, sin
e there are two sensitivity equations for two design variables.The last 
olumn shows the number of non-zero elements (nnz) in the pre
onditioner afterin
omplete fa
torization. This number depends on the level of �ll.D.2 Matrix-Free Sensitivity Approa
hTable D.2 shows a parametri
 study of the gradient solver for the matrix-freesensitivity approa
h. The se
ond-order Ja
obian is not required in this 
ase and the �rst-order Ja
obian (pre
onditioner) has 780,224 non-zero elements.
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82 Appendix D. Parametri
 Study of the Gradient Solver
� BFILU(n) GMRES time BFILU time Iterations nnz(se
onds) (se
onds) BFILU2.0 1 DNC3.0 39.84 35.64 1.293 136 123 10788644.0 39.38 35.81 1.291 138 125 10788645.0 41.00 36.33 1.287 143 127 10788646.0 46.49 38.09 1.287 159 133 10788642.0 2 DNC3.0 DNC4.0 28.44 27.28 2.002 88 85 13702245.0 27.78 27.45 2.008 86 85 13702246.0 28.81 28.14 2.001 89 87 137022410.0 39.99 38.95 2.005 130 126 13702242.0 3 91.36 70.89 2.731 265 208 16640963.0 18.53 17.96 2.728 60 58 16640964.0 25.13 25.32 2.741 76 76 16640965.0 37.82 38.80 2.728 115 117 16640966.0 28.10 28.76 2.732 83 84 166409610.0 38.06 38.59 2.728 116 117 16640962.0 4 DNC3.0 15.41 15.69 3.721 49 49 19539364.0 DNC5.0 92.41 91.75 3.723 256 252 19539366.0 25.53 26.17 3.735 73 74 195393610.0 38.36 38.38 3.722 109 109 19539362.0 5 DNC3.0 15.65 14.60 4.759 47 44 22441924.0 18.72 18.02 4.789 54 52 22441925.0 27.91 27.53 4.753 76 75 22441926.0 24.60 24.39 4.776 68 67 224419210.0 39.29 38.84 4.753 106 104 22441922.0 6 DNC3.0 15.85 14.70 6.114 45 42 25298884.0 17.60 17.39 6.073 50 49 25298885.0 22.78 22.56 6.076 62 61 25298886.0 24.48 24.24 6.075 66 65 252988810.0 39.80 39.41 6.080 102 100 2529888Table D.1: Gradient solver parameters for the matrix sensitivity approa
h.
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tion D.2. Matrix-Free Sensitivity Approa
h 83
� BFILU(n) GMRES time BFILU time Iterations nnz(se
onds) (se
onds) BFILU2.0 1 DNC3.0 50.79 51.79 1.289 173 175 10788644.0 61.04 61.03 1.313 178 180 10788645.0 59.86 65.55 1.324 177 194 10788646.0 67.36 68.52 1.319 200 202 10788642.0 2 DNC3.0 DNC4.0 54.33 54.34 2.045 156 152 13702245.0 55.83 52.57 2.054 157 150 13702246.0 49.53 42.68 2.015 160 140 137022410.0 74.67 62.72 2.055 206 170 13702242.0 3 DNC3.0 24.32 24.25 2.765 68 67 16640964.0 29.35 29.24 2.735 87 86 16640965.0 DNC6.0 36.27 36.15 2.765 91 91 166409610.0 69.07 67.32 2.790 174 171 16640962.0 4 DNC3.0 18.93 18.38 3.742 58 56 19539364.0 DNC5.0 DNC6.0 29.19 29.41 3.741 82 82 195393610.0 66.97 68.16 3.813 161 163 19539362.0 5 DNC3.0 22.33 20.96 4.868 55 52 22441924.0 21.87 21.28 4.776 62 60 22441925.0 40.56 39.98 4.872 90 88 22441926.0 29.06 28.79 4.780 78 77 224419210.0 67.53 71.92 4.858 155 162 22441922.0 6 DNC3.0 23.38 21.77 6.165 54 51 25298884.0 21.93 21.30 6.091 59 57 25298885.0 31.81 31.35 6.186 71 69 25298886.0 29.88 29.51 6.089 76 75 252988810.0 68.24 74.30 6.200 148 159 2529888Table D.2: Gradient solver parameters for the matrix-free sensitivity approa
h.


