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AbstractAerodynamic Computations UsingThe Convective Upstream Split Pressure SchemeWith Local PreconditioningMarian NemecMaster of Applied ScienceGraduate Department of Aerospace Science and EngineeringUniversity of Toronto1998The implementation of the convective upstream split pressure (CUSP) approach to numer-ical dissipation is presented for an approximately-factored algorithm in conjunction withtime-derivative local preconditioning. Two di�erent `soft' 
ux limiters, one of which is new,are used to to blend the low and high order CUSP dissipation in order to enforce mono-tonic solutions. The resulting algorithm is applied to several turbulent aerodynamic 
owsand compared with results obtained using scalar and matrix numerical dissipation models.The results show the CUSP scheme to be very e�ective in providing good shock capturing,low numerical dissipation in boundary layers, and low numerical errors in drag. The two
ux limiters provide equivalent accuracy; however, a reduction in computational cost wasobtained with the newly proposed `soft' limiter. Overall, the CUSP scheme is competitivewith matrix dissipation in terms of accuracy at a reduced cost. For 
ows with Mach numberbelow 0:2, convergence is signi�cantly accelerated with the preconditioned algorithm, andthe preconditioned CUSP scheme is superior to the preconditioned scalar scheme and theoriginal CUSP scheme.
iii
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Chapter 1
IntroductionSuccessful computational methods for the solution of the Navier-Stokes and Eu-ler equations must meet numerous requirements. The algorithms should be robust, ac-curate, computationally inexpensive, and provide a fast turn-around. High resolution ofshock waves, contact discontinuities, and boundary layers free of overshoot and oscillationis desired. One area which plays a signi�cant role in attaining these goals is numericaldissipation.The concept of numerical dissipation is based on wave interactions which cause thecreation of high and low frequency waves in the medium. In real 
uids, the high frequencywaves are damped out by the 
uid's viscosity. Unfortunately, when the Euler equations areused to model the 
ow, the equations are by de�nition inviscid, and therefore, there is nomechanism present to damp out the high frequency waves. The high frequencies build upand cause instability, poor accuracy, and poor convergence characteristics. Hence some formof numerical dissipation (also referred to as arti�cial dissipation or arti�cial viscosity) mustbe added to the algorithm. Even in the Navier-Stokes equations, numerical dissipationis required since outside of the boundary layer the 
ow is essentially inviscid. Further,present day grid resolution is not su�cient to provide appropriate viscosity throughout thecomputational domain.Many modern viscous solvers for compressible 
ows, such as ARC2D [1], usesecond-order centered di�erences for the spatial discretization of the governing equations.The advantages of centered di�erences are that they are more e�cient and relatively easy toimplement when compared to upwind schemes. Upwind schemes use concepts from charac-teristic theory to determine the direction of the `wind' and then proceed to apply appropriate1



2 Chapter 1. Introduction
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Figure 1.1: Numerical dissipation and spatial discretization.one-sided spatial di�erences. The one-sided di�erences are dissipative, and consequently,for these schemes the numerical dissipation is inherent in the formulation. The user, there-fore, has only very limited control over the dissipation. However, when centered di�erencesare used for the spatial discretization, it is necessary to explicitly include some form ofnumerical dissipation in order to obtain the correct solution, as shown in Fig. 1.1.There are numerous dissipation schemes available for use with centered di�erences,but presently each scheme has some undesirable properties, such as poor accuracy in certainregions of the 
ow or high demand on computational power. Recently the ConvectiveUpstream Split Pressure (CUSP) scheme has been introduced, which has the potential toeliminate most of these undesirable properties. The purpose of this work is to present adetailed evaluation of the CUSP scheme in the context of aerodynamic 
ows.1.1 Literature ReviewThe most widely used technique for numerical dissipation for centered di�erencesis referred to as scalar dissipation. A popular nonlinear scalar scheme was �rst introduced



Section 1.1. Literature Review 3in the early 1980s by Jameson, Schmidt, and Turkel [2] (sometimes called the JST scheme),and it has proven to be successful for a wide range of CFD applications. The scheme iseasy to implement and requires minimal computational e�ort. Unfortunately, accuracy andshock resolution problems occur when scalar dissipation is used. Allmaras [3] found thatscalar dissipation contaminates boundary layers, resulting in non-physical solutions withinthe boundary layer. Reddy and Papadakis [4] reported that overdissipation in viscous 
owleads to poor drag predictions. These problems are attributed to the fact that the spectralradius of the convective 
ux Jacobian matrix is used as a measure of the dissipation levelsneeded. The performance of the scalar scheme for low Mach number 
ow was improved withthe development of local preconditioning. Unrau and Zingg [5] implemented the local time-derivative preconditioning of Weiss and Smith [6], and obtained signi�cant improvements inboth accuracy and convergence. The use of the preconditioned spectral radius in the scalarscheme reduces the excessive dissipation within the boundary layers.For transonic 
ow, the problems of scalar dissipation were reduced with upwindschemes and matrix dissipation, but with a corresponding increase in computational e�ortper grid node. In the late 1980s, Swanson and Turkel [7] introduced matrix dissipationwhere the 
ux Jacobian matrix is used to scale the dissipation. Turkel [8] developed a specialform of the 
ux Jacobian to reduce the operations count for the matrix-vector evaluation.The reduced dissipation in boundary layers produced improved accuracy, especially fordrag predictions. Turkel and Vatsa [9] applied matrix dissipation to 3-D calculations andreported that matrix dissipation outperformed scalar dissipation in terms of accuracy for agiven grid.Frew and Zingg [10] implemented matrix dissipation in the approximately-factoredalgorithm ARC2D [1]. Their conclusions were that 1) the additional cost of matrix dissi-pation is 35% over scalar dissipation, 2) matrix dissipation is successful at reducing thecontribution of arti�cial dissipation to the overall 
ux balance with little e�ect on conver-gence rate, and 3) for 
ow cases dominated by friction drag, matrix dissipation leads tosubstantial reduction in grid density. However, for high lift cases, where pressure drag isdominant, the use of matrix dissipation is unjusti�ed.Both Swanson and Turkel [7], and Frew and Zingg [10] observed that shock cap-turing of the matrix scheme was superior to the scalar scheme. Frew and Zingg [10] imple-mented the original pressure switch used by Jameson, Schmidt, and Turkel [2] in the scalar



4 Chapter 1. Introductionscheme and noted minor oscillations upstream and downstream of the shock. Swanson andTurkel [7] modi�ed the original pressure switch to include 
ux limiters based on pressurewhich preserve monotonicity of the solution. They obtained oscillation-free shocks equiv-alent to upwind schemes. Unfortunately, the use of 
ux limiters may cause a stall in theconvergence rate after the residual has been reduced by few orders of magnitude. Venkatakr-ishnan [11] addressed this problem with the development of `soft limiters' which convergeto steady state. In 1993, Jameson [12] introduced a new class of limiter functions whichadd anti-di�usive terms to the �rst-order scheme. These limiters preserve monotonicity ofthe solution and are sensitive to the changes in all conservative variables. Jameson [12]also incorporated the `soft limiters' of Venkatakrishnan [11] and obtained good convergencerates. In 1995, Jameson [12, 13] presented the Convective Upstream Split Pressure (CUSP)scheme, a high-resolution scheme for compressible viscous 
ows with shocks. CUSP belongsto a family of schemes based on a splitting of the 
ux vector into convective and pressure
ux contributions. Another scheme which uses 
ux splitting is the Advection UpstreamSplitting Method (AUSM) introduced by Liou and Ste�en [14], which has recently beenimplemented in conjunction with local preconditioning by Edwards and Liou [15].The CUSP scheme is speci�cally developed for oscillation-free, single-interior-pointshock capturing, and also provides low dissipation for low Mach numbers. The formulationof the scheme does not require evaluation of a matrix-vector product, which saves on com-putational e�ort. Tatsumi, Martinelli, and Jameson [16] have presented skin friction andshock capturing results which appear very promising. Two versions of the CUSP schemehave been introduced, ECUSP and HCUSP, where HCUSP is formulated to conserve stag-nation enthalpy.In 1997, Swanson, Radespiel, and Turkel [17] studied the HCUSP scheme and con-cluded that 1) for transonic viscous 
ow and coarser meshes, the accuracy in aerodynamiccoe�cients is better with the matrix scheme than with the CUSP scheme, and 2) the CUSPscheme requires 40% more computer time than the scalar scheme, while the matrix schemeneeds about 15% more time. They noted that the poorer accuracy may be due to unwantedlimiter activation, while the excessive computer time is due to evaluating the limiter for eachconservative equation. For comparison, the pressure switch requires only one evaluation.Tweedt, Chima, and Turkel [18] implemented the CUSP scheme into a precon-ditioned solver for 3-D viscous 
ow around turbomachine blade rows. They observed a



Section 1.2. Project De�nition and Objectives 5signi�cant improvement in accuracy over the preconditioned scalar scheme.This literature review brie
y summarizes the development of numerical dissipationschemes for centered di�erences. Although some research work has been done with theCUSP scheme, a detailed study of the scheme for viscous aerodynamic computations islacking. The issues addressed in this thesis are outlined in the following section.1.2 Project De�nition and ObjectivesThe objective of this thesis is to investigate the practical use of the ECUSP nu-merical dissipation scheme introduced by Jameson [12, 13] for viscous aerodynamic compu-tations. The goals are subdivided as follows:1. Implement the scheme in the implicit, approximately-factored solver SC1 [19] andcompare the results with the scalar and matrix dissipation schemes.2. For low Mach number 
ow, implement the scheme in conjunction with local precon-ditioning and compare the results with the preconditioned scalar scheme.Factors under consideration include dissipation in boundary layers, shock captur-ing, drag prediction, e�ect on convergence, and cost per node. The overriding goal is todecrease the number of grid nodes required to obtain lift and drag coe�cients of a givenaccuracy at a reasonable cost per node, thus reducing the overall computational expense.



Chapter 2
Governing Equations andNumerical Method

The solver used to investigate the various numerical dissipation schemes is SC1 [19],which is based on the Navier-Stokes solver ARC2D [1]. The 
ow of air around the airfoils ofinterest is modeled by the Navier-Stokes equations. Since these 
ows are characterized byhigh Reynolds number viscous 
ows, the governing equations are reduced to the thin-layerNavier-Stokes equations. This chapter describes the methodology of SC1.2.1 Thin-Layer Navier-Stokes EquationsThe two-dimensional thin-layer Navier-Stokes equations, written in generalizedcurvilinear coordinates, are: @Q@t + @E@� + @F@� = Re�1@S@� (2.1)where,
Q = J�1 2666664 ��u�ve

3777775 (2.2)
6



Section 2.1. Thin-Layer Navier-Stokes Equations 7The convective 
ux vectors areE = J�1 2666664 �U�Uu+ �xp�Uv + �yp(e+ p)U � �tp
3777775 (2.3)

F = J�1 2666664 �V�V u+ �xp�V v + �yp(e+ p)V � �tp
3777775 (2.4)with U = �t + �xu+ �yv; V = �t + �xu+ �yv (2.5)the contravariant velocities. The variable J represents the metric Jacobian of the transfor-mation: J�1 = (x�y� � x�y�) (2.6)The viscous 
ux vector is

S = J�1 2666666664
0�xm1 + �ym2�xm2 + �ym3�x(um1 + vm3 +m4)+�y(um2 + vm3 +m5)

3777777775 (2.7)
with m1 = �(4�xu� � 2�yv�)=3m2 = �(�yu� + �xv�)m3 = �(�2�xu� + 4�yv�)=3 (2.8)m4 = �Pr�1(
 � 1)�1�x@�(a2)m5 = �Pr�1(
 � 1)�1�y@�(a2)



8 Chapter 2. Governing Equations and Numerical Method

x

y

Figure 2.1: Curvilinear coordinate transformation (used with permission from T. H.Pulliam) Pressure is related to the conservative 
ow variables, Q, by the equation of statefor a perfect gas, as follows p = (
 � 1)�e� 12�(u2 + v2)� (2.9)The thin-layer Navier-Stokes equations are derived in the generalized coordinatesystem (�; �) in order to facilitate the use of curvilinear `C' grids. The airfoils of interest arecharacterized by smooth curved sections. Therefore, the grids which are used to discretizethe physical domain around the airfoil are constructed such that the grid lines follow thecontours of the airfoil in one direction and are perpendicular to the airfoil in the otherdirection. These directions are referred to as � and � respectively. A transformation is usedto map the grid into a rectangular computational domain as illustrated in Fig. 2.1.2.2 Numerical MethodWe are interested only in the steady-state solution of the governing equationsoutlined in section 2.1. Therefore, it is su�cient to use a �rst-order time-marching methodto advance the solution to steady state. SC1 [19] uses the �rst-order implicit Euler methodsince it has a broad stability region. When the implicit Euler time-marching scheme is



Section 2.2. Numerical Method 9applied to Eq. 2.1 one obtains,Qn+1 �Qn +�t �@�En+1 + @�F n+1 �Re�1@�Sn+1� = 0 (2.10)where �t is the time step and Qn = Q(n�t). The vectors E, F , and S are locally linearized,En+1 = En +An�Qn +O(�t2)F n+1 = F n +Bn�Qn +O(�t2) (2.11)Sn+1 = Sn +Kn�Qn +O(�t2)where �Q = Qn+1 �Qn, and the matrices A, B, and K are the 
ux Jacobians, de�ned byA = @E@Q , B = @F@Q , and K = @S@Q .Approximate factorization [1] is introduced in order to avoid the direct inversionof the sparse matrix formed on the left-hand-side. Note that the modi�cations to theleft-hand-side may impact the convergence rate of the solver, but they do not a�ect thesteady-state solution of the problem. Combining Eq. 2.11 with approximate factorization,and substituting into Eq. 2.10 gives,[I +�t��An][I +�t��Bn ��tRe�1��Kn]�Qn = Rn (2.12)where Rn = ��t[��E(Qn) + ��F (Qn)�Re�1��S(Qn)]The symbol � in Eq. 2.12 denotes a complete spatial operator, including the numericaldissipation. Central di�erences are used for the spatial discretization, which requires theexplicit addition of numerical dissipation (see chapter 3).To further reduce the complexity of the left-hand-side, the diagonal form [1] isimplemented. The Jacobian matrices are diagonalized as follows,�� = T�1� AT� (2.13)�� = T�1� BT� (2.14)where the matrices �� and �� are diagonal matrices whose elements are the eigenvalues ofthe 
ux Jacobians. The eigenvalue matrices also contain a contribution from the viscous



10 Chapter 2. Governing Equations and Numerical Method
ux Jacobian [1]. The matrix T� has the eigenvectors of A as columns, and T� has theeigenvectors of B as columns. The eigenvector matrices are factored out, givingT�[I +�t����]T�1� T� [I +�t����]T�1� �Qn = Rn (2.15)Variable time stepping is used to accelerate the convergence rate by roughly equal-izing the Courant numbers of each cell. Since the grids used have highly stretched cells, themajority of the Courant number variation may be eliminated by scaling with the Jacobian:�t = �tref1 +pJ (2.16)Boundary conditions are imposed on the surface of the airfoil and at the outerboundary of the mesh. The no-slip condition is enforced at the body, while Riemanninvariants are applied at the outer boundary [1]. The e�ects of turbulence are modeled bythe Baldwin-Lomax turbulence model [1].2.3 Local PreconditioningLocal preconditioning is implemented in SC1 in order to increase the accuracy ofthe solver and accelerate the convergence rate for low Mach number 
ows [5]. The eigen-values of the 
ux Jacobian matrices A and B, given in Eq. 2.11, are U;U;U � cq�x2 + �y2and V; V; V � cp�x2 + �y2, respectively, where c is the speed of sound. The convergencerate of the solver depends on the magnitude and the nature of these eigenvalues. At lowMach numbers, the eigenvalues have signi�cantly di�ering magnitudes resulting in poorconvergence rates. The local preconditioning matrix � is introduced in order to bring themagnitudes of the eigenvalues closer together as follows,�@Q@t + @E@� + @F@� = Re�1@S@� (2.17)This time-derivative preconditioning destroys the time accuracy of the system, but at steadystate, @Q@t = 0, and hence, the steady-state solution should be una�ected as long as both �and ��1 exist. Writing the inviscid terms in quasi-linear form and premultiplying by ��1gives @Q@t + ��1A@Q@� + ��1B@Q@� = Re�1��1@S@� (2.18)



Section 2.3. Local Preconditioning 11Thus the preconditioned 
ux Jacobians are ��1A and ��1B. With a suitable choice of�, the spread of the eigenvalues of the preconditioned 
ux Jacobians can be substantiallyreduced. In order to simplify the form of the preconditioning matrix, the following symmetryvariables are used @Q̂ = J�1 2666664 1�c@p@u@v@p� c2@�
3777775 (2.19)The symmetry variables are related to the conservative variables through the followingtransfer matrices M = 2666664 �c 0 0 � 1c2�uc � 0 � uc2�vc 0 � � vc2��u2+v22c + c
�1� �u �v �u2+v22c2

3777775 (2.20)
M�1 = 2666664 (
 � 1)u2+v22�c (1� 
) u�c (1� 
) v�c 
�1�c�u� 1� 0 0�v� 0 1� 0
�12 �u2 + v2�� c2 (1� 
)u (1� 
)v (
 � 1)

3777775 (2.21)which are derived from M = @Q@Q̂; M�1 = @Q̂@Q (2.22)The local preconditioning matrices and the 
ux Jacobians in the two variable setsare related by � =M �̂M�1 (2.23)A =MÂM�1 (2.24)B =MB̂M�1 (2.25)Thus a local preconditioner formulated in terms of the symmetry variables is applied to thethin-layer Navier-Stokes equations written in terms of the conservative variables as followsM �̂M�1@Q@t + @E@� + @F@� = Re�1 @S@� (2.26)



12 Chapter 2. Governing Equations and Numerical MethodSimilarly, the diagonal form of the algorithm, Eq. 2.15, can be written in terms ofthe eigenvectors of the preconditioned 
ux Jacobians. The diagonal form of the algorithmbecomes: M �̂T̂�;� [I +�t����;�] T̂�1�;� T̂�;��I +�t@�(��;� �Re�1N�)� T̂�1�;�M�1�Q = Rn (2.27)where the subscript � indicates the preconditioned system, and ��;� is a diagonal matrixcontaining the eigenvalues of �̂�1Â and �̂�1B̂ with � = � and �, respectively, and Rn isde�ned in Eq. 2.12. The term N� is a diagonal contribution from the viscous terms whichis de�ned later.The preconditioner of Weiss and Smith [6] is used for the time-derivative precon-ditioning in SC1. When written in terms of the symmetry variable, the preconditioner hasa particularly simple form:�̂ = 2666664 1� 0 0 00 1 0 00 0 1 00 0 0 1
3777775 ; �̂�1 = 2666664 � 0 0 00 1 0 00 0 1 00 0 0 1

3777775 (2.28)where � is chosen as follows, � = min �1;max �M2; �1; �2�� (2.29)With � = M2, where M is the local Mach number, the Weiss-Smith preconditioner providese�ective low Mach number preconditioning. However, � must remain �nite in stagnationregions. To this end, a lower limit is placed on � based on the freestream Mach number:�1 = �M21 (2.30)where � is a free parameter, and for most 
ows can be set to one. In addition, the followinglower limit is sometimes imposed:�2 = ��1qmax ��2x + �2y ; �2x + �2y��u1 (2.31)where � is the second free parameter associated with the preconditioner. This preventsthe preconditioned pseudo-acoustic velocities from becoming too small relative to the localdi�usion velocity, �=�x.



Section 2.3. Local Preconditioning 13Lastly, � is chosen such that � = 1 for Mach numbers greater than one. Thusthe preconditioner reduces to the identity matrix for supersonic 
ows, and the originalsystem of equations is recovered. This feature also allows backward compatibility with theunpreconditioned equations.With this preconditioner, the following eigenvalue matrices are obtained:��;� = 2666664 U� 0 0 00 U� 0 00 0 ��;+ 00 0 0 ��;�
3777775 (2.32)where U� denotes the contravariant velocity in � or � direction. The eigenvalues ��;� are��;� = 12(1 + �)U� � 12q(�� 1)2U2� + 4� ��2x + �2y� c2 (2.33)The eigenvector matrices, T̂�;�, are:T̂�;� = 2666664 0 0 ��;+�U���c U����;���c0 ~�y ~�x �~�x0 �~�x ~�y �~�y1 0 0 0

3777775 (2.34)
where ~� = �=�� and �� = q2(�2x + �2y) with � = � or �. Finally, the contribution from theviscous terms is approximated byN� = kARC2D 2666664 1 0 0 00 1 0 00 0 � + �+12 00 0 0 �� + �+12

3777775 (2.35)where kARC2D is the scalar term used in ARC2D, and� = (�� 1)2U�2q(1� �)2U2� + 4�(�2x + �2y)c2 (2.36)The far-�eld boundary conditions are modi�ed to re
ect the characteristic variablesof the preconditioned system. The approach of Barth is used; for details see [5]. The local



14 Chapter 2. Governing Equations and Numerical Methodtime step is chosen based on the preconditioned eigenvalues to exploit the gains of localpreconditioning. This leads to the following de�nition of �t [5]:�t = min" ��1max ��2x + �2y ; �2x + �2y� ;CFL�max� 1�� ; 1���# (2.37)where �� and �� represent the preconditioned spectral radius, and CFL is user speci�ed.



Chapter 3
Numerical Dissipation ModelsThe central di�erences used for spatial discretization of the governing equationsrequire explicit numerical dissipation. The �rst three sections of this chapter describe threenumerical dissipation models: the scalar, matrix, and CUSP schemes. In the �nal section,the scalar and CUSP schemes are modi�ed so that they are implemented in conjunctionwith local preconditioning.3.1 Scalar Dissipation ModelThe nonlinear scalar numerical dissipation model developed by Jameson et al. [2]is added to a second-order centered-di�erence spatial operator in the following manner:��Ej;k = Ej+1;k �Ej�1;k2�� �r�D1D2 (3.1)with D1 = 2�j+ 12 ;kJ�1j+ 12 ;kD2 = �(2)j+ 12 ;k��Jj;kQj;k � �(4)j+ 12 ;k��r���Jj;kQj;k�j;k = jU j+ cq�2x + �2y�(2)j;k = �2max(�j+1;k;�j;k;�j�1;k)�(4)j;k = max(0; �4 � �(2)j;k)�j;k = jpj+1;k � 2pj;k + pj�1;kjjpj+1;k + 2pj;k + pj�1;kj15



16 Chapter 3. Numerical Dissipation Modelswhere �� and r� are �rst-order forward and backward di�erence operators, U is a con-travariant velocity component, and �2 and �4 are constants. Typical values of �2 and �4are 1.0 and 0.01 respectively. The scalar coe�cient � is the spectral radius of A, the 
uxJacobian matrix given by @E=@Q. The term �j;k is a pressure switch to control the use of�rst-order dissipation near shock waves. An analogous term appears in the � direction.On the left-hand-side of the implicit approximately-factored algorithm, the con-tribution from the dissipation is added to the diagonal entries.3.2 Matrix Dissipation ModelThe matrix dissipation model is based on that of Swanson and Turkel [7]. Theterm D1 in Eq. 3.1 becomes D1 = jAjj+ 12 ;kJ�1j+ 12 ;k (3.2)where jAj = T�j��jT�1� (3.3)The columns of T� are the right eigenvectors of A andj��j = 26666664 jU j 0 0 00 jU j 0 00 0 jU + cq�2x + �2y j 00 0 0 jU � cq�2x + �2y j
37777775 (3.4)In the present implementation the pressure switch is retained for sensing shocks. The shockcapturing capabilities can be improved through the use of more complex 
ux limiters whichcan incorporate TVD (Total Variation Diminishing) properties [7]. Again the terms in the �direction are analogous. The treatment of the left-hand-side is similar to scalar dissipation.Near stagnation points and sonic points, some of the eigenvalues of A approachzero. In order to avoid the problems this may introduce, the elements of j��j are modi�edas follows: ~�1; ~�2 = max(�1;2; Vl�)~�3 = max(�3; Vn�)~�4 = max(�4; Vn�) (3.5)



Section 3.3. CUSP Dissipation Model 17Vl and Vn can be set to zero for subsonic 
ows, but �nite values are needed for transonic
ows. Commonly used values are Vl = 0:025 and Vn = 0:25, but for some cases values ashigh as 0.3 are required.The matrix scheme requires the evaluation of the matrix-vector product jAj�Qwhich adds considerable computational expense over the scalar scheme. A direct method ofevaluating the matrix-vector product [8] is implemented in the algorithm in order to reducethe expense.3.3 CUSP Dissipation ModelThe CUSP [12, 13] scheme is formulated by a combination of di�erences of the stateand 
ux vectors. Two di�erent CUSP schemes have been developed, HCUSP and ECUSP.HCUSP conserves stagnation enthalpy for steady 
ows and was studied by Swanson etal. [17]. In this study only the ECUSP version is considered, and for the remainder ofthis study ECUSP is referred to as the CUSP scheme. The scheme is implemented inconjunction with the SLIP limiter [12]. Speci�c details pertaining to the implementation ofthe CUSP scheme in the solver SC1 [19] are outlined in Appendix C. To better understandthe implementation of the scheme in SC1, the scheme is �rst introduced for the 1-D Eulerequations.3.3.1 CUSP Fundamentals in 1-DConsider the 1-D Euler equations written in semi-discrete form�xdqjdt + hj+ 12 � hj� 12 = 0 (3.6)where qj is the state vector � � �u e �T , and hj+ 12 is the numerical 
ux between nodesj and j + 1. The numerical 
ux is given byhj+ 12 = 12 (fj+1 + fj)� dj+ 12 (3.7)where f = 2664 ��u2 + pu (e+ p) 3775 (3.8)



18 Chapter 3. Numerical Dissipation Modelsand d is the numerical dissipation vector. Note that this representation gives a centraldi�erence formulation for the spatial discretization of the 
uxes, plus a dissipative term atnode j given by dj = dj+ 12 � dj� 12 .A general form of the numerical dissipation vector can be written asdj+ 12 = �j+ 12Bj+ 12 (qj+1 � qj) + �j+ 12 (fj+1 � fj) (3.9)The scalar scheme described in section 3.1 is obtained from Eq. 3.9 by setting Bj+ 12 = �j+ 12 ,where � is the spectral radius of the 
ux Jacobian, �j+ 12 = 0, and �j+ 12 is a user selectedscaling factor. Matrix dissipation is obtained by setting Bj+ 12 = ���Aj+ 12 ��� and �j+ 12 = 0. Notethat the numerical dissipation given in Eq. 3.9 is only �rst-order accurate unless appropriateanti-dissipative terms are introduced which is discussed in section 3.3.3.The CUSP scheme is obtained from Eq. 3.9 by rewriting it in the following formdj+ 12 = 12�?j+ 12 c (qj+1 � qj) + 12�j+ 12 (fj+1 � fj) (3.10)where c represents the local speed of sound, and �? and � are scalar coe�cients. Thus,the scheme is a linear combination of the state and 
ux vectors and does not contain anymatrix-vector products. The coe�cients �? and � are chosen such that the CUSP schemesatis�es the following criteria:1. Obtain shock structures with a single interior point.2. Introduce enough dissipation to ensure stability, but do not pollute the solution withexcessive dissipation.Jameson [12] shows that a single-point stationary shock is obtained by numericaldissipation schemes which:1. Produce a �rst-order upwind 
ux for supersonic 
ow.2. Satisfy a generalized eigenvalue problem for the exit from the shock of the form(AAR + �ARBAR) (qR � qA) = 0 (3.11)where the subscript A denotes a state within the shock, and subscript R denotes thestate downstream of the shock.



Section 3.3. CUSP Dissipation Model 19For supersonic 
ows, choosing the coe�cients �?j+ 12 = 0 and �j+ 12 = sign(M), theCUSP scheme with the centered-di�erence spatial operator becomes a �rst-order upwindscheme. Next, the coe�cients are chosen to satisfy the generalized eigenvalue problem. For
ows where 0 � M � 1, the following expression is obtained when the left and right 
uxvectors are in equilibrium at the exit from a stationary shockAAR (qR � qA) = � �?j+ 12 c1 + �j+ 12 (qR � qA) (3.12)The eigenvalues of AAR, the 
ux Jacobian matrix, are u, u + c, and u� c. Since
ows with u > 0 require positive dissipation, the eigenvalue u � c is selected. Thus, thecoe�cients �? and � are related by � �?c1 + � = u� c (3.13)Rearranging for �?, the following relation is obtained�? = (1 + �) (1�M) (3.14)For a 
ow region where �1 �M � 0, Eq. 3.14 becomes�? = (1� �) (1 +M) (3.15)With Eq. 3.14 and Eq. 3.15, the CUSP scheme meets the criteria for a single interior pointshock structure. Coe�cient � is now selected to ful�ll the second criterion regarding theaccuracy of the dissipation scheme.First, it should be noted that the 
ux vector f consists of two physically distinctparts, namely convective and pressure terms:f = u0BB@ ��ue 1CCA+0BB@ 0pup 1CCA = uq + fp (3.16)The convective terms are transported by the 
ow velocity, while the pressure 
ux terms aregoverned by the acoustic wave speeds [14]. Jameson [13] de�nes the total e�ective coe�cientof convective dissipation (�) as �c = �?c+ ��u (3.17)



20 Chapter 3. Numerical Dissipation Modelswhere �u is the arithmetic mean 
ow velocity. Eq. 3.17 is obtained by splitting the 
ux termsin Eq. 3.10 and collecting the terms containing the state vector.For low dissipation near stagnation points and within boundary layers select �c =�u. This choice also leads to smooth upwinding since the dissipation is continuous across asonic line. Combining Eq. 3.14, Eq. 3.15, and Eq. 3.17, the � coe�cient becomes� = 8>>><>>>: max�0; u+��u���� if 0 �M � 1�max�0; u+�+u��+� if �1 �M < 0sign(M) if jM j > 1 (3.18)where �� = u� cThe Roe average is used to determine u and c, and thus M = u=c.The `max' function in Eq. 3.18 forces � to equal zero when the local Mach numberis less than 0:5, in order to prevent the dissipation from becoming anti-dissipative. Withoutthe `max' function, � would be less than zero when M < 0:5, which could cause stabilityproblems. Hence, for Mach numbers below 0:5, the CUSP scheme is a scalar scheme withMach number scaling. Note that when � = 0, the CUSP scheme does not satisfy thegeneralized eigenvalue problem given in Eq. 3.11 at the exit from a shock. Consequently,oscillation-free, one-point shock structures are not attainable when the exit Mach numberis below 0:5. It is important to realize that Eq. 3.17 should be used to determine �? ratherthan Eqs. 3.14 and 3.15.Swanson et al. [17] point out that the � function could be modi�ed such that evenstronger shocks are captured properly. For example, if �c = 2�u then � = max(0; (2�u +��)=(�u���)) which would allow one point shock capturing for shock exit Mach number of1=3. However, in practical aerodynamic 
ows, shocks with exit Mach numbers less than 0:5are rare. For example, the test cases studied in chapter 4 indicate that this modi�cationis not necessary. Further, de�ning �c = 2�u means that for 
ow regions when � = 0, thedissipation is twice the original amount which may overdissipate the boundary layer.Lastly, Jameson [13] suggests that near stagnation points it is sometimes necessaryto modify � such that � = 12 ��0 + M2�0 � when jM j is smaller than �0. This modi�cationmay be necessary when solving the Euler equations in regions where �u � 0, but for thethin-layer Navier-Stokes equations it was not required.



Section 3.3. CUSP Dissipation Model 21The coe�cients �? and � have now been chosen such that both the shock capturingand accuracy criteria are satis�ed. Unlike the scalar and matrix schemes, the �rst-orderCUSP scheme has no user selected parameters. The choice of �? and � allows capturingof oscillation-free shocks with one interior point, but the CUSP scheme is not a total-variation-diminishing (TVD) scheme. The following section examines the TVD propertiesof the CUSP scheme when applied to the 1-D Euler equations.3.3.2 Is CUSP TVD?To explore TVD or LED (Local Extremum Diminishing) [12] properties of theCUSP scheme, introduce a characteristic decomposition and assume frozen Jacobians. Roelinearization is used to write the CUSP scheme (Eq. 3.10) in the following form:dj+ 12 = TMj+ 12T�1 (qj+1 � qj) (3.19)where M is a diagonal matrix with eigenvalues �1c, �2c, and �3c given by�1 = jM j�2 = 8>><>>: jM j if jM j < 12�+ � if 12 � jM j � 1jM + 1j if jM j > 1�3 = 8>><>>: jM j if jM j < 12�� � if 12 � jM j � 1jM � 1j if jM j > 1Sub Eq. 3.19 into Eq. 3.6 to obtain the following semi-discrete form:dqjdt = � 12�x �Aj+ 12�qj+ 12 +Aj� 12�qj� 12� TMj+ 12T�1�qj+ 12 + TMj� 12T�1�qj� 12� (3.20)where �qj+ 12 = qj+1 � qjDiagonalize the 
ux Jacobians in Eq. 3.20 and factor to obtain,dqjdt = 12�x hT �Mj+ 12 � �j+ 12� T�1�qj+ 12 � T ��j� 12 +Mj� 12�T�1�qj� 12 i (3.21)



22 Chapter 3. Numerical Dissipation Modelswhere � is a diagonal matrix with eigenvalues u, u + c, and u � c. In order for the CUSPscheme to satisfy the TVD criteria, both coe�cients in front of the �q's must be � 0.To test whether the CUSP scheme satis�es the TVD criteria consider the followingexamples: 1) subsonic 
ow with 0 < u < c2 , 2) subsonic 
ow with c2 � u � c, and 3)supersonic 
ow with u > c. For case 1, the matrices in Eq. 3.21 becomeMj+ 12 � �j+ 12 = 2664 u 0 00 u 00 0 u 3775� 2664 u 0 00 u+ c 00 0 u� c 3775 = 2664 0 0 00 �c 00 0 c 3775 (3.22)and Mj� 12 +�j� 12 = 2664 2u 0 00 2u+ c 00 0 2u� c 3775 (3.23)Thus, for subsonic 
ows with M < 0:5 the positivity of the coe�cients in front of thecharacteristic variables is not satis�ed, and consequently, the scheme is not TVD.For case 2, where c2 � u � c, the following results are obtained,Mj+ 12 � �j+ 12 =2664 u 0 00 (�+ �)c 00 0 (�� �)c 3775� 2664 u 0 00 u+ c 00 0 u� c 3775 =2664 0 0 00 2(u� c) 00 0 2(c� u) 3775 (3.24)and Mj� 12 +�j� 12 = 2664 2u 0 00 4u 00 0 0 3775 (3.25)Again, the scheme is not TVD. The coe�cient for �qj+ 12 (Eq. 3.24) does not satisfy thepositivity requirement, but the second coe�cient (Eq. 3.25) remains positive in the selectedMach number range.



Section 3.3. CUSP Dissipation Model 23For the supersonic case 3, positivity is enforced for the corresponding characteristicvariable as is shown below,Mj+ 12 � �j+ 12 = 2664 u 0 00 u+ c 00 0 u� c 3775� 2664 u 0 00 u+ c 00 0 u� c 3775 = 0 (3.26)and Mj� 12 +�j� 12 = 2664 2u 0 00 2(u+ c) 00 0 2(u� c) 3775 (3.27)Therefore, for this case the scheme is TVD as both coe�cients are � 0. This is expectedsince the coe�cients �? and � were selected such that the scheme becomes a �rst-orderupwind scheme for supersonic 
ow.Consequences of the fact that the CUSP scheme is not TVD for subsonic 
ow areillustrated in Fig. 3.1. The �gure shows the Mach number pro�le for a quasi 1-D 
ow througha duct with a sudden area change. The �rst-order CUSP scheme produces oscillationsat the discontinuity, while with the �rst-order matrix and scalar schemes oscillation-freesolutions are obtained. The matrix scheme captures the discontinuity particularly well,and both the CUSP and matrix schemes produce a more accurate solution downstream ofthe discontinuity due to lower dissipation. These results were obtained by setting the userselected coe�cient �2 = 1:0 for both the scalar and matrix schemes.In the next section, the CUSP scheme is implemented into SC1 [19]. Also, theCUSP scheme is expanded to obtain third-order dissipation in smooth regions of the 
ow.Appropriate 
ux limiter and anti-dissipation terms are added to the scheme.3.3.3 SC1 and CUSPThe implementation of the CUSP scheme with SC1 follows directly from the con-cepts introduced in section 3.3.1 for 1-D. Special attention is given to Roe linearizationand the curvilinear coordinates. For the � direction, the �rst-order CUSP scheme, given byEq. 3.10, is modi�ed as followsdj+ 12 ;k = 12J�1j+ 12 ;k�?j+ 12 ;k � ~Qj+1;k � ~Qj;k�+ 12J�1j+ 12 ;k�j+ 12�Ej+ 12 ;k (3.28)
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Figure 3.1: Subsonic 
ow through a tapered duct with a step area change.



Section 3.3. CUSP Dissipation Model 25where �Ej+ 12 ;k = �xj+12 ;k � bEj+1;k � bEj;k�+ �yj+12 ;k � bFj+1;k � bFj;k�and ~Q = J �Q. The metrics at the half nodes are evaluated with a simple average. The 
uxvectors bE and bF denote the 
ux vectors in Cartesian coordinates given by,bE = 2666664 �u�u2 + p�uvu(e+ p)
3777775 (3.29)

bF = 2666664 �v�vu�v2 + pv(e+ p)
3777775 (3.30)The parameters �? and � are given by�? = ��U ��� �U (3.31)

� =8>>><>>>: max�0; U+��U���� if 0 �M � 1�max�0; U+�+U��+� if �1 �M < 0sign(M) if jM j > 1 (3.32)where �� = U � cq�2x + �2yNote that U is the arithmetic mean contravariant velocity, while the eigenvalues �� aredetermined by Roe linearization.To construct a higher-order CUSP scheme, limiters are added which activate near
ow discontinuities. The purpose of a limiter is to blend �rst- and third-order dissipation inorder to resolve 
ow discontinuities such as shock waves without oscillations yet maintainhigh accuracy of the solver in smooth regions of the 
ow. The pressure switch given inEq. 3.1 is used for this purpose in the scalar and matrix schemes. Since the switch is onlysensitive to pressure, it works fairly well for capturing discontinuities such as shocks, but



26 Chapter 3. Numerical Dissipation Modelsother discontinuities, such as a contact surface, are invisible to a pressure switch. In orderto make the switch more universal and to improve its performance, Jameson [12] introducedthe following family of SLIP (Symmetric Limited Positive) limiter functionsR(u; v) = 1� ���� u� vjuj+ jvj ����q (3.33)where q � 2, and u and v are de�ned later. Various values of q were evaluated and goodperformance is obtained with q = 2.A higher-order CUSP scheme is obtained by de�ning the limited average,L(u; v) = 12R(u; v) (u+ v) (3.34)and then constructing the appropriate left and right states for each variable,~Q(n)L = ~Q(n)j + 12L�� ~Q(n)j+ 32 ;k;� ~Q(n)j� 12 ;k�~Q(n)R = ~Q(n)j+1 � 12L�� ~Q(n)j+ 32 ;k;� ~Q(n)j� 12 ;k� (3.35)where the superscript n represents the nth element of the state vector. Consequently, thedissipative 
ux becomesdj+ 12 ;k = 12J�1j+ 12 ;k�?j+ 12 ;k � ~QR;k � ~QL;k�+ 12J�1j+ 12 ;k�j+ 12�E( ~QR;Lj+12 ;k) (3.36)where�E( ~QR;Lj+12 ;k) = �xj+12 ;k � bE( ~QR;k)� bE( ~QL;k)�+ �yj+12 ;k � bF ( ~QR;k)� bF ( ~QL;k)�(3.37)An analogous term appears in the � direction.The scalar and matrix schemes presented in sections 3.1 and 3.2 use two coe�-cients, �2 and �4, which are user selected. Comparison of the scalar scheme with the CUSPscheme reveals that for CUSP similar `e�ective' coe�cients can be obtained. For CUSP,�2 = 12 in order to obtain upwinding in supersonic 
ow. To obtain �4, take out the factorof 12 from Eq. 3.34 which forces �4 = �2 � 12 = 14 . For the scalar scheme �4 = 2 � 0:01 = 0:02,which is signi�cantly smaller than the CUSP scheme. Further, note that the dissipation isscaled by jM + 1jc for the scalar scheme compared to jM jc for the CUSP scheme. Thus,at low Mach numbers (i.e. near a solid surface), CUSP is less dissipative than the scalarscheme, and see section 3.4.2 for further discussion regarding the impact of the coe�cients.



Section 3.3. CUSP Dissipation Model 27The function of the coe�cient �4 is only to provide su�cient dissipation for stabil-ity. Therefore, the dependence of �4 on �2 in the CUSP scheme is not desirable. Swansonet al. [17] introduce a free parameter which scales the third-order CUSP dissipation inde-pendent of �2. The parameter modi�es the limited average as follows,L(u; v; w) = 12R(u;w) �(1� �4) v + �4 (u+ w)2 � (3.38)with the new left and right states determined by~Q(n)L = ~Q(n)j + 12L�� ~Q(n)j+ 32 ;k;� ~Q(n)j+ 12 ;k;� ~Q(n)j� 12 ;k�~Q(n)R = ~Q(n)j+1 � 12L�� ~Q(n)j+ 32 ;k;� ~Q(n)j+ 12 ;k;� ~Q(n)j� 12 ;k� (3.39)If �4 = 1 the original scheme is obtained. The advantage of the new parameter is thatit can potentially increase the accuracy of CUSP. The possible disadvantages are that thecoe�cient may be case sensitive and selecting inappropriate values may result in divergenceof the solver. Swanson et al. [17] note that for values of �4 below 14 convergence problemsoccur. The action of the limiter given in Eq. 3.33 is illustrated in Fig. 3.2. Near a 
owdiscontinuity, u and v have opposite signs and therefore R(u; v)! 0. In smooth regions ofthe 
ow R(u; v) ! 1, which provides third-order dissipation. A problem with this limiterfunction is that it is insensitive to the relative magnitudes of u and v, as is shown inFig. 3.2b. In near constant regions of the 
ow �eld, small 
uctuations in u and v cantrigger the limiter randomly, which may stall the convergence of the solution. One way toovercome this di�culty is to freeze the limiter once the convergence rate stalls. A betterapproach is suggested by Jameson [12], who follows the work of Venkatakrishnan [11]. Thelimiter function is modi�ed as follows,R(u; v) = 1� ������ u� vmax�juj+ jvj ; ("�x) 32�������q (3.40)where �x =qx2� + x2�This `soft limiter' introduces a threshold below which �rst-order dissipation is not activated,and therefore, triggering of the limiter for small extrema does not occur. For inappropriate
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(b) Small di�erences in u and v.Figure 3.2: Jameson's original limiter function.values of ", the resulting threshold may be too high, and consequently, visible oscillationsmay develop around discontinuities. Venkatakrishnan [11] suggests values for " between 1:0and 5:0. The value of " = 5:0 produces successful results, and this limiter is referred to asthe V limiter.We also modi�ed Eq. 3.33 to create a new limiter which is shown below,R(u; v) = 1� ����� u� vjuj+ jvj+ "juj+jvj �����q (3.41)In this case, the parameter " controls the activation of the limiter. For transonic 
ows,appropriate values for " are between 10�2 to 10�4, the smaller the value, the more �rst-order dissipation is used. Best results are obtained with " = 10�3. This limiter is referredas the Z limiter. Note that this limiter requires less expense than the V limiter.On the left-hand-side of the implicit approximately factored algorithm, we usethe diagonal form. The eigenvalues associated with the CUSP scheme, which are given inEq. 3.19, and the appropriate limiter values are added to the diagonal entries.3.4 Local Preconditioning and Numerical DissipationUnrau and Zingg [5] showed that two signi�cant improvements were made withthe preconditioned algorithm: 1) faster convergence, and 2) increased accuracy for lowMach number 
ow. In order to realize these gains the numerical dissipation should be



Section 3.4. Local Preconditioning and Numerical Dissipation 29modi�ed to re
ect the preconditioned system of equations. The following section brie
yexplains the modi�cations to the scalar scheme, and this chapter concludes by explainingthe preconditioned CUSP algorithm.3.4.1 Preconditioned Scalar SchemeThe 
ux Jacobians of the preconditioned system are ��1A and ��1B. Conse-quently, the spectral radius of the preconditioned 
ux Jacobian is used for scaling thedissipation scheme as follows,��Ej;k = Ej+1;k �Ej�1;k2�� �r�D1D2 (3.42)where D1 = 2�j+ 12 ;k�j+ 12 ;kJ�1j+ 12 ;k�j;k = 12(1 + �) jU�j+ 12q(�� 1)2U2� + 4� ��2x + �2y� c2with the remaining variables unchanged from Eq. 3.1, and � is de�ned in Eq. 2.29. Note thatthe preconditioned spectral radius is a function of ���1A�, and therefore, the multiplicationby � in the term D1 is necessary in order to be consistent with the 
ux vector E. On theleft-hand-side, the preconditioned spectral radii are used in place of the original spectralradii. The di�culties associated with the scalar model, such as the excessive dissipationin the boundary layer, are greatly reduced with the preconditioned spectral radius. In lowspeed 
ow, the acoustic velocity dominates the original spectral radius and causes excessivedissipation, which scales with jM + 1jc. The preconditioned spectral radius does not havethis problem, and the scaling is proportional to jM jc.Before introducing the preconditioned CUSP dissipation scheme, it is insightful toclosely examine the e�ect of multiplying the dissipation vector by the matrix �. In orderto simplify the analysis, we use the 1-D Euler equations de�ned in section 3.3.1. The orderof magnitude of the elements in the � matrix, state vector, and 
ux vector is expressed interms of �. Recall that e�ective low Mach number preconditioning is obtained with � =M2.



30 Chapter 3. Numerical Dissipation ModelsThe entries in the � matrix in terms of the order of � are� =M �̂M�1 = 26664 0(1) 0��� 12� 0 ���1�0(�) 0 (1) 0��� 12�0(1) 0��� 12� 0 ���1� 37775 (3.43)For low Mach number 
ows, the changes in the state vector scale with � as follows,�q = 2664 ����u�e 3775 = 2664 0(�)0�� 12�0(�) 3775 (3.44)Thus, the product ��q becomes ��q = 2664 0(1)0�� 12�0(1) 3775 (3.45)The order of magnitude for the preconditioned spectral radius is 0(� 12 ). Therefore,the �rst-order scalar dissipation can be expressed in terms of the order of � as follows,���q = 26664 0�� 12�0 (�)0�� 12� 37775 (3.46)The same relation is also obtained for the CUSP scheme.The order of the dissipation vector should be the same as the 
ux vector. This isindeed the case, since the order of magnitude for the 
ux vector is�f = 2664 ��u�(�u2 + p)�u(e+ p) 3775 = 26664 0�� 12�0 (�)0�� 12� 37775 (3.47)Hence the scaling on the dissipation terms is consistent with the scaling on the 
ux terms.It is interesting to note that if there is no premultiplication by � then��q = 26664 0�� 32�0 (�)0�� 32� 37775 (3.48)In this case, the mass and energy conservation equations may not have enough dissipationwhich could cause poor convergence.



Section 3.4. Local Preconditioning and Numerical Dissipation 313.4.2 Preconditioned CUSP SchemeUnrau and Zingg [5] show that local preconditioning is most e�ective for 
ows withfreestream Mach numbers below 0:3. In this region, the CUSP scheme reduces to scalardissipation, with the scaling proportional to jM jc. Swanson et al. [17] note that with thisscaling, CUSP dissipation is well suited for local preconditioning, since a similar scaling isused by the preconditioned scalar scheme, provided that the dissipation is augmented bythe preconditioning matrix.Therefore, the �rst-order CUSP scheme for the preconditioned algorithm is givenby dj+ 12 ;k = 12�?j+ 12 ;k�j+ 12 ;kJ�1j+ 12 ;k (Qj+1;k �Qj;k) (3.49)where �? = �UHigher-order CUSP scheme is constructed as outlined in section 3.3.3. Tweedt et al. [18]obtain �U from the left and right states given by Eqs. 3.39. In the present work, thearithmetic mean is used to compute �U . Both V and Z limiters can be used with thescheme; however, the subsonic test case studied did not require these limiters. Note thatthe multiplication by the preconditioner � is necessary to ensure appropriate scaling of thedissipation for the mass and energy equations, as the analysis in section 3.4.1 reveals.Lastly, it is interesting to compare the magnitude of the user-selected coe�cient ofthe preconditioned scalar scheme with the `e�ective' coe�cient of the preconditioned CUSPscheme. For CUSP dissipation, the third-order coe�cient consists of the following contri-butions: 12 from Eq. 3.49, 12 from the implementation of the anti-di�usive terms (Eq. 3.34),and the user-selected value of �4. In the present work, �4 = 1 is generally used to ensuregood convergence, hence the e�ective coe�cient premultiplying �U is 14 . For the precondi-tioned scalar scheme, the factor of 0:02 is the same as obtained in section 3.3.3. However,in the limit of � ! 0, the preconditioned spectral radius adds a factor of 12 �1 +p5�, andtherefore, the scaling coe�cient for the scalar scheme becomes 0:03. Although the coe�-cient of the scalar scheme is smaller than the CUSP coe�cient, the results indicate thatthe CUSP scheme introduces far less dissipation. This is due to the fact that for grids withcells which are reasonably aligned with the 
ow, �? is smaller in the normal direction when



32 Chapter 3. Numerical Dissipation Modelscompared with the preconditioned spectral radius of the scalar scheme, where � is based onthe 
ow Mach number. This is also true for the original CUSP and scalar schemes, since thecontribution of the spectral radius is large in both � and � directions for the scalar schemedue to the presence of the speed of sound.



Chapter 4
Results and DiscussionResults are presented for the test cases outlined in the following section. Thetables and �gures of this chapter are shown in Appendices A and B, respectively.4.1 Overview of Test Cases and Grid DetailsComputational results are presented for the following test cases:1. NACA 0012 airfoil at M1 = 0:16, � = 0�, Re = 2:88 � 106, transition at 0.43 chordson both surfaces.2. NACA 0012 airfoil at M1 = 0:16, �corr = 6�, Re = 2:88� 106, transition at 0.05 and0.8 chords on the upper and lower surfaces, respectively.3. NACA 0012 airfoil at M1corr = 0:7, �corr = 3�, Re = 9:0 � 106, transition at 0.05chords on both surfaces.4. RAE 2822 airfoil at M1corr = 0:729, �corr = 2:31�, Re = 6:5� 106, transition at 0.03chords on both surfaces.5. RAE 2822 airfoil at M1corr = 0:754, �corr = 2:57�, Re = 6:2� 106, transition at 0.03chords on both surfaces.6. NACA 0012 airfoil at M1 = 0:01; 0:05; 0:1; 0:2; 0:3; 0:4, � = 2:0�, Re = 2:88 � 106,transition at 0.05 and 0.25 on the upper and lower surfaces, respectively.33



34 Chapter 4. Results and DiscussionSeveral grids are used to evaluate the test cases. The grids are summarized inTable A.1 and all have a `C' topology. In Table A.1, `JDIM' represents the number of pointsin the streamwise direction, `KDIM' represents the number of points in the normal direction,`Body Points' represents the number of points on the body, `Wake Points' represents thenumber of points in the wake, and `O�-Wall Spacing' is the normal spacing to the �rst gridline o� of the surface in chords. The distance to the outer boundary is 12 chords for allgrids. The leading and trailing edge clustering for grid A is 0:0001 chords. Grid B wasproduced by removing every second node from grid A. Grid D was obtained by removingevery second node from a larger grid having 497 � 97 nodes with an o�-wall spacing of1 � 10�6 and clustering the same as for grid A7A. Grid P is discussed in greater detail insection 4.4. The grids were generated using a hyperbolic grid generator; two samples areshown in Fig. B.1.Reference solutions which are considered grid independent were obtained froma grid having approximately 500,000 nodes and are shown in Table A.2 for the �rst �vetest cases. The grid contained 1057 nodes in the streamwise direction, 497 nodes in thenormal direction, 801 points on the body, 129 points in the wake, and an o�-wall spacing of2:3 � 10�7 chords. The reference solutions are used to estimate numerical errors (given as% error) in lift, drag, and the individual drag components, pressure drag and friction dragon the coarser grids. The values given in Table A.2 were obtained with matrix dissipation.4.2 Parameter StudiesTwo free parameters were introduced in section 3.3 for the CUSP scheme, namely�4 and ". The parameter �4 scales the third-order dissipation, while " is used to preventrandom triggering of the limiter. Various values of these parameters were evaluated forthe �rst �ve test cases and similar results were obtained. In the following sections, theparameter studies are presented for cases 1 and 3 to justify the selection of optimal valuesof �4 and " used later to evaluate accuracy.4.2.1 Test Case 1 - Subsonic FlowThis case was used to examine the e�ect of �4 on the solution without the in-terference from a limiter. The results are presented for grid D. Limiters are not requiredsince the subsonic 
ow �eld does not contain any discontinuities. Recall that the original



Section 4.2. Parameter Studies 35CUSP scheme is obtained when �4 = 1:0. Reducing the value of �4 reduces the amountof third-order dissipation, and therefore, has the potential to increase the accuracy of thesolution. However, lower dissipation may have a negative impact on the convergence rate.A number of numerical experiments were carried out to determine the optimal value of �4.Table A.3 summarizes the results as �4 is reduced from 1:0 to 0:1 with the limiterturned o�. These results indicate that as �4 is reduced, the error in drag and individual dragcomponents becomes larger. Hence, reducing the dissipation did not improve the accuracyof the solution. Frew and Zingg [10] note that errors in global quantities, such as drag givenin Table A.3, must be assessed with care since cancellations are possible on several levels.First, the error from numerical dissipation can cause an error of opposite sign to that fromthe truncation error of the centered di�erence scheme. Second, the local error can vary insign in di�erent portions of the 
ow �eld. Finally, the pressure and friction drag errors canbe of opposite sign. In this case, it appears that even with �4 = 1:0 the truncation erroralready dominates the drag calculation. By reducing the dissipation further the truncationerror becomes larger relative to the dissipation, and consequently, less accurate results areobtained. The convergence rate was not signi�cantly a�ected down to �4 = 0:25, however,for �4 = 0:1 the solution diverged.Comparison of the CUSP scheme with �4 = 1:0 to matrix dissipation with Vn =Vl = 0 reveals that the results are very similar, as shown in Table A.3. Note that withVn = Vl = 0 the dissipation is minimum for the matrix scheme, although further numeri-cal experiments may be required to ensure that current value of �4 is optimal for matrixdissipation. Hence, it appears that the CUSP scheme can provide less dissipation (withsu�ciently small �4) than the matrix scheme. This could be useful if higher-order schemesare implemented which have a lower truncation error than the present second-order solver.With no limiting and values of �4 below 0:5, a minor oscillation develops in theCp plot around the transition points, as shown in Fig. B.2 where the symbol `k(4)' denotes�4. In order to eliminate the oscillations, limiting was introduced which added �rst-orderdissipation to the solution. Both, the V and Z limiters, de�ned in section 3.3.3, eliminatedthe oscillation, as shown in Fig. B.3 where the symbol `eps' represents the parameter " forthe corresponding limiter.Activating the limiter has an e�ect on the accuracy of the solution which is shownin Table A.4 for two values of " per limiter and �4 = 0:25. Results presented in Table A.4must be interpreted carefully. With the limiter activated, �rst-order dissipation is intro-



36 Chapter 4. Results and Discussionduced to the 
ow, which in this case favorably cancels the truncation error resulting in lowerdrag errors. Note that with the limiter and low �4 the results are not signi�cantly di�erentfrom the results obtained with no limiting and �4 = 1:0. Further, activating the limiteradds considerable computational expense, as discussed in section 4.5. Thus for subsonic
ows, best results are obtained without limiting and with �4 = 1:0.4.2.2 Test Case 3 - Transonic FlowTransonic 
ows require limiters to activate in the region of 
ow discontinuities,such as shocks, to ensure good convergence rates and to preserve the monotonicity of thesolution. For the V and Z limiters introduced in Eqs. 3.40 and 3.41 a value of " mustbe selected such that limit cycles are avoided yet reasonably oscillation-free shocks areobtained. A parameter search was performed to �nd values of " and �4 for which accuracy,shock capturing, and convergence are optimum. First, with �4 held constant at 1:0, a valuefor " was selected. Next, the value of �4 was reduced to see if the solution can be furtherimproved.Various values of " were evaluated for the V and Z limiters. The accuracy resultsfor grid D are shown in Table A.5. Note that for both limiters, more �rst-order dissipationis introduced as " is reduced. Smallest errors in the aerodynamic coe�cients were obtainedwith relatively large values of ", speci�cally 20:0 with the V limiter, and 0:01 for the Zlimiter. With these values, the limiters introduce less �rst-order dissipation, and therefore,greater accuracy is achieved. Values of " below 1 � 10�4 for the Z limiter and 5:0 for theV limiter yield large errors in drag when compared to the matrix scheme. Pressure dragis more sensitive to " than skin friction drag. Note that for this case, matrix dissipationpredicts the skin friction drag coe�cient more accurately than the CUSP scheme.Shock capturing for the same range of " values as given in Table A.5 was examinedfor both limiters and the results are shown in Figs. B.4 and B.5. Shocks with two interiorpoints are obtained for all values of ". For the V limiter, values of " should not exceed 10:0,while for the Z limiter, the values should be kept below 0:01 in order to obtain oscillation-free shocks. Note that the CUSP scheme with the limiters resolves shocks better than thematrix scheme with the pressure switch.Lastly, the e�ect of " on the convergence rate of the solver was evaluated. Fig. B.6shows the convergence rate for both limiters. For the V limiter, best convergence rates were



Section 4.3. Accuracy Studies 37obtained for values of " equal to 3:0 and 5:0. For the Z limiter, the convergence rate stalledfor values of " below 1 � 10�3. Generally, if the convergence rate stalls as the residualpasses through the �rst two orders of magnitude, the limiter is trapped in a limit cycle. Forthe cases shown in Fig. B.6, the stall in the convergence rate is due to the Baldwin-Lomaxturbulence model, and in order to converge the solution further the turbulence model mustbe frozen.Hence, in terms of accuracy, shock capturing, and convergence rate, the V Limiterperforms well with values of " between 3.0 and 10.0, while the Z limiter performs well withvalues of " between 1 � 10�2 and 1 � 10�4. Similar results were observed for the othertransonic test cases. The optimal values of " were chosen to be 5:0 for the V limiter, and1� 10�3 for the Z limiter.Having selected ", the parameter �4 was reduced from 1:0 in order to test if theaccuracy of the solution can be improved. Unfortunately, this was not the case. For valuesof �4 below 0:5 the solution diverged, and for �4 greater than 0:5 the improvements inaccuracy were insigni�cant. This may be due to the fact that for transonic cases �rst-order dissipation and the shock-induced separation region heavily in
uence the accuracyof the solution. Therefore, the use of �4 other than 1.0 is not recommended for transoniccalculations.4.3 Accuracy StudiesOptimal values for " and �4 were selected in section 4.2 for both subsonic andtransonic 
ow. With those parameters, the CUSP scheme is evaluated for the test cases1 � 5 with a focus on accuracy, shock capturing, and convergence rate. The results arecompared to the matrix and scalar dissipation models.4.3.1 Subsonic CasesThe 
ow �eld for cases 1 and 2 is subsonic and does not contain any discontinuities.Therefore, it is possible to study the performance of third-order dissipation alone, withoutthe in
uence from �rst-order dissipation. Consequently, the user selected parameters forscalar and matrix dissipation were set to �2 = 0 and �4 = 0:64. For matrix dissipation,values of Vn = Vl = 0 were used. For CUSP dissipation, limiters were not activated(R(u; v) = 1), and �4 = 1.



38 Chapter 4. Results and DiscussionTable A.6 shows the numerical errors in drag obtained for case 1. The entries givethe percent di�erence in the drag coe�cient, Cd, the pressure drag component, Cdp , and thefriction drag component, Cdf , from the grid-independent result given in Table A.2. First,it should be noted that both matrix and CUSP dissipation lead to a marked reduction inerror when compared to scalar dissipation. This is especially evident on the coarser grid D.Second, the values obtained using CUSP dissipation are very similar to those obtained withmatrix dissipation. The results suggest that to obtain aerodynamic coe�cients to within1% of the converged values, a grid with 24; 000 nodes (grid B) is required.The numerical errors shown in Table A.6 consist of the second-order truncationerror of the centered di�erence scheme and the third-order numerical dissipation. The local
ux balance of the convective 
ux, the viscous 
ux, and the numerical dissipation is used todistinguish between these two contributions. In boundary layers, the streamwise momentumequation is typically most revealing.Fig. B.7 shows the x-momentum 
ux balance for case 1 computed on grid B usingthe scalar, matrix, and CUSP numerical dissipation models respectively. The station shownis at x=c = 0:24 where the 
ow is laminar and the boundary layer thickness is roughly 0.002chords. There are approximately 45 points across the boundary layer. Ideally, the viscous
ux should balance the convective 
ux with only a minimal contribution from the numericaldissipation. This is best shown in Fig. B.7b for matrix dissipation. The performance of theCUSP scheme, Fig. B.7c, is similar to matrix dissipation, with some di�erences just outsideof the boundary layer. These di�erences are attributed to the higher e�ective coe�cientfor the third-order dissipation of the CUSP scheme when compared to the matrix scheme,as discussed in section 3.3.3. With the scalar dissipation model, the numerical dissipationexceeds the viscous 
ux through much of the boundary layer. Note that the in
uence ofthe scalar dissipation model is particularly large for this case as a result of the low Machnumber. Fig. B.8 shows the x-momentum 
ux balance at station x=c = 0:6 on grid B forcase 1. Here, the 
ow is turbulent and the boundary layer thickness is 0.008 chords. Thereare roughly 55 points across the boundary layer. Both CUSP and matrix dissipation obtainexcellent 
ux balances. Scalar dissipation introduces too much dissipation in the boundarylayer, and consequently, poor 
ux balances are obtained.The boundary layer velocity pro�les are shown in Fig. B.9. The matrix and CUSPschemes produce very similar pro�les, in both the laminar and turbulent regions of the 
ow.



Section 4.3. Accuracy Studies 39These results are not surprising, since both schemes obtained good 
ux balances. For thescalar model at station x=c = 0:24, note the aphysical overshoot in the outer portion of theboundary layer, which was also observed by Frew and Zingg [10]. The turbulent boundarylayer, Fig. B.9b, is relatively thick and extends into a coarse region of the grid. At theturbulent station, scalar dissipation underpredicts the velocity, while CUSP and matrixdissipation both overpredict the velocity. Note the overshoot with scalar dissipation at theexit from the boundary layer. The solution labeled as `reference' was obtained on the �nestgrid (500; 000 nodes).Accurate prediction of skin friction drag depends on the boundary layer velocitypro�le. The skin friction coe�cient, normalized by the freestream dynamic pressure, isshown in Fig. B.10 for case 1. On the intermediate grid B, Fig. B.10a, scalar dissipationproduces a skin friction coe�cient which is too high in the laminar portion of the 
ow andtoo low in the turbulent portion of the 
ow. Both matrix and CUSP schemes obtain resultswhich are much closer to the reference solution. The CUSP scheme captures the transitionfrom the laminar to turbulent 
ow slightly better. In Fig. B.10b, the skin friction coe�cientis shown for grid D, as obtained by the matrix and CUSP schemes. Again, it is di�cult todistinguish between the two schemes. Both schemes slightly underpredict the skin frictioncoe�cient in the laminar and turbulent regions.For case 2, the errors in the aerodynamic coe�cients are higher, as shown inTable A.7. However, matrix and CUSP dissipation predict the value of skin friction dragsigni�cantly better than scalar dissipation on the coarser grid D. Fig. B.11 shows the skinfriction coe�cient, and it should be noted that on grid D matrix dissipation performs slightlybetter than CUSP. For the CUSP scheme, the skin friction coe�cient on the upper surfaceis lower than the reference and matrix values, while on the lower surface it is higher thanthe reference value. Therefore, some error cancellation may have a�ected the global skinfriction drag result. In Fig. B.11a, matrix and CUSP predict skin friction coe�cient equallywell on the intermediate grid B.As Table A.7 indicates, the errors in lift coe�cient are small for all schemes, andthe greatest error for this case is in the pressure drag. At the angle of attack of 6�, thein
uence of pressure stretches outside of the boundary layer where the grid is relativelycoarse, and hence, accurate prediction of the pressure drag may be di�cult. Overall forcase 2, the results obtained by the CUSP scheme are similar to the results obtained bymatrix dissipation. Scalar dissipation is unable to predict skin friction drag accurately on



40 Chapter 4. Results and Discussionthe coarser grids.The convergence histories for cases 1 and 2 are shown in Figs. B.12 and B.13.The di�erent numerical dissipation models have little e�ect on the convergence rate. Theconvergence histories obtained using CUSP and matrix dissipation are particularly similar.4.3.2 Transonic CasesTables A.8, A.9, and A.10 show the estimates of the numerical errors in lift, drag,and individual drag components for the transonic cases 3, 4, and 5 respectively. The label`CUSP V' denotes CUSP dissipation with the V limiter given by Eq. 3.40, while `CUSPZ' denotes CUSP dissipation with the Z limiter given by Eq. 3.41. The results for matrixdissipation were obtained with the following parameter settings: for case 3, Vn = 0:25 andVl = 0:025; for case 4, Vn = 0:25 and Vl = 0:1; and for case 5, Vn = Vl = 0:3. The coe�cient�2 = 2:0 and �4 = 0:64 for scalar and matrix dissipation for all transonic cases. For theCUSP scheme, �4 = 1:0 and the following limiter constants were used: " = 5 for the Vlimiter, and " = 1� 10�3 for the Z limiter.The absolute errors in lift coe�cients do not exceed 2% for all three schemeseven on the coarser grid D. For the drag coe�cients, CUSP dissipation appears to bemost accurate, but matrix dissipation is generally within 1% of CUSP's results. Matrixdissipation is able to predict friction drag slightly more accurately than the CUSP scheme.For the pressure drag, results are generally within 1% of each other for the CUSP andmatrix schemes. Hence, some error cancellation may have contributed to the fact that theCUSP scheme obtained better global drag coe�cients. The two limiters produce similarresults, with the Z limiter perhaps slightly more accurate (for example, see case 3 for gridD). Scalar dissipation is not competitive with the more sophisticated dissipation models,especially in skin friction results on the coarser grids.Fig. B.14 shows the 
ux balance at 98% chord where the 
ow begins to separate forcase 3 on grid C. The skin friction drag from Table A.8 indicates that all three dissipationschemes should obtain approximately the same 
ux balances. Close to the airfoil this isindeed the case; the contribution of the dissipation is minimal for all three schemes. Thebest 
ux balance is obtained by matrix dissipation due to the low third-order dissipationcoe�cient. The scalar and CUSP schemes produce equivalent results.The friction drag coe�cient for case 3 is shown in Fig. B.15 for grids A and C



Section 4.3. Accuracy Studies 41respectively, and Fig. B.16 for grid D. In Fig. B.15, matrix and CUSP dissipation obtainedidentical results, especially on the �ne grid A. Both schemes predict the shock-inducedseparation region at approximately 35% chord on grid A and grid C. Results from scalardissipation show signi�cant deviation from matrix and CUSP results on grid C, particularlydownstream of the shock. On the coarser grid D, the CUSP scheme captures the shock-induced separation region signi�cantly better than the matrix and scalar models, as shownin Fig. B.16. This can be attributed to the more sophisticated limiters used by the CUSPscheme, instead of the pressure switch used by matrix dissipation. However, in the regiondownstream of the shock on the upper surface, matrix dissipation is closer than CUSP tothe reference solution. The V and Z limiters produced identical solutions.Figs. B.17 and B.18 show the skin friction coe�cient for cases 4 and 5. Observa-tions which can be made from these �gures are similar to the observations made for case3. The shock-induced separation region is best predicted by the CUSP scheme, with bothlimiters performing equally well. For case 4, especially on the lower surface, the matrixscheme performs slightly better than CUSP. For case 5, the CUSP scheme underpredictsthe skin friction coe�cient while matrix dissipation overpredicts the skin friction on thelower surface. In this region, CUSP is closer to the reference solution. Both the matrix,and CUSP schemes are successful at predicting the small separation region at the trailingedge. Scalar dissipation is not competitive with the more sophisticated models on grid D.Pressure coe�cient distributions for cases 3, 4, and 5 are plotted in Figs. B.19, B.20,and B.21 respectively. The CUSP scheme consistently produces sharper shocks than thematrix dissipation scheme, primarily due to the more sophisticated limiters used. All shocksobtained by the CUSP scheme are oscillation-free and have two interior points. With thematrix scheme, four-interior-point shocks are obtained with slight oscillations at the en-trance and exit nodes. Scalar dissipation smears the shocks over 5 nodes. Swanson etal. [17] observed that for transonic viscous 
ow the HCUSP scheme captured shocks whichwere too far upstream. Clearly, the present results with ECUSP do not have the samedi�culty, and the captured shock locations agree with both the scalar and matrix models.The convergence histories for cases 3, 4, and 5 are shown in Figs. B.22, B.23,and B.24. The convergence of matrix dissipation is dependent on su�ciently high values ofVn and Vl. For the three cases, these values increased from 0:25 and 0:025 to 0:3 and 0:3respectively. The parameters for the CUSP schemes did not require any adjustment, andconsequently, the scheme could be considered more robust than the matrix scheme. How-



42 Chapter 4. Results and Discussionever, as long as Vn and Vl do not exceed 0:3, they do not have a signi�cant impact on dragfor the transonic cases. The performance of the V and Z limiters is generally comparable.The stall in the convergence rates, which can be observed in Figs. B.22, B.23, and B.24,is due to the use of the Baldwin-Lomax turbulence model. To converge the solutions fur-ther the turbulence model must be frozen. Unfortunately, this is not a practical solution,and possibly using a di�erent turbulence model and/or di�erent grids may eliminate theproblem.4.4 Local Preconditioning ResultsThe performance of the CUSP scheme in conjunction with the preconditionedalgorithm is evaluated for case 6 and the results are compared with the preconditioned scalarscheme, and with the original scalar, matrix, and CUSP schemes. For the preconditionedalgorithm the parameters � and � were set to 1:0 and 0 respectively. For scalar and matrixdissipation, the following constants were used: �2 = 0 and �4 = 0:64. For matrix dissipation,values of Vn = Vl = 0 were used. For CUSP dissipation, the limiters were turned o�, and�4 = 1:0.Stability problems were encountered when the preconditioned CUSP scheme wasevaluated on grid D. It was found that there was insu�cient dissipation at the trailing edgeof the airfoil, just as the grid lines enter the wake. The presence of high aspect ratio cellsstretched in the normal direction with respect to the 
ow appeared to cause the solverto diverge. The problem was �xed with a new grid labeled P, which is very similar togrid D except it has 15 additional nodes in the wake, and less aggressive trailing edgeclustering of 0.001 instead of 0.0002. The grid details are given in Table A.1. The stabilityproblem suggests that the robustness of the preconditioned CUSP scheme should be furtherexamined.Fig. B.25 shows the variation of the computed drag and lift with the freestreamMach number for the original three numerical dissipation models. Also shown is the precon-ditioned result with scalar and CUSP dissipation. In Fig. B.25a, the preconditioned scalarand CUSP schemes correctly illustrate the lack of dependence of drag on the Mach num-ber for the given Mach number range. Further, the drag obtained with the preconditionedCUSP scheme is lower than the drag obtained with the preconditioned scalar dissipation.The grid independent drag coe�cient for this case is about 0.0084. The preconditioned



Section 4.4. Local Preconditioning Results 43CUSP dissipation is within 1% of this result, while for the preconditioned scalar dissipationthe error is 5%. Also, Fig. B.25a clearly shows that even the results obtained by the originalmatrix and CUSP dissipation without preconditioning are superior to the preconditionedscalar results down to a Mach number of 0:05. However, both matrix and CUSP dissipationwithout preconditioning show dependence on the Mach number for Mach numbers less than0:15. This dependence is removed with the preconditioned CUSP scheme.In Fig. B.25b, the variation of the lift coe�cient with the Mach number is shown.For low Mach numbers, the original CUSP scheme without preconditioning predicts liftpoorly. Fortunately, the problem is eliminated in the preconditioned algorithm, and thisissue is discussed later. Note that the slope of the lift curve changes for matrix dissipation aswell for Mach numbers below 0:1. Therefore, local preconditioning is necessary to improvethe accuracy of lift results for low Mach numbers.Figs. B.26a and B.26b show the convergence of drag for the scalar and CUSPschemes with and without local preconditioning for the freestream Mach number of 0:05.For the preconditioned algorithm, drag converges within 500 iterations, while without pre-conditioning, 2000 iterations are required to obtain a converged value. In Figs. B.27aand B.27b, the drag convergence is shown for a higher Mach number of 0:3. The gainsof local preconditioning are signi�cantly diminished. The drag values converge within 500iterations, and for the CUSP scheme, the accuracy is not a�ected. For scalar dissipation,the preconditioned spectral radius produces more accurate results as discussed in greaterdetail by Unrau and Zingg [5].Fig. B.28 shows the convergence of lift for the freestream Mach number of 0:05.The preconditioned scalar and CUSP values are identical, and convergence is obtainedwithin 500 iterations. For the original algorithm, both the CUSP scheme and scalar schemeare not fully converged at 2; 500 iterations. The CUSP result is also signi�cantly inaccurate.To examine the source of this problem, the Cp plot is shown in Fig. B.28b. The originalCUSP scheme predicts Cp values which are too low on the upper surface and too high on thelower surface when compared to the preconditioned results. Also, oscillations were foundupon closer examination of the trailing edge region.Figs. B.29 and B.30 show the convergence history for the scalar and CUSP schemeswith and without local preconditioning. Clearly, the convergence is signi�cantly acceleratedin the preconditioned algorithm for Mach numbers up to 0:2. The convergence rates aresimilar for both schemes.



44 Chapter 4. Results and Discussion4.5 Computational E�ciencyTable A.11 summarizes the computational e�ciency of the three numerical dissipa-tion schemes, normalized by the results for the nonlinear scalar model. With each scheme,a timed run was performed for 1000 iterations. For the CUSP scheme, the computationale�ciency was evaluated for subsonic and transonic 
ows separately, to take advantage ofsome simpli�cations for subsonic 
ow.With the matrix model, the extra cost is primarily associated with the formationof the matrix-vector product jAjQ. The results obtained for matrix dissipation are di�erentfrom the results obtained by Frew and Zingg [10] who found that matrix dissipation is only30% more expensive than scalar dissipation. This is due to the fact that Frew and Zingg [10]treated the wake cut implicitly which reduced the overall e�ciency of the solver.For CUSP dissipation, the extra cost is primarily associated with the more compli-cated limiter. The limiter value has to be computed for each state variable at each node foreach direction (i.e., eight evaluations of the limiter function) compared to just two evalua-tions per node of the pressure switch function. Further, on the left-hand-side of the implicitalgorithm, the pentadiagonal matrix associated with the �rst two eigenvalues of the 
uxJacobian can be inverted simultaneously for scalar and matrix dissipation. Since the limiterapplies a di�erent value to each conservation equation, an extra loop is required to evaluatethe left-hand-side.For subsonic 
ow with Mach numbers less than 0:5, the formation of the 
ux vectordi�erence is not required in the CUSP scheme. Also, it is not necessary to use the limiter,which speeds up the code signi�cantly, as shown in Table A.11. Further improvements arepossible in the programming implementation of the CUSP scheme to bring its e�ciencycloser to the scalar scheme for subsonic 
ow.For transonic 
ow, the Z limiter is more e�cient than the V limiter. The V limitercontains a `max' function, and also, requires evaluation of the grid spacing in the physicaldomain. Therefore, the Z limiter is recommended for transonic computations.Generally, the e�ciency of the centered-di�erence algorithm coupled with scalardissipation is approximately twice the e�ciency of a TVD scheme. The results obtainedindicate that the CUSP scheme with the sophisticated limiter, or the matrix scheme withthe pressure switch are then approximately 1:5 as e�cient as a TVD scheme, which isillustrated in Fig. 4.1. Swanson et al. [17] found CUSP dissipation 40% more expensive
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+Figure 4.1: Numerical dissipation and TVD schemes.than the scalar scheme, while matrix dissipation was only 15% above the scalar scheme.The results obtained for the CUSP scheme agree with Swanson et al. [17], but there issigni�cant disagreement for matrix dissipation with our solver.



Chapter 5
Conclusions and RecommendationsThe implementation of the ECUSP [12, 13] scheme in the approximately-factoredalgorithm SC1 [19] has been presented and applied to several turbulent aerodynamic 
ows.The CUSP scheme was implemented in conjunction with two SLIP limiters [12], namelythe V and Z limiters. Further, the CUSP scheme was modi�ed to work in conjunctionwith local preconditioning [5] for 
ows at low Mach number. The results obtained werecompared with the scalar [2] and matrix [7] dissipation schemes. A detailed evaluation ofthe CUSP scheme was performed with emphasis on the following criteria: 1) accuracy, 2)robustness, and 3) computational cost. The conclusions with respect to these three criteriaare summarized below:1. Algorithm accuracy:� The CUSP scheme is superior to the scalar scheme and comparable in accuracyto matrix dissipation.� The CUSP scheme is not a total-variation-diminishing scheme. Although itperformed well for the selected aerodynamic computations, it is not suited forgeneral-purpose applications.� Oscillation-free, two-interior-point shocks are obtained with the CUSP scheme.Matrix dissipation with the pressure switch requires four nodes to resolve shocks,while the scalar scheme smears shocks over �ve nodes.� Both V and Z limiters produced good results in terms of accuracy.46



47� For low Mach number 
ow, the preconditioned CUSP scheme is more accu-rate than the preconditioned scalar scheme, and the original matrix and CUSPschemes.2. Algorithm robustness:� The CUSP scheme avoids the need to �nd suitable values of Vn and Vl as requiredby the matrix scheme.� In conjunction with local preconditioning, slight grid modi�cations were requiredto obtain convergence to steady-state with the CUSP scheme.� For Mach numbers below 0:2, the convergence of the aerodynamic coe�cientswas signi�cantly accelerated with the preconditioned algorithm.� With the original algorithm, the CUSP scheme obtained good convergence in allcases studied.3. Computational cost:� The matrix scheme is computationally more expensive than the CUSP scheme,since the CUSP scheme avoids the evaluation of matrix-vector products.� The cost of the SLIP limiter implemented in conjunction with the CUSP schemeis on average 20% greater than the pressure switch implemented with the scalarand matrix schemes.� The Z limiter was found to be more computationally e�cient than the V limiter,and therefore the Z limiter is recommended for transonic calculations.Overall, the results show the CUSP scheme to be very e�ective in providing goodshock capturing, low numerical dissipation in boundary layers, and low numerical errorsin drag. However, the results indicate that improvements in computational e�ciency andperformance are still desired. The computational cost could be reduced by implementingthe pressure switch in conjunction with the CUSP scheme. Further research into modifyingthe CUSP scheme to satisfy the TVD criteria would allow the scheme to be applied toa more general class of problems. Additional recommendations for future research are toimprove to the robustness of the preconditioned CUSP scheme, and to evaluate the SLIPlimiter in conjunction with matrix dissipation.
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51Grid JDIM KDIM Body Wake O�-WallPoints Points SpacingA 497 193 401 49 1� 10�7B 249 97 201 25 2� 10�7C 321 75 257 33 8� 10�7D 249 49 201 25 2� 10�6P 279 49 201 40 2� 10�6Table A.1: Summary of grids.Test Case Cl Cd Cdp CdfCase 1 - 0.00579 0.00081 0.00498Case 2 0.6658 0.00782 0.00254 0.00528Case 3 0.5116 0.01361 0.00863 0.00498Case 4 0.7966 0.01345 0.00823 0.00522Case 5 0.8484 0.03034 0.02533 0.00505Table A.2: Grid independent results.Dissipation �4 %Cd %Cdp %CdfCUSP 1.0 -2.7 -0.1 -3.1CUSP 0.5 -3.2 -2.7 -3.2CUSP 0.25 -3.7 -3.0 -3.9CUSP 0.1 DNC DNC DNCMatrix - -2.5 -0.9 -2.7Table A.3: Case 1 parameter study for �4 without limiter.Dissipation �4 Limiter " %Cd %Cp %CfCUSP 0.25 Z 1� 10�3 -3.5 -3.5 -3.5CUSP 0.25 Z 1� 10�4 -2.9 -2.3 -3.0CUSP 0.25 V 1.0 -1.1 7.8 -2.6CUSP 0.25 V 5.0 -2.4 2.4 -3.1Matrix - - - -2.5 -0.9 -2.7Table A.4: Case 1 with limiter and low �4.



52 Appendix A. TablesDissipation Limiter " Cl Cd Cdp CdfCUSP Z 0.01 -2.3 -1.0 1.3 -4.9CUSP Z 0.001 -2.0 0.1 3.0 -4.8CUSP Z 1� 10�4 -1.9 1.5 4.9 -4.6CUSP Z 1� 10�5 -1.9 2.6 6.7 -4.4CUSP V 1.0 -1.9 2.2 6.1 -4.5CUSP V 5.0 -2.0 0.5 3.6 -4.8CUSP V 10.0 -2.0 0.1 2.9 -4.7CUSP V 20.0 -2.3 -0.7 1.6 -4.7Matrix - - -1.7 2.8 5.4 -1.6Table A.5: Sensitivity of solution to " for Case 3 (M1 = 0:7, � = 3�, �4 = 1:0).Grid Diss. %Cd %Cdp %CdfA CUSP < 0:05 0.1 < 0:05Matrix -0.1 -0.5 < 0:05Scalar 0.8 0.7 0.9B CUSP 0.4 1.6 0.2Matrix 0.2 0.1 0.3Scalar 3.5 8.3 2.7D CUSP -2.7 -0.1 -3.1Matrix -2.5 -0.9 -2.7Scalar 41.9 28.6 44.1Table A.6: Grid study for Case 1: NACA 0012 at M1 = 0:16 and � = 0�.Grid Diss. %Cl %Cd %Cdp %CdfA CUSP -0.5 1.2 3.4 -0.1Matrix -0.6 2.0 6.3 -0.1Scalar -0.6 1.8 4.4 0.5B CUSP < 0:05 4.8 15.8 -0.5Matrix -0.2 6.2 19.9 -0.3Scalar -0.2 7.4 19.8 1.4D CUSP -2.2 14.4 55.0 -5.1Matrix -1.5 14.6 51.3 -3.0Scalar -1.8 47.9 61.6 41.4Table A.7: Grid study for Case 2: NACA 0012 at M1 = 0:16 and � = 6�.



53
Grid Diss. %Cl %Cd %Cdp %CdfA CUSP V -1.4 -1.4 -1.7 -1.0CUSP Z -1.4 -1.6 -2.0 -1.0Matrix -1.1 -1.0 -1.3 -0.5Scalar -1.0 -0.7 -1.0 -0.3C CUSP V -1.3 0.2 1.4 -1.8CUSP Z -1.3 -0.2 0.8 -1.9Matrix -1.0 0.9 2.1 -1.1Scalar -1.2 3.0 2.9 3.1D CUSP V -2.0 0.5 3.6 -4.8CUSP Z -2.0 0.1 3.0 -4.8Matrix -1.7 2.8 5.4 -1.6Scalar -2.7 12.3 8.4 19.0Table A.8: Grid study for Case 3: NACA 0012 at M1 = 0:7 and � = 3�.
Grid Diss. %Cl %Cd %Cdp %CdfA CUSP V -0.7 < 0:05 0.2 -0.2CUSP Z -0.8 -0.3 -0.3 -0.2Matrix -0.4 -0.1 -0.1 -0.1Scalar -0.3 0.4 0.7 -0.1C CUSP V -0.5 2.7 5.1 -0.9CUSP Z -0.6 2.3 4.4 -1.0Matrix -0.6 2.9 4.9 -0.2Scalar -0.7 4.4 6.3 1.4D CUSP V -0.9 4.8 5.1 -2.8CUSP Z -0.8 4.8 4.4 -2.8Matrix -1.6 5.7 9.6 -0.4Scalar -2.2 13.1 13.6 12.2Table A.9: Grid study for Case 4: RAE 2822 at M1 = 0:729 and � = 2:31�.
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Grid Diss. %Cl %Cd %Cdp %CdfA CUSP V -1.2 -2.1 -1.8 -1.1CUSP Z -1.2 -1.7 -1.9 -1.1Matrix -1.1 -1.9 -2.3 -1.0Scalar -0.9 -1.4 -1.8 -0.3C CUSP V -1.2 -0.2 -0.2 -1.0CUSP Z -1.1 < 0:05 0.1 -1.1Matrix -0.3 -0.8 -0.9 -0.4Scalar -1.6 -0.3 -0.7 1.0D CUSP V -2.4 -0.4 < 0:05 -3.0CUSP Z -2.6 -0.5 -0.1 -3.1Matrix -3.7 -3.0 -3.8 0.6Scalar -2.7 1.9 0.4 8.7Table A.10: Grid study for Case 5: RAE 2822 at M1 = 0:754 and � = 2:57�.

Dissipation Subsonic Flow Transonic FlowScalar 1.0 1.0Matrix 1.5 1.5CUSP V 1.3 1.6CUSP Z 1.3 1.4Table A.11: Computational e�ciency (error � �0:05).
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(b) Close-up of RAE 2822 airfoil.Figure B.1: Example of `C' mesh for grid D.
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(b) Close-up of transition region.Figure B.2: E�ect of lowering �4 without limiters on Cp for Case 1.
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(b) Close-up of shock region.Figure B.4: Shock capturing with V limiter for Case 3 (M1 = 0:7, � = 3�, �4 = 1:0).
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(c) CUSP DissipationFigure B.7: Flux balance for Case 1 on Grid B at 24% chord.
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(b) 60% ChordFigure B.9: Boundary layer pro�le for Case 1: NACA 0012 at M1 = 0:16 and � = 0�.
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(b) Grid D (249�49)Figure B.10: Skin friction coe�cient for Case 1: NACA 0012 at M1 = 0:16 and � = 0�.
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(b) Close-up of positive values for Grid D (249�49).Figure B.11: Skin friction coe�cient for Case 2: NACA 0012 at M1 = 0:16 and � = 6�.
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(c) Grid D (249�49)Figure B.12: Convergence histories for Case 1: NACA 0012 at M1 = 0:16 and � = 0�.
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(c) Grid D (249�49)Figure B.13: Convergence histories for Case 2: NACA 0012 at M1 = 0:16 and � = 6�.
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(d) CUSP Z LimiterFigure B.14: Flux balance for Case 3 on grid C at 98 % chord.
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(b) Grid C (321�75)GFigure B.15: Cdf for Case 3: NACA 0012 at M1 = 0:7 and � = 3�.
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Figure B.16: Cdf on grid D (249�49) for Case 3 (transition at 0.05 chords).

0

0.002

0.004

0.006

0.008

0.01

0 0.2 0.4 0.6 0.8 1

S
ki

n 
F

ric
tio

n 
C

oe
ffi

ci
en

t

x/c

Matrix Grid A
Scalar
Matrix

CUSP V
CUSP Z

Figure B.17: Cdf on grid D compared to grid A for Case 4 (transition at 0.03 chords).
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Figure B.18: Cdf on grid D compared to grid A for Case 5 (turbulent region shown).
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(b) Close-up of shock region.Figure B.19: Cp on grid D for Case 3: NACA 0012 at M1 = 0:7 and � = 3�.
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(b) Close-up of shock region.Figure B.20: Cp on grid D for Case 4: RAE 2822 at M1 = 0:729 and � = 2:31�.
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(b) Close-up of shock region.Figure B.21: Cp on grid D for Case 5: RAE 2822 at M1 = 0:754 and � = 2:57�.
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(c) Grid D (249�49)Figure B.22: Convergence histories for Case 3: NACA 0012 at M1 = 0:7 and � = 3�.
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(c) Grid D (249�49)Figure B.23: Convergence histories for Case 4: RAE 2822 at M1 = 0:729 and � = 2:31�.
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(c) Grid D (249�49)Figure B.24: Convergence histories for Case 5: RAE 2822 at M1 = 0:754 and � = 2:57�.
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(b) Cd with CUSP dissipation.Figure B.26: Convergence of drag for M1 = 0:05 and � = 2�.
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(b) Cd with CUSP dissipation.Figure B.27: Convergence of drag for M1 = 0:3 and � = 2�.
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(b) CUSP dissipation with preconditioning.Figure B.30: Convergence histories for CUSP dissipation.



Appendix C
Notes on ImplementationThe following changes were made to SC1 in order to implement the CUSP scheme:1. On the RHS, three subroutines were added to xiexpl.f and etaexpl.f respectively.These subroutines are dclimx.f, dclimy.f, dcexpx.f, dcexpy.f, dcexpx2.f, and dcexpy2.f.2. On the LHS, the subroutines stepf2dx.f and stepf2dy.f were modi�ed to include theeigenvalues of the CUSP scheme.The user 
ag `LIMITER' must be set in the input �le to select a limiter as follows:LIMITER=1 corresponds to third-order dissipation, LIMITER=2 corresponds to �rst-orderdissipation, LIMITER=3 corresponds to the Z limiter, LIMITER=4 corresponds to the Vlimiter, and LIMITER=5 corresponds to limiter freezing. When freezing the limiter, it isnecessary to specify the number of iterations for which the limiter is active in subroutinesdclimx.f and dclimy.f. When the Z or V limiters are used, the variables EPZ and EPVshould be set to the desired value of ". The input parameter DCUSP4 corresponds to theparameter �4 which is normally set to a value of 1:0.The CUSP scheme is implemented to work with the following options:� CMESH=FALSE� PERIODIC=FALSE� BCAIRF=TRUE� ITMODEL=1� METH=3 81


