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Abstract
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Master of Applied Science
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University of Toronto
2001

The flow sensitivity approach for aerodynamic optimization using computational fluid dy-
namics is studied. The flow sensitivity equation is solved using matrix-free GMRES in
conjunction with first-order Jacobian matrix preconditioning. The accuracy of the gradi-
ents calculated using the flow sensitivities is assessed by comparison with finite-difference
gradients. Several design problems are studied, including inverse design, drag minimization,
and lift enhancement. A wide range of constraints are applied to the design cases, such as
specified lift, lower limit on pressure, and geometry constraints. The matrix-free sensitivity
approach provides a robust and accurate method for gradient calculation in aerodynamic

design optimization.
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Chapter 1

Introduction

1.1 Motivation

Recent development of robust, accurate and efficient flow solvers, with the rapid
growth of computer power, have motivated research in CFD optimization. The significance
of this work is the potential to design an optimum wing according to user specifications in
an automated manner. Current research areas include lift enhancement, drag minimization
and preventing separation. The goal is to develop a reliable and systematic design procedure

which is suitable for industrial applications.

1.2 Literature Review

Hicks, Murman and Vanderplaats [1] developed an airfoil design algorithm more
than twenty years ago. They used a gradient-based method with gradients calculated using
finite-differences and a simple transonic small-disturbance fluid flow model. The topic of
aerodynamic design was further pioneered by Jameson [2], who first applied control theory
to aerodynamic optimization problems.

Design optimization can be done using several methods. Gunzburger [3] summa-
rized different approaches that can be used to solve the optimization problem. Frank and
Shubin [4] compared gradient-based methods for the one-dimensional nozzle design prob-
lem. The inverse problem was solved and the optimizer successfully determined the nozzle
shape that matched the target velocity distribution.

For gradient-based methods, the reliability of the optimization depends on the
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accuracy of the calculated gradients. There are several ways to calculate the gradients. The
adjoint method is most efficient because the computational cost to calculate the gradients
does not depend on the number of design variables used. The adjoint gradients can be
calculated using a discrete or a continuous formulation. Anderson and Venkatakrishnan
[5] solved the inverse problem and the drag minimization problem for a two-dimensional
airfoil. The continuous adjoint formulation was used on unstructured grids. Preconditioned
GMRES coupled with an implicit multigrid solver was used to solve the adjoint equations
and the KSOPT code [6] was used as the optimizer. Nielsen and Anderson [7] used the
discrete adjoint method to perform aerodynamic optimization for multi-element airfoils
and wings. They used the three-dimensional Reynolds-averaged Navier-Stokes equations
on unstructured grids. Elliott and Peraire [8] solved constrained and multi-point shape
optimization problems for three-dimensional bodies using a subspace BFGS method.

An alternative method of calculating the gradients is to use the flow sensitivity
equations. This method is less efficient than the adjoint approach because the number
of sensitivity equations to be solved depends on the number of design parameters used.

However, there are some advantages to be considered:

e The sensitivity approach is advantageous when flow constraints are applied to the

design problem because flow sensitivities can be reused.

e The flow sensitivities may give the designer more insight about how the physical

system responds to different design variables.

e The sensitivity equations can be solved using the matrix-free GMRES approach, which

reduces memory use in the procedure, and can avoid difficulties in linearization.

Turgeon and Pelletier [9] applied the continuous sensitivity approach to optimal design in
mixed convection. The geometry of a mixed convection system was designed to achieve the
best heat transfer property.

The third method to calculate the gradients is to use finite differences. This
method is most computationally expensive. However, it is accurate and can be easily ex-
tended to multidisciplinary and general engineering designs. Newman et al. [10] studied
multidisciplinary sensitivity derivatives using complex variables. An aero-structural prob-
lem was analyzed. Anderson et al. [11] performed the sensitivity analysis for the Navier-

Stokes equations on unstructured meshes using complex variables. They reported that
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complex sensitivity derivatives are not prone to errors caused by subtractive cancellation.
However, the complex approach suffers from twice the memory requirement and three times

the algorithm running time.

1.3 Objectives

The objective of the project is to implement the flow sensitivity approach for aero-
dynamic optimization problems. We focus on some advantages of the sensitivity approach
to assess the feasibility of the method in optimization. The algorithm is tested on a one-
dimensional nozzle problem and various two-dimensional aerodynamic design problems with

constraints.






Chapter 2

The Nozzle Design Problem

This chapter presents several gradient-based methods: finite difference, flow sen-
sitivity, discrete and continuous adjoint. One-dimensional nozzle design as in reference [12]
is considered. The inverse design problem is studied for both subsonic and transonic cases,

with two and ten design variables.

2.1 Governing Equations

The governing equations are the quasi-one-dimensional Euler equations.

00 OE .
- H 2.1
ot oz (2.1)

The steady solution is obtained by setting the time derivative term to zero. The steady

flow equations used in the optimization problem are

]—"(Q)z—%wLﬁ:O (2.2)

where F denotes the 3 x 1 vector of continuous flow equations. The conservative variables

are given by

P a1
Q=|pu | =| ¢ (2.3)
€ q3
and
Q=08 (2.4)



6 Chapter 2. The Nozzle Design Problem

where S is the cross-sectional area of the nozzle. The inviscid fluxes are given by

pu q2
2 2
E=| p+p | =| Z+0-Da-3g) (2.5)
2
u(e + p) Zlgs + (v = Dlas — 332)]
and
E=ES (2.6)
The source terms are given by
0 0
H=|p|=|0-Ds-354) (2.7)
0 0
and
fa-n% (2.8)
dx

2.2 Design Variables

The nozzle shape is controlled by the design variables g. Figure 2.1 shows the
control points of the nozzle design problem. The nozzle geometry is formed by cubic spline
interpolation through the control points. Hence, the nozzle area S is a function of the design
variables. As a result, F is a function of both the conservative flow variables and the design

variables.

2.3 Flow Solver

We follow the methology of reference [13] to solve the flow equations. The spatial
derivatives are discretized on a uniform grid. Spatial discretization is based on second-order
centered differences with a nonlinear artificial dissipation model. This leads to a system of

nonlinear algebraic equations
R(Q,9) =0 (2.9)

where R is the 3(jnqaz) X 1 vector of discrete flow equations, @ is the 3(jnaz) X 1 vector of
discrete flow variables, and jn,q, is the number of grid nodes. The discrete flow equations

are solved using an implicit time marching method to steady state.
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(a) 2 design variables (b) 10 design variables

Figure 2.1: Design variables of the nozzle problem.

2.4 Gradient Calculation

We use a gradient-based optimization algorithm to search for the optimum design.

This section summarizes four different methods for gradient calculations [3].

2.4.1 Black Box/Finite-Difference Approach

The easiest method for gradient calculation is the finite-difference approach. No
modification is needed to the flow solver. The gradients of the objective function are ob-
tained by perturbing the design variables in the design space. Using forward differences,

the gradient with respect to the first design variable is

d_J — J(Q(gl + €92, ')791 + €92, ) B J(Q(917927' i ')7917927' i )
dgy €

(2.10)

The objective function J(Q,g) is a function of both the flow variables and the design
variables. The flow variables are functions of the design variables because they must satisfy
the flow equations R((Q,g) = 0. The cost of gradient calculation using the finite-difference

approach is M flow solves, where M is the number of design variables.
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2.4.2 Flow Sensitivity Approach

Another method to calculate the gradients is the flow sensitivity approach, using

the following equation:
dJ _9J  0JdQ

dg 99 " 9Qdg
The partial derivatives 0J/0g and 0J/0(Q are usually known. There are two methods to

(2.11)

calculate the flow sensitivities d@Q/dg. The first way is to use finite differences. This method
is expensive with the cost of M flow solves. The other method is to differentiate the flow

equations R(Q,g) = 0 to obtain the sensitivity equations
ORdQ _ R
0Q dg  Og

The flow sensitivities can be solved from the sensitivity equations. The cost of gradient

(2.12)

calculation using this approach is M linear solves.

2.4.3 Discrete Adjoint

The gradients can also be calculated using the adjoint equations. The adjoint
equations are formed using the Lagrange multiplier method. The Lagrangian is formed

from the objective function and the flow equations:

L(Qaga¢) = J(Qag) - ¢TR(Q79) (213)

The adjoint equation is obtained by setting the derivative of the Lagrangian with respect

to the flow variables to zero:
or"  _os"
0Q " 0Q

After solving for the adjoint variables 1 from the above equation, the gradients are then

(2.14)

calculated using
dJ _9oJ rOR

dg 99 " dg
The cost of calculating the gradients using the discrete adjoint approach is one linear solve,

(2.15)

independent of the number of design variables.

2.4.4 Continuous Adjoint

The continuous adjoint equations are formed by differentiation of the continuous
Lagrangian with respect to the flow variables. The derivation is shown in Appendix B. See

reference [14] for a comparison between the continuous and discrete adjoint approaches.
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Level J
15 15
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13 1.3
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11 1.1
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9 0.9
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0.4
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Figure 2.2: Contour plot of the objective function for subsonic case.

2.5 Optimization Results

The optimization problem is solved using KSOPT [6]. The inverse design problem
is considered. A target velocity distribution is specified, and the optimizer searches for the
nozzle shape that matches the velocity distribution. The objective function is given by

1 2
J@Q =32 (uj — up) (2.16)
J
Figures 2.2 and 2.3 show contour plots of the objective functions in the design space for
two-design-variable subsonic and transonic cases. The objective function is more sensitive

to the second design variable in the transonic case.

The partial derivatives of the objective function with respect to the flow variables

oJ ) { oJ 0oJ 0oJ ]
) = = = = 2.17
<3Q j o1 Oq2 gz | (2.17)

at node j are

with
= (2w)(5)
I~ (2 ) (2 2.18
dq a q3 (2.18)
= () ()
_ — = —u- -
dq2 a ) \a
oJ

a3
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Figure 2.3: Contour plot of the objective function for transonic case.

The partial derivatives of the objective function with respect to all flow variables are

o[, )]

In this case, the objective function does not depend explicitly on the design variables. The
partial derivatives of the objective function with respect to the design variables are thus

Z€ero:

01 _
dg
The flow Jacobian OR/0Q can be calculated using equation A.l in Appendix A. The

0 (2.20)

derivatives of the flow equations with respect to the design variables 0R/0g are calculated
using finite differences. The gradients of the objective function are calculated using the
methods described in section 2.4. Figure 2.4 shows the calculated gradients with respect to
go. For the subsonic case, the gradients calculated using the four methods agree well. For
the transonic case, the gradient calculated using finite differences is slightly different from
those calculated using the other methods. This difference produces no significant effect on
either optimizer accuracy and performance.

Figures 2.5 to 2.8 show the results of the inverse design problem using the flow
sensitivity approach. The nozzle geometries that correspond to the target velocities are
calculated accurately. The numbers of gradient and function evaluations used for each case

are recorded in table 2.1.
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Figure 2.4: Comparing gradients using different methods (g; fixed at 1.166667).
Case Design Variables | Gradient Evaluations | Function Evaluations
1 Subsonic 2 7 20
2 Transonic 2 10 72
3 Subsonic 10 22 145
4 Transonic 10 39 283

Table 2.1: Gradient and function evaluations for the four design cases.
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Figure 2.5: Subsonic inverse design with 2 design variables.



Section 2.5. Optimization Results

nozzle geometry (m)

residual

15 450
start  + start  +
final  x final  x
target -~ target -~
i;;;+++ - 400 %
.
1 % R X
oy TR e
- T 350 i
XXXxxx oK :
Xoxy. e XHHH
05 . : X
300
2 .
z .
0 §‘ 250 X
§ Xx
X X,
200 -
=
05 *x
xxxxx KXkt XXX;
e XXXX)‘"’(XXXW 150 o
& s
X JURESTSa 4+t
N el T AR nanaas A M o R St
- SRR e
455**” 100 |- Fe +.
X X
-1.5 50
0 2 4 6 8 10 2 4 6 8 10
x(m) x(m)
(a) Nozzle geometry (b) Velocity distribution
100 T 18
obj func ——
P gradien!
1 o 16
0.01
14
0.0001 =
12
1e-06 S
1
1le-08
0.8
le-10
1le-12 e 06
le-14 0.4
1 2 3 4 5 6 7 8 9 10 0.9 1 11 12 13 14 15 16 17 18 19
ksopt iteration gl

(c) Design history

Figure 2.6: Transonic inverse design with 2 design variables.

(d) Design path

13



Chapter 2. The Nozzle Design Problem

"

nozzle geometry (m)

200
start  + start  +
final  x final  x

Séix target ------- LTk target -------

Xx, 180 % s
g X x,
e B R aadaar oy ,
x ., N x
X e *x
X XXX
e exxXHH 160 X .
e X X *x,
X
% X
2 140 X S
E * X,
X X,
z
g X *x
5 X x
S 120 < s
% X,
. +
0% X 7 +
0 e 100 .
x> XXk, X +
% JRNES .
X A+ AR S A ST
++;;x*++ﬂ++++++++ e ST ey e
+ +
X
Pt 80
X
X ;x
X
60
0 2 4 6 8 10 2 4 6 8 10
x(m) x(m)

(a) Nozzle geometry (b) Velocity distribution

T
obj func —+—
gradient ---x---

\‘\\ ‘ “x,
0.0001 S
1e-06 \\\ e o
1e-08 \
1e-10 \\

le-12 -

residual

1le-14
0 5 10 15 20 25
ksopt iteration

(c) Design history

Figure 2.7: Subsonic inverse design with 10 design variables.



Section 2.5. Optimization Results

start  + N start  +
final  x s final  x
. target ------- 7 : target -------
¥x
L 350 5
% x
gt JUTTRR S X X
o, oy x
x, S X
o XX X
X XXX
XXt ORRIXH 300 5
05 2 i
E x
=~ % X
2 @ 250 = .
Z € p ey
S 0 2z x X,
23 8 N
by 2 x.
2 S 200 . s
] > .
2 e *x,
X,
05 X *x,
e Ko X x.
It XXkt 150 %
23 XXk « o
x + + +
X e
B e PR R AR SEEE
+. + X
+
S X
43 100 Fse
* M
15 50
0 2 4 6 8 10 2 4 6 8 10
x(m) x(m)

(a) Nozzle geometry (b) Velocity distribution

T
obj func ——
gradient ---x---

B laan SRS

0.0001

residual

1e-06

le-08

1e-10
0

ksopt iteration

(c) Design history

Figure 2.8: Transonic inverse design with 10 design variables.






Chapter 3

The Airfoil Design Problem

3.1 Overview

The airfoil design problem consists of design objectives, constraints, design vari-
ables and the flow equations. Some examples of design objectives are drag reduction and
increased lift-to-drag ratio. Design objectives are written as objective functions. Examples
of design constraints include target lift specification, pressure constraints and geometry
constraints. Constraints can be posed as equality constraints or inequality constraints. The
design variables are the airfoil geometry and the angle of attack. We modify the design
variables to satisfy the design objectives while satisfying the constraints. A set of flow
equations are used to govern the physics of the problem. The design problem is to find a
set of design variables that minimize the objective function and satisfies the flow equations

and constraints.

3.1.1 Governing Equations

The governing equations are the steady two-dimensional thin-layer Navier-Stokes
equations. We use the Baldwin and Lomax turbulence model [15] to simulate turbulent
flow. The governing equations in generalized curvilinear coordinates are

O E + 0,F = My Re 19,8 (3.1)
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The inviscid fluxes £ and F' are functions of the flow variables Q

P pU pV
0= pu ,E gl pul + &op ,F — gl puV =+ 1ep

pv pvU + &yp poV +1nyp

e U(e +p) V(e+ p)

where the contravariant velocities are
U=¢&u+ &,V =nzu+nyu
The Jacobian of transformation is given by
J™h = zeyy — wnye

Pressure is related to the flow variables by the equation of state

p=(r=1) (e gplu? +12))

where 7 is the ratio of specific heats. The viscous flux is

0
g _ J_l Tz + Tym2
NeM2 + Nyms3
ng(umy + vma + my) + ny(ums + vmg + ms)
where

my = (,u + ,ut)(477wun - 277yvn)/3

ma2 = (:U + ,Ut)(nyun + 77907)77)

m3 = (p+ pe) (—2nzuy + dnyvy,) /3

myg = (HPT_I + NtPTgl)(V - 1)_17733871(@2)

ms = (HPT_I + NtPTgl)(V - 1)_177:1/877(“2)

(3.2)

(3.3)

(3.4)

(3.5)

The speed of sound is @ = /yp/p. The dynamic viscosity is p and turbulent viscosity fi;.

The Reynolds number is Re and Prandtl number Pr.
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Inviscid | Viscous
Grid size 245 x 41 | 257 x 57
Cluster points:
Upper LE 0.001 0.0005
Upper TE 0.01 1.0E-3
Lower TE 0.01 1.0E-3
Number of grid lines:
Upper 90 100
Lower 90 100
Wakecut 33 29
Chords to far field 12 12
Nmaz 41 Y
Offwall spacing 2.0E-3 2.0E-6

Table 3.1: AMBER2D parameters for grid generation.

3.1.2 Flow Solver

We use the flow solver ARC2D [13] to solve the flow equations. This is a finite-
difference scheme on a structured grid. Spatial discretization is based on second order
centered differences with a nonlinear dissipation model. Spatial discretization leads to a

system of nonlinear algebraic equations

R(Q,9) =0 (3.8)

where R is the 4(jmazkmaz) X 1 vector of discrete flow equations, and @ is the 4(jmazkmaz) X 1
vector of discrete flow variables. The approximate factorization technique is used to solve

the flow equations. A far-field circulation correction is applied.

3.1.3 Grid Generation

The flow equations are discretized on a C-topology structured grid. We use the grid
generator AMBER2D [16] to generate a grid from a set of airfoil body points. Table 3.1
summarizes the grid generation parameters used. For viscous flows, more grid lines are

required in the 7 direction, with a smaller offwall spacing.
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Figure 3.1: B-spline control points.

3.1.4 Control Points and B-Spline Interpolation

We use a set of B-spline control points to describe an airfoil. We follow the
approach from Nemec and Zingg [17]. Figure 3.1 shows the control points and the airfoil
geometry. The airfoil geometry is formed by B-spline interpolation through these control
points. Fourth-order B-splines are used. We use 15 control points to describe an airfoil for

inviscid design, and 19 points for viscous design.

Some control points may be fixed during a design process, with the remainder
assigned as design variables. For example, three control points may be fixed at the leading
edge to ensure a well-defined leading edge curvature. We can fix four control points at the

trailing edge (two on each surface) to prevent trailing edge cross-over.
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3.1.5 Optimizers

Two optimizers are used in this work. Both optimizers use a quasi-newton method
to determine a search direction using an approximate Hessian matrix. The first one is the
BFGS algorithm from Broyden-Fletcher-Goldfarb-Shanno, together with a cubic line search.
The second optimizer is the KSOPT code written by Wrenn [6]. It uses the Davidon-
Fletcher-Powell (DFP) algorithm with a quadratic line search. KSOPT is a constrained
optimizer. Constraints are incorporated through the Kreisselmeier-Steinhauser (KS) func-

tion.

3.2 Gradient Solver

3.2.1 The Flow Sensitivity Approach

The gradients are calculated using the flow sensitivity approach. The flow sensitiv-
ity approach consists of two steps. The first step is to solve for the flow sensitivities from the
sensitivity equations. Then we calculate the required gradients from the flow sensitivities.

To present the sensitivity approach, we start with the flow equations
F(Q,9) = O E + 0,F — MooRe 10,5 =0 (3.9)

where F is the 4 x 1 vector of continuous flow equations. Then we differentiate the flow

equations and expand using chain rule

dF OF  0FdQ

P T =0 3.10
dg Jg * 0Q dg (3:10)
Rearrange to obtain the seunsitivity equation
0F dQ oF
L= 3.11
00 dg dg ( )

The first step is to solve for the flow sensitivities dQ/dg from the sensitivity equation. There

is one sensitivity equation for each design variable

d
0F dQ _  0F (3.12)
0Q dgu, 0gm
The second step is to calculate the required gradients from the flow sensitivities
dJ 0J 0Jd
_9J < (3.13)

dg 99 ' 90dg
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There is one gradient for each design variable

dJ oJ 0J dQ
don = Bgn T 90 g (3.14)

For each design problem, we first define an objective function J. Next, we calculate the
partial derivatives 0.J/0Q and 0.J/0g. The required gradients can then be calculated using
equation 3.13. We can repeat the same procedure to calculate constraint gradients, by

reusing the flow sensitivities:

dC oCy  0C;dQ

= — 1
dg dg * 00 dg (3:15)
dCy 00, + 0C3 dQ
dg 99 = 0Q dyg

3.2.2 Discrete and Continuous Formulations

There are two ways to implement the flow sensitivity approach. For the continuous
sensitivity approach, we start with the continuous flow equations 3.9. Then we differentiate
to obtain the continuous sensitivity equations 3.11. These equations are then discretized
and solved to calculate the flow sensitivities.

The second method is the discrete sensitivity approach. In this formulation, the

flow equations 3.9 are discretized to obtain the discrete flow equations

R(Q,9) =0 (3.16)

Then we differentiate the discrete flow equations 3.16 to obtain the discrete sensitivity

equations

oRAQ _ OR
0Q dg  Og

This is a large sparse linear system. The right-hand-side of the system is the partial deriva-

(3.17)

tive of the flow equations with respect to the design variables. This is calculated using

centered differences:

R _ R(Q,9+¢) — R(Q,9—¢)
e - - (3.18)

The left-hand-side of the system is the flow Jacobian matrix.

We use the discrete flow sensitivity approach. One advantage of the discrete ap-

proach is that a large part of the code can be reused from the flow solver.
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3.2.3 Discrete Flow Equations

The flow equations are discretized exactly the same as the flow solver. Spatial
discretization is based on second-order centered differences with a nonlinear dissipation

model.

Finite Differencing

Second-order centered differences are used to discretize the inviscid fluxes on a

structured grid

A Bjprs— By
OBy = it (3.19)
. Fjpor— Fip

The viscous flux involves second derivatives. Centered differences are evaluated at half

nodes

nSjr = Sj,k—l—% — Sj,k—% (3.20)

The discrete flow equation at node (7, k) can be written as

1. . . )
Rjk(@,9) = 35 [Ej—i—l,k — Bk + Fjp — Fj,k—l] (3.21)
~MooRe™ [$), 11 = 8, 1] + Djp =0

The terms Dj; . are the artificial dissipation terms.

Artificial Dissipation

The scalar nonlinear dissipation model of Jameson et al. [18] is used. The dissi-
pation terms can be written as a sum of second- and fourth-order terms for both directions

in the curvilinear mesh
2 4 2 4
D, =D& + DY + DY + DY (3.22)
The second and fourth order dissipation terms in the ¢ direction are

(28) _
Djy’ = Ag j+ik

£ vg(Jj,ij,k)] (3.23)

DY = A¢ W, VeAV(J36Q5) (3.24)
7> ]+Z,k
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Here A and V denote first-order backward and forward differences respectively. The second-

difference dissipation coefficients are

L2 o (0(5) Jfle(z)) (3.25)

j+3.k

The term o(©) is the spectral radius of the flux Jacobian matrix OF / 00

o\ = |U| +a\/e2 + €2 (3.26)

and

€ = R At max(Yy 1, Vi o) (3.27)

The value of At is set to one in the gradient calculation. The pressure gradient coefficient

T is defined as

_Pjrik = 20k D1k

Tp= 3.28
g |Pjr1k + 205k + Pj—1k (3.28)
The fourth-difference dissipation coefficients are
4)  _ € 71 _ 9.2
/)1 ) = max {0, ka2 (o) )H%,k 26, (3.29)

The values of ko and x4 used are 1.0 and 0.01 respectively.

3.2.4 Boundary Conditions

We follow the approach of Pueyo [19] in the treatment of boundary conditions.
There are two types of boundary conditions: body boundary and far field. At body bound-
aries, flow tangency conditions are imposed for inviscid flow and no-slip conditions are
used for viscous flow. The characteristic approach from Riemann is used to determine the

far-field boundary conditions. The inviscid body boundary conditions are

(Vn)jJ =

(Vi)ja —2(Ve)j2 + Vi)js =
Pj1— 2pj2 +pj3 =

Hii— Hy =

(3.30)

o o o O

Here, V,, and V; are the velocity components normal and tangential to the body surface

respectively. The stagnation enthalpy is denoted as H = (e 4+ p)/p. The viscous body
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conditions are

Pil = P2 = (3.31)
(pu)jp =

(p)ja =

o o o O

Pj1—Pj2 =

Far-field boundary conditions are calculated using Riemann invariants. For subsonic outflow

at the k = k4, boundary, the far-field boundary conditions are

2 2
(Vn— a ) _ (Vn— a > —0 (3.32)
v-1 Gikmaz Y—1)x
2a 2a
SR
Y= 1/ j kmae Y =1/ jkmas—1

(Vi)jkmaz = (Vi) kmmaw—1 =0

Here, S = p?/p is the entropy. For inflow conditions, S and V; are set to free stream values.

Far-field boundary conditions at j = 1 and j = jnee can be derived similarly.

3.2.5 Differentiation of the Discrete Flow Equations

We differentiate the discrete flow equations to obtain the discrete sensitivity equa-

tions

ORdQ _  OR
0Q dg  9g

The left-hand side is the flow Jacobian matrix. This can be reused from existing flow solvers

(3.33)

that use an implicit approach. Many flow solvers do not use the exact flow Jacobian to
solve the flow equations. An approximate Jacobain is commonly used and it does not affect
the accuracy of the flow solution. However, the accuracy of the flow sensitivities depends
on how accurately the flow Jacobian is formed. Recall the discretized flow equations from

section 3.2.3

R;jx(Q,9) [EjJrl k=B 1 p+ Fjge — Fj,kfl} (3.34)
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The linearization of equation 3.34 leads to nine 4 x 4 blocks. The nine blocks are given by

(4€)
37275 - aDjzk
Jk - A
0Qj 2k
A€ 2 N
L& _ 8Dy(',k) n aDj(',k) _EBE];UC
Tk 0Qj—1k  0Qj—1k 20Qj_1x
(4nm)
372777 - aDjzk
Jk - A
0Qj k—2
4 2 ~ R
Bl _ oDy ODE 1 0F, 195k1
= ot otk Sy et L
0Qjk—1 Q-1 0Qj k-1 0Qj k-1
Lo oo oo anfp
) = . . g g
! 0Qjr  0Qjr  0Qjk 0Qj k
08 1 95, .1
+MooRe’1[ TR ’:“2] (3.35)
|_ 0Qj k 0Qj k J
(4n) (2n) " G .
B = ODj” , ODjn 10K _ MmRe_l%
’ 0Qjk+1  O0Qjry1  20Qj k11 0Q; k+1
(4m)
gk - A
0Qj k2
At 2 .
gl _ aDy(',k) n 8Da(',k) _10Ej1p
- 0Qjr1k  0Qjp1r  20Qji1k
(4€)
gi2e _ D
gk - A
0Qj 12,k

If all the terms are linearized exactly, we obtain the exact flow Jacobian A.. However, some
terms are difficult to linearize analytically such as equations 3.26 and 3.27. This occurs in
the dissipation terms, turbulence model and circulation correction.

One way to avoid this difficulty is to treat the coefficients of the artificial dissi-
pation, as well as p and p; as constants in the linearization. This forms the second-order
approximate Jacobian Ap. It is used in the flow solver PROBE [20]. Alternatively, it is
possible to obtain the exact Jacobian numerically, at a higher computational cost.

The second-order approximate Jacobian can be approximated further by using
only second-difference dissipation terms. This forms the first-order approximate Jacobian

A; as defined in reference [20]. The dissipation coefficients of the new matrix are given by

el = el + o€l (3.36)
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Here the superscript r denotes values from the right-hand side and [ for the first-order
Jacobian. Fourth-difference dissipation terms are removed. The resulting matrix is more
diagonally dominant and it has five blocks per row instead of nine. Less computational cost
and memory are required to form this matrix. We use this matrix as a preconditioner in
solving the sensitivity equations as shown in the next section.

Besides the interior nodes, the boundary equations are linearized as well when
forming the flow Jacobian matrix. Implicit boundary conditions are required to calculate
accurate flow sensitivities. Reference [19] provides a detailed description about linearization

of boundary conditions.

3.2.6 Solving the Discrete Flow Sensitivity Equations

The sensitivity equation is a large sparse linear system. Solving the system using
direct solvers such as LU factorization is computationally expensive. We use the GMRES
approach, which is an iterative solver for linear systems. We use the restart version of
GMRES, denoted as GMRES(m).

The system needs preconditioning before applying the GMRES approach. This
improves the efficiency and robustness of the linear solver. We use a preconditioner based
on a first-order Jacobian matrix, following the approach of Pueyo and Zingg [20]. Right
preconditioning is used. The preconditioner is decomposed using block-fill incomplete LU
factorization with a level of fill, BFILU(n).

Since the GMRES algorithm requires only matrix-vector products, the sensitivity
equations can be solved using a matrix-free approach. Matrix-vector products are approxi-
mated by second-order Frechet derivatives

OR _ R(Q+ev) — R(Q — ev)
8QU N 2¢

(3.37)

The order of the derivatives affects the accuracy of the flow sensitivities. The stepsize is

chosen as
ellvll = vem (3.38)

where ||v|| is the norm of v and €, is the value of machine zero.
The matrix-free approach reduces memory use, and avoids difficulties in lineariza-
tion. Figure 3.2 shows the gradient accuracy of the matrix-free and the standard approaches.

Matrix-free sensitivity gradients are more accurate when compared to finite-difference gra-
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Figure 3.2: Comparing gradient accuracy relative to finite-difference gradients.

dients. The reason is that matrix-free Jacobian are closer to the exact Jacobian A., than
the second-order Jacobian As used in the matrix approach.

It is possible to obtain adjoint gradients with the same level of accuracy as the
matrix-free sensitivity gradients by using the exact Jacobian. One suggestion to form an
exact Jacobian in affordable cost is to calculate OF / 00, OF / dQ and 98 / dQ analytically,
but dD/AQ numerically.

The ordering of unknowns affects the convergence of the preconditioned iterative
solver [20]. Figure 3.3 shows the structure of the Jacobian matrix using natural ordering
on a 22 x 8 grid. The off-diagonal elements are caused by the wakecut. Figure 3.4 shows
the matrix structure using reverse Cuthill-McKee (RCM) reordering. The resulting matrix
has a lower bandwidth.

The flow sensitivity equations are solved using the GMRES approach with the

following parameters:
e Matrix-free GMRES(90) with second-order Frechet derivatives

e Preconditioner based on first-order Jacobian matrix with o = 3.0
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Figure 3.5: Typical GMRES convergence histories for the sensitivity problem.

e Preconditioner decomposed using BFILU(5)
e RCM reordering of unknowns

A parametric study of the gradient solver parameters is shown in Appendix D. Figure 3.5

shows a typical convergence history of the sensitivity problem.

3.3 Gradient Results

3.3.1 Contour Plot of Flow Sensitivities

The discrete flow sensitivities are solved for at every node in the grid. Figure 3.6
shows a contour plot of the flow sensitivities with respect to control point number 6 of
the inviscid RAE2822 airfoil. Control point number 6 is located on the bottom surface as
shown in figure 3.1(b). The airfoil is at Mach number 0.74 and 2.0 degrees angle of attack.
Inviscid results are shown. Flow sensitivites dp/dg are plotted and they represent the
corresponding change in pressure with respect to the design variable. They are calculated

by differentiation of equation 3.5 analytically. Although control point number 6 is located
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Figure 3.6: Contour plot of the flow sensitivities: change in pressure field with respect to
control point number 6.

on the lower surface, it affects the flow near the shock as shown in the figure.

Figure 3.7 shows the flow seunsitivities with respect to control point number 12 on
the upper surface close to the shock. Flow sensitivities have large values near the shock.
This means that the flow at this region is very sensitive to the control point. Figure 3.8

shows the flow sensitivities with respect to the angle of attack.

3.3.2 Finite-Difference Gradient Accuracy

The accuracy of the finite-difference gradients depends on both the flow solver
tolerance and the finite-difference stepsize. In this and the next section, the error is defined
by comparing to the finite-difference gradients obtained using a flow solver tolerance of
107 and a finite-difference stepsize of 107%. Design variables ¢g; and g» correspond to
control points number 10 and 11, respectively, as shown in figure 3.1(b). Inviscid results are
shown. Figure 3.9 shows the effect of flow solver tolerance. We use a flow solver tolerance
of 107, The effect of finite-difference stepsize is shown in figure 3.10. We use a stepsize

of 107°6.
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Figure 3.7: Contour plot of the flow sensitivities: change in pressure field with respect to
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3.3.3 Sensitivity Gradient Accuracy

The accuracy of the matrix-free sensitivity gradients depends on the Frechet deriva-
tive stepsize, GMRES solver tolerance, finite-difference stepsizes (in 0J/0Q, 0J/0g and

O0R/0g), flow solver tolerance and the order of Frechet derivatives used.

Figure 3.11 shows the effect of Frechet derivative stepsize. Figure 3.12 shows the
effect of GMRES solver tolerance. We use a GMRES solver tolerance of 1078, Figure 3.13
shows the effect of finite-difference stepsize in 0.J/0Q), 0J/0g and OR/0Jg. We use a stepsize
of 1078 for these partial derivatives. Figure 3.14 shows the effect of flow solver tolerance.
We use a solver tolerance of 1015, It is sometimes difficult to obtain low solver tolerance
for viscous flows in some situations, as shown in the next section. Figure 3.15 shows
the gradient results using first- and second-order Frechet derivatives, compared to finite-

difference gradients.



Section 3.3. Gradient Results

—H&— dJydgl
12 —©— dJdg2
—<&—— dJ/d alpha

0™ 107 107 10” 107 10"
GMRES Solver Tolerance

Percentage Error in Sensitivity Gradients
o
(o]

Figure 3.12: Effect of GMRES solver tolerance on sensitivity gradients.

0.001r

2 o

ko

©

8

O -0.001 }

2

=

2

S -0.002 |

[7p]

=

S -0.003

]

()

&

2 -0.004 | —B8— dJdgl

o —&6— dJ/dg2

()

2 0005 —<&—— dJ/d alpha
10" 10 107 107 10° 10° -~ 10t

Finite Difference Stepsize in  dJ/dg, dJ/0Q and dR/dg

Figure 3.13: Effect of stepsize in 0J/0Q), 0J/0g and OR/0g on sensitivity gradients.

35



Chapter 3. The Airfoil Design Problem

— B dJdgl

%) —<&—— dJ/d alpha
£ 0.012} P
Qo
o
]
5 001f
2
2 0.008}
0
c
(O]
¥ 0.006 }
£
S
£ 0004}
S
& 0.002}
c
(O]
e PN o
) OF G < < <
o

0.002) 5™ 0™ 10° 107 107 10° 10° 10° 10°

Flow Solver Tolerance

Figure 3.14: Effect of flow solver tolerance on sensitivity gradients.

0.0012
— 85— dJdgl

—Oo— dydg2

0.001 —-<&—— dJ/d alpha

0.0008

0.0006

0.0004

0.0002

Percentage Error in Sensitivity Gradients

-0.0002

First Order Second Order
Order of Frechet Derivatives

Figure 3.15: Effect of the order of Frechet derivatives on sensitivity gradients.



Section 3.4. Turbulence Model 37

400 a Turbulent Viscasity
I - Inner '
| Outer
300
2 |
= |
o
8 |
2200t
E |
@ L
>
3 |
5 |
F 100t
O L B..........Q....a...n.-ﬂ-Bnu‘

10° 10° 10° 10° 10° 10T 10° 10
Normal distance from the wall n

Figure 3.16: Plot of the turbulent viscosity u; vs. n.

3.4 Turbulence Model

Turbulent flows are simulated using the Baldwin-Lomax turbulence model. This
is an algebraic model. The turbulent viscosity is calculated from the flow variables in each

flow solve iteration and updated.

3.4.1 Baldwin-Lomax Turbulence Model

The Baldwin and Lomax model is a two-layer eddy viscosity model. The turbulent
viscosity is given by

(3.39)

1y = (Mt)inner n < N
;=
(Ht)outer n > Ty

where n is the normal distance from the wall. Figure 3.16 shows a plot of a typical turbulent
viscosity term, together with its inner and outer components.

The inner turbulent viscosity is calculated using the Prandtl-Van Driest formula-
tion

(:U*t)inner = Pl2|w| (3.40)
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where
| = kn[l —exp(—nt/AT)] (3.41)
The magnitude of the vorticity is given by
lw| = |uy — vy (3.42)

and the law-of-the-wall coordinate n¥ is

+ _ Pwlrn V PwTwT (3.43)

Hw Hw

n

The subscript w denotes values at the wall, w, is the friction velocity, \/pyTw, and 7, is the
shear stress at the wall.

The outer turbulent viscosity is given by

(Nt)outer = KCCpPFwakeFkleb(n) (3.44)
where K is the Clauser constant, and

T ——
Fuygke =min{ "“”"2 (3.45)
kanmaxudif/Fmax

The values of Fj,,,, and n,,.; are determined from the function
F(n) = n|w|[l — exp(—nT/AT)] (3.46)

A plot of F'(n) vs. n is shown in figure 3.17. In wakes, the exponential term in equation 3.46
is set to zero. The value n,q, is the value of n which F(n) reaches its maximum Fj,q,. The

function Fjep(n) is the Klebanoff intermittency factor

Fiiep(n) =

Nmax

6 7].
1455 <M> ] (3.47)

The value of ugjs is the difference between maximum and minimum total velocity in the
profile

(Vu? 4+ v2) 0 in boundary layers

Ugif = (3.48)

(Vu? 4+ 1v2)mae — (VU2 + v2)pin  in wakes
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3.4.2 Fix to the Baldwin-Lomax Model Convergence

Flow solves using this turbulence model often do not converge below a residual of
roughly 1071%. Figure 3.18 shows the hanging of the flow solve convergence history.

In the calculation of the outer viscosity term, we need to determine the maximum
of the non-linear function F(n) in equation 3.46. The main problem is that vorticity is only
evaluated at discrete grid nodes in the 7 direction. Since the function F' is calculated from
the vorticities, its value is known only at discrete nodes.

In older version of the code, the maximum values are found by a search through
the grid nodes. The node with the maximum function value is denoted by an integer value
Nlmaz- Lhere are cases where the maximum will oscillate between two adjacent grid nodes.
Figure 3.17 shows an example. Figure 3.19 shows the oscillation in the turbulence viscosity
caused by failure in determination of Fi,,;. This causes convergence to stall.

We solve the problem using a real number for 7),,4;. This real maximum is calcu-

lated by a quadratic fit of the function through three grid points:
F(n) = An?+Bn+C (3.49)

The maximum of the parabola is then determined to be the maximum of the function Fj,;,
with the corresponding grid location 7,,4,. The value of n,,4, is then found using linear

interpolation through the grid points:
n(n)=Dn+E (3.50)

With this modification, the flow solver no longer hangs and converges to machine
zero, as shown in figure 3.18. The modified code may experience convergence problems in
the first few iterations. We use the original approach for the first 100 iterations and run
the rest using the modification.

Comparing the results obtained using both versions, the total lift is different by
0.03% and total drag is different by 0.08%. The new version of the code increased the
computational cost of a flow solve by 16%. The current code is not optimized for speed and

it is possible to improve this by removing some redundant code.
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Chapter 4

Results

4.1 Inviscid Design Results

Three design cases are presented for inviscid airfoil design. Table 4.1 summarizes
the number of design variables (ng,) and the free-stream flow conditions for the design
cases. Two optimizers are used. Sections 4.1.1 to 4.1.3 show the design results using BFGS.
Results using KSOPT are shown in section 4.1.4. The required runtime for the inviscid

design cases are recorded in section 4.1.5.

4.1.1 Inverse Design

The first case is the inverse design problem. The NACA0012 is used as the initial

airfoil and the RAK2822 is specified as the target. The objective function is given by
1 . \2
JQ =5 (Cri— ) (4.1)
J

The objective function is the sum of the differences between the current and target pressure

distribution on the airfoil surface. The target pressure C} is generated by running a flow

Case | Title o My | Qinitial
1 Inverse design 8+ a | 0.30 2.0
2 Drag minimization with lift constraint 8+ a | 0.74 2.0
3 Lift enhancement with pressure constraint | 12 + « | 0.30 2.0

Table 4.1: Inviscid design case parameters.

43
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Control | Start at target Start at NACA0012

point mf(2) Sensitivity mf(2) | Finite differences
3 0.33 E-15 -0.862090 E+02 | -0.862091 E+02
4 0.66 E-15 -0.314694 E402 | -0.314694 E+402
5 0.14 E-16 0.143369 E+02 0.143366 E+-02
6 0.23 E-15 0.142520 E+402 0.142472 E+402
10 -0.44 E-14 0.140756 E+03 0.140754 E403
11 -0.69 E-15 0.789935 E+401 0.789863 E+401
12 0.11 E-15 -0.409515 E+02 | -0.409515 E+402
13 0.26 E-14 -0.722893 E402 | -0.722893 E+02
o 0.67 E-16 -0.404324 E401 | -0.404324 E+01

Table 4.2: Verification of gradient accuracy for the inviscid inverse design problem. (Inviscid
case 1.)

solve on the target RAE2822. In this case, the objective function is a function of the flow
variables only.

This is a special case since the optimum design is known in advance. We start
with the target airfoil to verify the gradients. Since the airfoil is the optimum design, the
gradients should be zero. The results are shown in the second column of table 4.2. The
norm of the gradients has an order 10~°. The matrix-free sensitivity approach with second
order Frechet derivatives mf(2) are used. The remaining control points not shown in the
table are fixed with values that correspond to the target RAE2822 airfoil.

Next we verify the gradient accuracy at the initial airfoil NACA0012. The sensi-
tivity gradients are compared to the finite difference gradients. This is shown in the last
two columns in table 4.2. The seunsitivity gradients agree well with the finite difference
gradients. The norm of difference between the two sets of gradients is 1073.

We start the optimization process after verifying the gradients. The optimizer
BFGS is used. Figure 4.1 shows the design results. The optimizer sucessfully generates the
target airfoil geometry by matching the target pressure distribution. The design history is
shown in figure 4.2. The objective function is reduced by 16 orders of magnitude. The norm
of the difference between the final and target pressure distribution is of the order of machine
zero. The norm of the gradients is reduced by 8 orders of magnitude. Usually, gradient
convergence can only achieve the square root of the objective function convergence.

The optimizer BFGS requires one flow solve and one gradient calculation in each

iteration. In figure 4.2, one design cycle is defined as one BFGS iteration and it consists
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of one flow solve and one gradient calculation. The definition is different for the other
optimizer KSOPT.

The initial airfoil is modified to achieve convergence to machine zero. The initial
airfoil used is not an exact NACA0012 airfoil. The leading and trailing edges of the initial
airfoil geometry, as well as the wakecut of the airfoil grid, are modified to be exactly the
same as those for the target RAE2822 airfoil. This ensures the pressure can be matched
exactly at these positions. If an exact NACAO0012 airfoil is used as the initial airfoil with
all design variables used, the objective function only reduces 2 orders of magnitude. This is
due to the fact that the wakecut is fixed during the design, which cause failure in matching
the trailing edge pressure exactly. Regridding the airfoil regularly during the design may

solve this problem.

4.1.2 Drag Minimization with Lift Constraint

The second case is the drag minimization problem. The objective is to minimize
the drag of the baseline RAE2822 with a lift constraint: the lift must be greater than or
equal to the original lift coefficient. No thickness constraints are applied. We fix three
control points at the leading edge and four control points at the trailing edge in order to
ensure a well-defined leading edge curvature and to prevent cross-over in the trailing edge

geometry. The objective function is given by
i\’
J(Q,9) = (C_ZE> + i (Q, 9) (4.2)
The objective function is composed of two terms. The first term is the drag coefficient to
be minimized. This is normalized with the initial drag Cj. The second term is the lift

constraint penalty term

2
C )

- —; if C; < CF

i (Q, g) = ( ¢ ) :

0 if ;> Cp

(4.3)

The objective function is penalized if the lift coefficient is less than a lower limit. The lower
limit C} is specified as the initial lift in this example.

The sensitivity gradients are verified and compared to the finite-difference gradi-
ents before running the optimization. The results are shown in the second and third columns

of table 4.3. The two sets of gradients agree well with each other. The norm of difference
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Control Initial Final Design
point | Sensitivity mf(2) | Finite differences || Sensitivity mf(2) | Finite differences
3 0.339014 E+-00 0.339014 E+4-00 0.562909 E-02 0.562910 E-02
4 0.165348 E+00 0.165348 E400 0.279830 E-02 0.279830 E-02
) 0.765403 E-01 0.765403 E-01 0.133344 E-02 0.133344 E-02
6 0.139446 E-01 0.139446 E-01 0.295906 E-03 0.295906 E-03
10 0.877925 E+00 0.877925 E400 0.557355 E-02 0.557376 E-02
11 0.522648 E+00 0.522648 E+-00 0.255430 E-02 0.255431 E-02
12 -0.788470 E-01 -0.788470 E-01 0.294871 E-02 0.294871 E-02
13 0.262841 E+00 0.262841 E+00 0.634060 E-02 0.634060 E-02
o 0.170910 E-01 0.170910 E-01 0.275055 E-03 0.275055 E-03

Table 4.3: Verification of gradient accuracy for the inviscid drag minimization problem.
(Inviscid case 2.)

C Cy a’
Initial 0.913 | 0.0149 | 2.000
Final Design (BFGS) | 0.911 | 0.0005 | 0.177
Final Design (KSOPT) | 0.937 | 0.0006 | 0.868

Table 4.4: Optimization results of the inviscid drag minimization problem. (Inviscid case
2.)

between the gradients has a value of 1078, We also check the gradient accuracy for the final
design. The results are shown in the last two columns of table 4.3. The sensitivity gradients
of the final design agree with the finite-difference gradients, with a norm of difference of
10~7. The gradients of the final design are not zero in this case. In this work, the optimizer
can zero the gradients only for the inverse design problem. The reason is unknown and it

depends on the implementation of the optimizer.

The design results using BFGS are shown in figure 4.3. The final design is a thinner
airfoil, and the shock is eliminated in the design process. The design history is shown in
figure 4.4. Figures 4.5 and 4.6 show the Mach contours of the original airfoil and the final
design. The thinner airfoil has reduced the shock to a compression wave. The changes in
drag and lift coefficient, as well as the angle of attack, are tabulated in table 4.4. KSOPT

results are shown in section 4.1.4.
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Figure 4.6: Mach contours of the final design of the inviscid drag minimization problem.
(Inviscid case 2, BFGS.)

4.1.3 Lift Enhancement with Pressure Constraint

The third case is a constrained lift enhancement problem. The objective is to
maximize the lift of the baseline RAE2822, with a lower limit on the surface pressure.
All control points are used as design variables except the leading and trailing edges. The

objective function is given by

Cr\?
1Q) = (E) + Jons(@9) (1.4)
The objective function is composed of two terms. The first term is the lift coefficient to be
maximized, normalized with the initial lift C. The second term is the pressure constraint

penalty term

2
min(C, )] .
1 - —Bi if min(C, ;) < C;
Jpres(Qag) = [ C;; P P
0 if min(Cy ;) > C,

(4.5)

The objective function is penalized if the pressure constraint is violated. A pressure limit
C, of -1.2 is used.

Figure 4.7 shows the final design. No thickness constraints are implemented. The
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Figure 4.8: Design history of the inviscid lift enhancement problem. (Inviscid case 3, BFGS.)

C o’
Initial 0.523 | 2.000
Final Design (BFGS) | 1.283 | 4.214
Final Design (KSOPT) | 1.526 | 1.589

Table 4.5: Optimization results of the inviscid lift enhancement problem. (Inviscid case 3.)

final airfoil is a cambered airfoil at a higher angle of attack. The design history is shown
in figure 4.8. It indicates that the optimization does not converge. The pattern shows that
the design path is repeating itself. The spikes in the design history are large steps taken
by the BFGS linesearch after a new search direction is determined. When a design is close
to a constraint boundary, these large steps often violate constraints. The penalty terms
cause the design to move backwards. This process repeats and it is the mechanism of the
hanging process. A better design can be obtained using the optimizer KSOPT, as shown in
figures 4.13 and 4.14 in the next section. This suggests that BFGS with penalty functions
may be inadequate for constraint dominated optimization problems.

The changes in lift coefficient and the angle of attack during the design are tab-
ulated in table 4.5. In this particular problem, better results are optained using KSOPT.
(See figure 4.13 for the KSOPT results.) The final design with KSOPT has higher lift at a
much lower angle of attack.

The optimizer does not produce a more extreme shape in figure 4.7 even though

there are no thickness constraints. We fix the upper surface of the airfoil and rerun the



Section 4.1. Inviscid Design Results 93

same design using BFGS in order to study the reason.

Figure 4.9 shows the results with the upper surface fixed. A thickness constraint
weight factor wp of 0.1 is used. (wy is defined below.) Without thickness constraints, the
design result has a cross-over in the airfoil geometry. The lower surface of the airfoil is
highly curved upwards and crosses over the upper surface. We fix this problem by imposing

thickness constraints.

J(Q,9) = J(Q9) +wr 3_Ti(9) (4.6)

The thickness penalty terms are

2
t; .

1——= ift; < t*

Ti(g) = ( t;"> o

0 if t; > ¢

(4.7)

Thickness constraints are placed at several positions along the z-axis of the airfoil geometry.
We specify the thickness constraints ¢; as the original airfoil thickness. The strength of the
thickness constraint is controlled by the weight factor wr.

Figure 4.10 shows the design history with the upper surface fixed. The norm of
gradients shows quadratic convergence as shown in the figure. The reason why the design
using all control points does not produce a more extreme shape using BFGS is not clear.
However, we are able to design a better lower surface by fixing the upper surface for this

particular case.

4.1.4 Constrained Optimization

This section shows the design results obtained using the optimizer KSOPT. Two
inviscid design cases are shown: drag minimization and lift enhancement. These cases are
defined in previous sections. KSOPT supports inequality constraints and requires constraint
gradients. One design cycle of KSOPT consists of one gradient calculation and several flow
solves. The constrained formulation of the drag minimization problem is

J(Q.g) = (%) (4.8)

_ Ci
CQ,g9) = (1—C—;>§0

Figure 4.11 shows the design results using KSOPT. The final design is similar to that
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Figure 4.9: Final design of the inviscid lift enhancement problem with upper surface fixed.
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Figure 4.12: Design history of the inviscid drag minimization problem using KSOPT. (In-
viscid case 2, KSOPT.)

obtained using BFGS. The changes in lift, drag and the angle of attack are shown in
Table 4.4. The design history is shown in figure 4.12. The objective function gradients do
not converge to zero for constrained cases.
The constrained formulation of the lift enhancement problem is
J(Q,9) = (%) (4.9)
min(Cy, ;)

<0
Gy

cQ,9) = [1 -

Thickness constraints are incorporated using equation 4.6 with a constraint factor of 1.0.
Figure 4.13 shows the design results using KSOPT. The changes in lift and the angle of
attack are shown in table 4.5. In this case, KSOPT produces a better design with higher lift
and less constraint violation. There is a pull-up factor in KSOPT that controls the strength
of constraints. We increase this factor during the design. Too low a value produces a
conservative design for which the constraints are far from violation.

The design history is shown in figure 4.14. Unlike the results obtained using BFGS,

the design for this case converges smoothly.

4.1.5 Efficiency of the Inviscid Design Cases

Table 4.6 summarizes the runtime and design cycles for the inviscid design cases.

BFGS is more efficient and requires fewer flow solves. In the table, case 3b denotes the lift
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Figure 4.14: Design history of the inviscid lift enhancement problem using KSOPT. (Inviscid
case 3, KSOPT.)
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Case | Optimizer Runtime Number of | Number of
design cycles | flow solves
1 BFGS 1 hr 47 mins 70 70
2 BFGS 7 hrs 33 mins 199 199
3 BFGS 3 hrs 3 mins 68 68
3b BFGS 2 hrs 28 mins 89 89
2 KSOPT | 1 day 15 hrs 41 mins 149 1013
3 KSOPT 17 hrs 10 mins 199 1247

Table 4.6: Runtime and design cycles of the inviscid design cases.

Case Runtime Number of | Number of
design cycles | flow solves
1 13 mins 8 8
2 16 mins 10 10
3 17 mins 6 6
3b 12 mins 6 6
2 43 mins 8 o8
3 2 hrs 19 mins 27 188

Table 4.7: Runtime and design cycles to get 90 % benefit for the inviscid design cases.

enhancement problem with the upper airfoil surface fixed.

For the cases shown, most of the design is done usually in the first few iterations.
Table 4.7 shows the required runtime and design cycles to achieve 90 % benefit of the design.
This is defined as 90 % reduction of the difference between the initial and final objective
functions. As shown in the table, practical designs can be achieved usually in less then ten
design cycles. The rest of the computational work does not contribute much to practical

engineering design.

4.2 Viscous Design Results

Four design cases are presented for viscous airfoil design. Table 4.8 summarizes the
number of design variables and the free-stream flow conditions for the design cases. Here,
tr denotes the laminar to turbulent transition points on both upper and lower surfaces

(percentage chord). Only BFGS results are presented for viscous flows.
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Viscous Design Results

Case | Title Ndw My | Qnitial Re tr
1 Inverse design 12 + o | 0.30 2.0 2.88 x 10° | 1%
2 Drag minimization 124+ o | 0.74 2.0 9.0 x 10° | 5%

with lift constraint
3 Maximize lift-to-drag ratio | 12 + « | 0.70 2.2 9.0 x 105 | 5%
4 | Lift enhancement 16 + « | 0.30 | 2.0 |2.88x10°% | 5%
with pressure constraint

Table 4.9: Verification of gradient accuracy for the viscous inverse design problem. (Viscous

case 1.)

4.2.1

Table 4.8: Viscous design case parameters.

Control Initial NACA0012

point | Sensitivity mf(2) | Finite differences
3 -0.187631 E+03 | -0.187597 E+03
4 -0.117027 E403 | -0.117013 E403
5 -0.494222 E+02 | -0.493876 E+02
6 0.684423 E+01 0.688854 E+01
7 0.303036 E4+02 | 0.303346 E+02
8 0.353796 E+402 0.353948 E+02
12 0.254680 E4-03 0.254828 E+03
13 0.766349 E4+02 | 0.767251 E+02
14 -0.114638 E402 | -0.113366 E4-02
15 -0.449036 E+02 | -0.447748 E+02
16 -0.771329 E402 | -0.770579 E402
17 -0.111233 E4-03 | -0.111208 E4-03
o -0.510418 E401 | -0.510418 E4-01

Inverse Design

99

The first case is the inverse design problem from NACA0012 to RAE2822. The

objective function is given by equation 4.1. We verify the gradients before running the

design. The results are shown in table 4.9. The leading and trailing edges of the airfoil are

fixed similar to the inviscid case.

The design results using BFGS are shown in figure 4.15. Figure 4.16 shows the

design history. The objective function reduces 16 orders of magnitude. The norm of the

gradients is reduced by 8 orders of magnitude.
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Figure 4.15: Final design of the viscous inverse design problem. (Viscous case 1, BFGS.)
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Figure 4.16: Design history of the viscous inverse design problem. (Viscous case 1, BFGS.)



Section 4.2. Viscous Design Results 61
Control Initial

point | Sensitivity mf(2) | Finite differences
3 0.520632 E4-02 0.520631 E402
4 0.280185 E4-02 0.280184 E+02
5 0.148741 E+4-02 0.148741 E+402
6 0.643658 E4-01 0.643657 E4-01
7 0.183497 E4-01 0.183497 E4-01
8 0.289205 E-02 0.288866 E-02
12 -0.440524 E4+02 | -0.440536 E+4-02
13 0.133756 E4-03 0.133756 E+403
14 0.294035 E4-02 0.294035 E+402
15 -0.202665 E+02 | -0.202666 E+-02
16 0.101094 E+402 0.101094 E+02
17 0.914149 E4-01 0.914151 E+401
o 0.105821 E+01 0.105821 E+01

Table 4.10: Verification of gradient accuracy for the viscous drag minimization problem.

(Viscous case 2.)

4.2.2 Drag Minimization with Lift Constraint

The second case is the drag minimization problem. The objective function is given
by equation 4.2. We fix three control points at the leading edge and four at the trailing
edge, similar to the inviscid case. We verify the gradients before running the design. The

results are shown in table 4.10.

The design using BFGS has a cross-over in the airfoil geometry. We impose thick-
ness constraints with a weight factor of 0.03. This is different from the inviscid case, which
does not require a thickness constraint. Viscous effects are important for accurate drag

prediction. The viscous flow model should be used for drag-related design problems.

The final design is a thin airfoil as shown in figure 4.17. The design result depends
on the thickness constraint. Figure 4.18 shows the design history. As in the inviscid case,
the gradients do not converge to zero. Figures 4.19 and 4.20 show the Mach contours of
the original airfoil and the final design. Viscous effects can be seen in these figures, at the
boundary layers and wakes. The shock is eliminated in the final design. The changes in

drag, lift, and the angle of attack are tabulated in table 4.11.
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Figure 4.17: Final design of the viscous drag minimization problem. (Viscous case 2, BFGS.)
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Figure 4.18: Design history of the viscous drag minimization problem. (Viscous case 2,
BFGS.)
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Figure 4.19: Mach contours of the original airfoil of the viscous drag minimization problem.

(Viscous case 2, BFGS.)

Table 4.11: Optimization results of the viscous drag minimization problem. (Viscous case

2.)

[e]

C Cy «
Initial 0.712 | 0.015 | 2.000
Final Design | 0.658 | 0.008 | 1.036
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Figure 4.20: Mach contours of the final design of the viscous drag minimization problem.
(Viscous case 2, BFGS.)
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Figure 4.21: Final design for viscous lift-to-drag ratio maximization problem. (Viscous case
3, BFGS.)

4.2.3 Maximize Lift-to-Drag Ratio

The third case is to maximize the lift-to-drag ratio. The objective function is the
drag-to-lift ratio to be minimized.
Cy

J(Q,9) = oA (4.10)

The design using BFGS has a cross-over in the airfoil geometry. Thickness con-
straints are imposed with a weight factor of 0.1. The final design is shown in figure 4.21.
The design history is shown in figure 4.22. The changes in drag, lift and the angle of attack
are tabulated in table 4.12.

4.2.4 Lift Enhancement with Pressure Constraint

The fourth case is the lift enhancement problem. The objective function is given by
equation 4.4. All control points are used as design variables except the leading and trailing

edges. No thickness constraints are imposed. The design results are shown in figure 4.23.
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Figure 4.22: Design history for viscous lift-to-drag ratio maximization problem. (Viscous

case 3, BFGS.)

Cl Cd a’
Initial 0.678 | 0.010 | 2.200
Final Design | 1.118 | 0.012 | 3.133

Table 4.12: Optimization results for viscous lift-to-drag ratio maximization problem. (Vis-

cous case 3.)
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Figure 4.23: Final design of the viscous lift enhancement problem. (Viscous case 4, BFGS.)

C o’
Initial 0.442 | 2.000
Final Design | 1.322 | 5.552

Table 4.13: Optimization results of the viscous lift enhancement problem. (Viscous case 4.)

The final design is similar to the inviscid design. Figure 4.24 shows the design history.
The design does not converge for the same reason as the inviscid case. The changes in lift
coefficient and the angle of attack during the design are tabulated in table 4.13. The final
design has a higher angle of attack than the inviscid design.

The design results with the upper airfoil surface fixed are shown in figure 4.25.

Similar results to the inviscid case are obtained. The design history is shown in figure 4.26.
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Figure 4.24: Design history of the viscous lift enhancement problem. (Viscous case 4,
BFGS.)
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Figure 4.25: Final design of the viscous lift enhancement problem with upper surface fixed.
(Viscous case 4, BFGS.)
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Figure 4.26: Design history of the viscous lift enhancement problem with upper surface

fixed. (Viscous case 4, BFGS.)

Case Runtime Number of | Number of
design cycles | flow solves
1 8 hrs 8 mins 84 84
2 8 hrs 25 mins 104 104
3 7 hrs 14 mins 84 84
4 3 hrs 34 mins 21 21
4b 11 hrs 20 mins 117 117

Table 4.14: Runtime and design cycles of the viscous design cases.

4.2.5 Efficiency of the Viscous Design Cases

Table 4.14 summarizes the runtime and design cycles for the viscous design cases.

In the table, case 4b denotes the lift enhancement problem with the upper airfoil surface

fixed. Viscous designs take longer to run. Both the flow solver and the gradient calculation

run longer. This is due to the higher number of grid nodes and the turbulence model.

Figure 4.15 shows the required runtime and design cycles to achieve 90 % benefit of the

design.



Case Runtime Number of | Number of
design cycles | flow solves
1 50 mins 8 8
2 1 hrs 49 mins 20 20
3 3 hrs 18 mins 38 38
4 1 hrs 22 mins 8 8
4b 45 mins 8 8

Table 4.15: Runtime and design cycles to get 90 % benefit for the viscous design cases.




Chapter 5

Conclusions

The flow sensitivity method using the matrix-free GMRES approach is presented
for CFD design problems. The sensitivity approach is capable of calculating accurate gra-
dients comparable to finite-difference gradients at a much lower cost. The flow sensitivity
approach is less efficient when compared to the adjoint approach, since it depends on the
number of design variables used, but is potentially more accurate due to the matrix-free
formulation. If the number of constraint gradients required is high, the flow sensitivity
approach can be efficient.

Both unconstrained and constrained design cases are studied. The algorithm de-
scribed is capable of airfoil design for a wide range of objective functions and constraints.
The optimizer KSOPT is found to be more robust than the optimizer BFGS, especially for

constrained problems, but BFGS is often faster.
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Appendix A

The One-Dimensional Flow

Jacobilan

The Jacobian of the steady quasi-one-dimensional flow equations is given by

oF _ dob o

00  drxoQ  0Q
d - A

= —%JE-{-JH

The Jacobian of the inviscid fluxes is

5 0 1 0
E 2
Te =55~ -B-7% B=7u -1
(v — u? — e Ve - 37 2u? yu
0 1 0
1 (3-g3 (3=)g:
S| e e o
(7_1)‘13 9293 Y493 Q(V—I)QS Y92
q% Q% q1 2 Qf Q1
and
Jg = JgS

The Jacobian of the source term is

OH 2

=39~ -5 ~(y=Du v-1

(A1)

(A.2)

(A.3)

(A4)

(A.5)
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0 0 0
—1)q¢2 —
_ %(7 (ﬁ)qz _ qi)qz‘ v -1 (A.6)
0 0 0
and
. dS
Jg = Jg— (A7)



Appendix B

Continuous Adjoint Formulation

for the Inverse Problem

The continuous Lagrangian for the inverse problem can be written as

ﬁ(gvng) = j(Qvg)_ < ¢7f(Qvg) >

(B.1)
where <, > denotes an inner product.
B.1 Variation of the Objective Function
The objective function is given by
"1 g
J = / — u*)?dx B.2
5 o (B.2)
Define
1 q2 *\2
—_— u B-3
=5 (2w (B3
The variation of the objective function with respect to the flow variables is given by
bOM «
0T = | —=~Qdx B.4
a 0Q (B-4)
B.2 Variation of the Inner Product
Recall the flow equations from Appendix A,
d dS
F=——(ES)+H— B.5
T (BS) + HE (5.5)
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The inner product between the flow equations and the adjoint variables is given by
b
T = <, F>= / YT Fda (B.6)
a
b d b d
= / —pT —(ES)dx +/ ¢TH—de
a dlE a d.’L’
The variation of the inner product is given by
5T = / ¢T (JQ8)ds +/ ¢TJHQ—dx (B.7)
Integrate by parts the first term to isolate the variation of the flow variables,
b oord 5 Tir A’ bdy 1.
/ T (15 0S)de = — T (70S)| + / (T 1,85 dx (B.8)
a dz a o dr
So, the variation of the inner product can be written as

. b
1=- @bT(JEQS)\ZJr/ (fl TJEQde+/ ¢TJHQ—dx (B.9)

B.3 The Continuous Adjoint Equations

The continuous adjoint equation is obtained by setting the variation of the La-

grangian with respect to the flow variables to zero
0L=0J —0Z =0 (B.10)
b oM d dsS . ~ - b
5L = / oM Z’ JgS — wTJHd—i}Qd:v + wT(JEQS)‘a =0 (B.11)

Since Q is arbitrary, the continuous adjoint equation is given by

rd
dx

oM

S(Jk) )T (B.12)

+ B e =08

with boundary conditions
P(a) =0 (B.13)



Appendix C

Equivalence of the Continuous

Adjoint and Discrete adjoint

The continuous adjoint formulation is equivalent to the discrete adjoint formulation
for the inverse problem with fixed flow boundary conditions and fixed boundary control

points.

C.1 Discretize the Continuous Adjoint Equations

The continuous adjoint equations are given by

.

s 8M>T (1)

5= (Gg

Here, A = fE and B = JAH. Using second-order centered differences to discretize the

derivative, the following discrete form is obtained.

1 1 aMN\T
ATy 4+ BT+ —— ATy, :<_> 5
2A.’I) J/llbj 1+ ]¢]+2Ax ]d}]—l—l 8Q ; (C )
Pi1
Al Bl oAl || v | =] (B9 (C.3)
(7E8]

79



80 Appendix C. Equivalence of the Continuous Adjoint and Discrete adjoint

C.2 Equivalence of the Discrete and Adjoint Equations

The discrete adjoint equations are given by

OR oJ .
il - (ZZ 4
G5 = (G5) (C4)
Comnsider the left-hand side.
OR d - S
OR o Ajp1—Aj _
—onzd;
=| &A1 B —ah4m (G-7)
reeY

The transpose of the derivative is equivalent to the left-hand side of equation C.3.

OR

(@)?= AT BIoSlar (C.8)

T2AzYy 28z



Appendix D

Parametric Study of the Gradient

Solver

D.1 Matrix Sensitivity Approach

Table D.1 shows a parametric study of the gradient solver for the matrix sensitivity
approach. We study the parameters for a transonic inviscid flow over the RAE2822 airfoil
with two design variables (control points 10 and 11). In this case, the second-order Jacobian
has 1,377,728 non-zero elements, and the first-order Jacobian (preconditioner) has 780,224
non-zero elements. In the table, GMRES time represents the time required to reduce the
residual of the seunsitivity equations by eight orders of magnitude, and BFILU time is the
time required for the incomplete LU factorization. There are two columns of GMRES time
and GMRES iterations, since there are two sensitivity equations for two design variables.
The last column shows the number of non-zero elements (n,,) in the preconditioner after

incomplete factorization. This number depends on the level of fill.

D.2 Matrix-Free Sensitivity Approach

Table D.2 shows a parametric study of the gradient solver for the matrix-free
sensitivity approach. The second-order Jacobian is not required in this case and the first-

order Jacobian (preconditioner) has 780,224 non-zero elements.
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o | BFILU(n) || GMRES time | BFILU time | Iterations Tz
(seconds) (seconds) BFILU
2.0 1 DNC
3.0 39.84 35.64 1.293 136 123 | 1078864
4.0 39.38 356.81 1.291 138 125 | 1078864
5.0 41.00 36.33 1.287 143 127 | 1078864
6.0 46.49  38.09 1.287 159 133 | 1078864
2.0 2 DNC
3.0 DNC
4.0 28.44  27.28 2.002 88 85 | 1370224
5.0 27.78 27.45 2.008 86 85 | 1370224
6.0 28.81 28.14 2.001 89 87 | 1370224
10.0 39.99 38.95 2.005 130 126 | 1370224
2.0 3 91.36 70.89 2.731 265 208 | 1664096
3.0 18.53 17.96 2.728 60 58 | 1664096
4.0 25.13  25.32 2.741 76 76 | 1664096
5.0 37.82  38.80 2.728 115 117 | 1664096
6.0 28.10 28.76 2.732 83 84 | 1664096
10.0 38.06  38.59 2.728 116 117 | 1664096
2.0 4 DNC
3.0 15.41 15.69 3.721 49 49 | 1953936
4.0 DNC
5.0 92.41 91.75 3.723 256 252 | 1953936
6.0 25.53 26.17 3.735 73 74 | 1953936
10.0 38.36  38.38 3.722 109 109 | 1953936
2.0 ) DNC
3.0 15.65 14.60 4.759 47 44 | 2244192
4.0 18.72  18.02 4.789 54 52 | 2244192
5.0 2791 27.53 4.753 76 75 | 2244192
6.0 24.60 24.39 4.776 68 67 | 2244192
10.0 39.29 38.84 4.753 106 104 | 2244192
2.0 6 DNC
3.0 15.85 14.70 6.114 45 42 | 2529888
4.0 17.60 17.39 6.073 o0 49 | 2529888
5.0 22.78  22.56 6.076 62 61 | 2529888
6.0 24.48 24.24 6.075 66 65 | 2529888
10.0 39.80 39.41 6.080 102 100 | 2529888

Table D.1: Gradient solver parameters for the matrix sensitivity approach.



Section D.2. Matrix-Free Sensitivity Approach

o | BFILU(n) || GMRES time | BFILU time | Iterations Tz

(seconds) (seconds) BFILU

2.0 1 DNC

3.0 50.79  51.79 1.289 173 175 | 1078864

4.0 61.04 61.03 1.313 178 180 | 1078864

5.0 99.86  65.55 1.324 177 194 | 1078864

6.0 67.36 68.52 1.319 200 202 | 1078864

2.0 2 DNC

3.0 DNC

4.0 54.33 54.34 2.045 156 152 | 1370224

5.0 95.83  52.57 2.054 157 150 | 1370224

6.0 49.53  42.68 2.015 160 140 | 1370224

10.0 74.67 62.72 2.055 206 170 | 1370224

2.0 3 DNC

3.0 24.32  24.25 2.765 68 67 | 1664096

4.0 29.35 29.24 2.735 87 86 | 1664096

5.0 DNC

6.0 36.27  36.15 2.765 91 91 | 1664096

10.0 69.07 67.32 2.790 174 171 | 1664096

2.0 4 DNC

3.0 18.93 18.38 3.742 o8 956 | 1953936

4.0 DNC

5.0 DNC

6.0 29.19 2941 3.741 82 82 | 1953936

10.0 66.97 68.16 3.813 161 163 | 1953936

2.0 ) DNC

3.0 22.33  20.96 4.868 55 b2 | 2244192

4.0 21.87 21.28 4.776 62 60 | 2244192

5.0 40.56  39.98 4.872 90 88 | 2244192

6.0 29.06  28.79 4.780 78 77 | 2244192

10.0 67.53 71.92 4.858 155 162 | 2244192

2.0 6 DNC

3.0 23.38  21.77 6.165 54 51 | 2529888

4.0 21.93 21.30 6.091 99 87 | 2529888

5.0 31.81 31.35 6.186 71 69 | 2529888

6.0 29.88 29.51 6.089 76 75 | 2529888

10.0 68.24 74.30 6.200 148 159 | 2529888

Table D.2: Gradient solver parameters for the matrix-free sensitivity approach.
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