A THREE-DIMENSIONAL MULTI-BLOCK
NEwWTON-KRYLOV FLOW SOLVER
FOR THE EULER EQUATIONS

Jason C. Nichols

A thesis submitted in conformity with the requirements
for the degree of Masters of Applied Science
Graduate Department of Aerospace Engineering
University of Toronto

Copyright (©) 2004 by Jason C. Nichols






Abstract

A Three-Dimensional Multi-block Newton-Krylov Flow Solver
for the Euler Equations

Jason C. Nichols
Masters of Applied Science
Graduate Department of Aerospace Engineering

University of Toronto
2004

A three-dimensional multi-block Newton-Krylov flow solver for the Euler equations has been
developed for steady aerodynamic flows. The solution is computed through a Jacobian-free
inexact-Newton method with an approximate-Newton method for startup. The linear system at
each outer iteration is solved using a Generalized Minimal Residual (GMRES) Krylov subspace
algorithm. An incomplete lower/upper (ILU) factored preconditioner with reverse Cuthill-

Mckee reordering is utilized to increase the efficiency of GMRES.

The parameters in the solver are optimized to provide a balance between speed and robustness.
Tests are performed using a variety of flow conditions and grid sizes. Results are compared
to experimental values and other established numerical solvers. The solver demonstrates fast

convergence and accurate solutions on grids up to one million nodes.
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Chapter 1

Introduction

1.1 Motivation

Commercial aerospace industries forecast a steady growth of air traffic and replacement of
ageing aircraft over the next twenty years [59]. In order to meet these demands as well as
satisfy current requirements for reducing development costs, new and more efficient methods of
design and optimization must be created [40]. In the years to come, a general three-dimensional
full-aircraft optimization program will need to be developed and accurate and efficient solution
methods will be critical in its operation. Until recently, solving the flow over a wing in three
dimensions has been hindered by large grid sizes, inefficient solution methods and maximum
computer clock speeds. New numerical methods and faster computers allow full solutions in

three dimensions to be calculated in a reasonable amount of time [43].

Computational Fluid Dynamics (CFD) has greatly altered the path of aerospace research and
design. Early aircraft design meant conservative approaches combined with time-consuming
experimental testing. Current design methods include CFD as a critical component that allows
the designer to make modifications and evaluate the new conditions without having to test

experimentally [22] [3§].

A fast, accurate and robust algorithm is necessary to solve three-dimensional aerodynamic flows
for use in an optimization program. This research is aimed at designing a program that can
be used as a base so that viscous effects and turbulence can be added and then used to build
a full three-dimensional optimizer. The flow solver must be able to handle a variety of flight
conditions with various geometries and configurations. Several strategies are presented in an

attempt to balance the robustness and the speed of the flow solver.
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1.2 Background

Computational fluid dynamics is used to find the solution to partial differential equations (PDE)
on a computational grid, which can be either a structured or unstructured mesh. Both options
have advantages and disadvantages when used in CFD. An unstructured flow solver has the
ability to solve any arbitrary geometry and some examples of unstructured solvers can be found
in [T6] 26, 29, 42, [60]. As the name indicates, the grid nodes have no organized pattern and an
important advantage to unstructured solvers is that the grid can be fit to any object. Other

advantages include less complicated grid generation and easier adaptability to the flow solutions.

A structured grid consists of evenly distributed nodes that surround the geometry in an or-
ganized pattern. These grids typically have lower overhead and storage requirements, as well
as higher accuracy on a given grid. The main drawback of a structured grid is the difficulty
in creating a grid around arbitrary geometries. Single-block structured meshes work very well
for simple aerodynamic configurations such as wings, but cannot be used in more complex ge-
ometries such as multi-element or wing-body combinations. When multiple surfaces exist and
a structured mesh is to be used, a multi-block approach is taken. Using multiple blocks of
structured grids combines the accuracy and storage advantages of structured solvers with the
versatility of an unstructured mesh. Some examples of structured flow solvers can be found in
[7, 17, 33 37, 148, 55, [58].

Another division of CFD flow solvers can be found between implicit and explicit time-marching
methods. Explicit methods are simpler to implement, require less storage space and are com-
putational cheaper per iteration (compared to implicit methods). Explicit methods require
smaller stability bounds than an implicit method and therefore require smaller time steps.
This requires the program to use many iterations to converge. Improvements and additions to
the basic explicit methods such as multigrid [2I] have dramatically accelerated the convergence

of these algorithms.

Implicit methods provide greater stability limits and thus larger time steps when compared
to explicit methods [Il [16, [45]. Implicit methods require far less iterations to converge, but
the cost of each iteration is higher. This is because implicit methods require the solution of
a linear system of equations at each time step. A widely used and efficient implicit solver is
ARC2D developed by Pulliam and Steger [48, 56]. This program uses an implicit approximate-
factorization scheme originally developed by Beam and Warming [3]. Approximate-factorization
and the ARC2D code are well proven techniques and are commonly used to benchmark other

implicit solvers. This method has proven to be very robust, but has been found to be slower
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compared to other implicit methods such as Newton’s method.

As an implicit scheme, Newton’s method is appealing due to its property of quadratic conver-
gence. As mentioned earlier, a large linear system of equations must be solved at each time
step, and the method to do this is critical. It is prohibitively expensive in both computa-
tional time and storage to directly solve the system, so other alternatives have been developed.
An approximate-Newton method uses a simplified Jacobian, which provides the approximate
linearization. An inexact-Newton method uses an iterative solver to solve the linear system.
Popular iterative solvers for the inexact-Newton method are Krylov subspace methods. The
Krylov method selected for this work is the Generalized Minimal Residual (GMRES) method
by Saad and Schultz [53]. A Krylov subspace method uses iteration to solve linear systems by
searching for the solution within a Krylov subspace [49]. It was found that using an inexact
Newton’s method provides a competitive alternative to using an explicit multi-grid method
[34, [44]. Tt was also found that GMRES is much more effective when using a preconditioner
[2, 15 [49]. In particular, the preconditioner is decomposed using an incomplete lower-upper
(ILU) factorization routine. This routine allows the amount of fill in the factored preconditioner
to be changed. Higher levels of fill make the precondtioner more accurate, but also require more

storage and computational time.

Another advancement in using a Krylov solver is that GMRES only requires the matrix-vector
products and does not require the Jacobian explicitly. The matrix-vector product can be
approximated by a first-order forward difference of the residual vector and by doing this, the
flow Jacobian does not have to be stored. The Jacobian-free method was found to be faster
than the Jacobian-present method as well [25] 34]. To reduce computer storage requirements,
the compressed sparse row (csr) format provided in Saad’s SPARSKIT [51] is used to store the

preconditioner and ILU matrices.

Flow solvers such as OPTIMA [39] and PROBE [45] make use of approximate factorization
to startup and then switch to a Newton-Krylov method when the residual is reduced below a
certain threshold. The advantage to approximate factorization is that it is very stable for most
conditions, but the disadvantage is that this method is relatively slow compared to an inexact
Newton method. The present work will not rely on approximate factorization to startup; instead
a variable time step (At) will be applied. A series of increasing time steps based on the norm of
the residual has been proven successful by authors such as Venkatakrishnan and Mavriplis [60]

and Chisholm and Zingg [§].
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1.3 Objectives

The primary objective of this research is to create a multi-block three-dimensional Newton-
Krylov flow solver for inviscid flow using structured grids. The flow solver as presented in this
work is known as TYPHOON. The project has several areas that were researched and can be

broken down into the following sections:

Multi-block setup for 3D

Implicit numerical method

Newton-Krylov startup procedure

Flow solver accuracy and performance

The setup of the 3D multi-block environment is critical in the operation of the program. Block
orientation and boundary condition setup were evaluated and are explained. The feasibility
of a Newton-Krylov method has been well established, but the crux of the method is in the
startup. A balance between the speed versus robustness of the algorithm is a challenging
issue and a universal set of parameters is nearly impossible to find and depends largely on the
startup procedure used. This area is explored and discussed. The accuracy of the program is
determined by comparing to experimental data as well as other proven numerical algorithms.
The comparison of results from an inviscid flow solver (TYPHOON) to experimental data is
somewhat difficult due to viscous effects, but a general trend can be evaluated. Lastly, the

memory requirements of TYPHOON are presented and compared to other solvers.

1.4 Thesis outline

This thesis is divided into six chapters. Following the introduction, the inviscid Euler equations
and boundary conditions are presented. Chapter 3 is a description of the algorithm including
3D multi-block setup and the numerical method used to solve the equations. The next chapter
analyzes the parameters used in the algorithm and selects the optimal combination. Chapter 5
presents the cases tested using TYPHOON and shows the results and validation, and the final

chapter has the concluding remarks as well as recommendations for future research.



Chapter 2

Governing Equations

This chapter presents the governing equations for three-dimensional inviscid flow. The first
section describes the equations in a Cartesian coordinate system, and the second section out-
lines the equations after a transformation to a curvilinear coordinate system. The boundary

equations and normal/tangential velocities are presented in the last section of this chapter.
2.1 The Euler equations

The equations that define true aerodynamic flow are the Navier-Stokes equations, but a simpli-
fied set of equations called the Euler equations can be formed by neglecting the viscous terms.
The Euler equations are a combination of the conservation of mass, momentum and energy

equations. The conservative form of the steady three-dimensional Euler equations is:

0Q OE OF 0G

—— t ettt 5= 2.1
ot  9dx 9y 0Oz (2.1)
The non-dimensional conservative variables and inviscid fluxes are given by:
p pu pv pw
p U pu2 +p poU puwU
Q=1 pv E= puv F=1 p?+p G= pwv (2:2)
pw puUw pPVW pw2 +p
e u(e +p) v(e+p) w(e+p)

where p is the pressure, e is the energy, and they are related by the equation of state for a
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perfect gas.
L9 9 2
p=(y-1) e—§p(u + v 4+ w?) (2.3)

Note that Eqs. ZIHZ.3] are written in a non-dimensional form. The non-dimensional variables

are obtained by using the following scaling parameters

P
poo7

U v W € tas
—, v = ) w = —_—, e = 72’ = T
Qoo Qoo Qoo Pools,

(2.4)

where the bar symbol denotes dimensional variables, oo refers to freestream quantities and b

z
s sz’ = u =
b p

is the semi-span length of the wing. The ratio of specific heats, 7y, is 1.4 for air under the

conditions of interest here.

2.2 Curvilinear coordinate transformation

The objective in designing a three-dimensional structured grid is to use coordinate mappings
of the governing equations to bring all body surfaces onto coordinate surfaces. A general
transformation is used to map the curvilinear grid into a computational domain where the
spacing is uniform and equal to one. Since the curvilinear spacing is equal to one, a grid
node at any location will be given as (j, k,m). Therefore, in the transformed plane, standard
unweighted spatial discretization can be used. Following the 3D coordinate transformations
used by Pulliam and Steger [50], the Cartesian components are transformed into curvilinear

space as follows:

TZt? é-:g(x?y?Z)? n:/r](x7y7z)7 C:C("E7y72)

The Euler equations rewritten in generalized curvilinear coordinates are given by

00 0F oF oG _

aT+a§+8—n+a—<_0 (2.5)
where
Q=J"'Q (2.6)
and
pU pV oW
pul + &p puV =+ 1gp puW + Czp
E=J1 poU + &yp F=Jg! poV +nyp G=J! pvW + Cyp
pwU + &:p pwV +n.p pwW + C.p
(e+p)U —&p (e+p)V —mp (e+p)W — Gp

(2.7)
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The contravariant velocity components are

U:§t+fxu+€yv+fzw
V= + neu+ nyv + nw (2'8)
W:Ct+Czu+<yU+Czw

and the metric Jacobian of the transformation is

I = (meynac + Tcyezy + Tyycze — Teycin — TyYe e — TcYnZe) (2.9)

2.2.1 Grid metrics

Transforming the grid points from physical to computational space involves calculation of nine
metric terms. The metric terms are found from chain rule expansions of (z¢, ye, 2¢, etc.) and

solved for (&, &y, &, etc.) to give

§o = J (ynze — yczy) Ne = J (2ey¢ — yezc) Co = J (Yezn — 2¢yn)
&y = J (zgw¢ — 2y2¢) ny = J (wezg — wcz) Cy = J (wn2e — wezy) (2.10)
£ = J (znyc — Yn) n: = J (yere — weyc) G = J (zeyn — yexn)

In 2D, centered differencing can be used to calculate the metrics, and the metric invariants will
automatically be satisfied. If centered differencing is used to calculate the metrics in three-
dimensions, the metric invariants will not be satisfied. As indicated by Pulliam [48] and Steger
[50], averaging the central differences of the grid values (z¢,x,, ¢ etc.) and then calculating
the metrics and metric Jacobian will satisfy the metric invariants. For example, £, would be

calculated as:
o = J [(1cony) (hmdcz) — (pndcy) (1edn2)] (2.11)

where 0 is the central difference operator and p is an average operator.

1
Tl = B (Thy1 + xp—1) (2.12)

2.3 Boundary conditions

The boundaries consist of the body surface and the far-field regions of the physical space. In
the multi-block setup, each block has six faces, and each face will be designated either a body
surface, far-field or block interface. Figure2.Ilshows an H-H grid around a wing and Figure
shows the surface grid from the top view (a) and front view (b). This grid is divided up into 12

blocks and is shown as a schematic in Figure Calculation of a normal and two tangential
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Figure 2.2: ONERA M6 wing grid

velocities is necessary for use in the boundary conditions and is outlined in Vinokur [61]. These
velocities combined with Riemann invariants and inviscid flow assumptions form the basis of

the boundary conditions.
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Block 6

Block 10 Block 11

Block 3 Block 1 |

Figure 2.3: 3D 12-block wing schematic

2.3.1 Normal and tangential velocity components

Any given point in space will have a normal and two tangential components to a given plane,
which are used in determining inflow or outflow at the computational boundaries. In three
dimensions, the two tangential components form a plane which lies on the surface of any given
point. The normal (V,) and tangential (Vi ,Vy,) velocities are calculated in terms of the
Cartesian velocities (u,v,w) and the grid metrics. V,,, V;, and V, will be different for each
plane (£,71,(). A mix of contravariant and covariant components make up the normal and

tangential velocities:

e Contravariant components (tangent to &, 7, ¢ axes)

e Covariant components (normal to &, 7, axes)

For example, if Risa velocity vector it would be defined by:

~

R = ’IJ’Z + Uj + wlAc = Clél + CQéQ + Cgég = 01E1 + CQEQ + 63E3

Cartesian Contravariant Covariant
where
A 365’2 + ygi + 25];: . xn% + ynj' + znl;: . ng + yC}' + zd}:
“a= 2 2 2 2= 2 2 2 = 2 2 2
,/:v£+y§+z§ \/Zn Y, 2 1/$C+y<+24
B - Lol + &) + &k 7 _ el myj £k B Col + Gy + ok

2
\EE+EE+E2 \/ 12+ k4 n? VICEIGERE
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boundary inflow outflow
V. Ri Ry Ry Ry R; |V, R Ry R3 Ry Rs
=1 >0 oo mt oo oo oo | <0 oo int int int int
V=UVmar | <0 nt o0 o0 o0 o0 | >0 int oo int int int

=7, k or m, co: free-stream values, int: extrapolated from interior

Table 2.1: Subsonic inflow and outflow far-field boundary conditions

On the body surface ({ = constant) the velocities are defined by:

Ui +vj +wk = Vi, é1 + Vi,és + Vo Es

Te L Ca i
Vet 4z \Jaiv+a G+ y
Ye Yn (y b
Vi
Vet \Jaiv+a G+ t2
2¢ 2y Cz Vi

| et (Jar+a (JEHGHE

B

(2.13)

Values for V,, Vi, and Vi, can be determined by substituting in for x¢,z; etc., using the

curvilinear metrics (eg. x¢ = J (1y(; —

is taken to calculate the normal and tangent velocities on the £ and n planes as well.

2.3.2 Body surface

(yn-)) and inverting the B matrix. A similar approach

Five conditions must be specified at each boundary surface. Since a solution to the inviscid

Euler equations is desired, a flow tangency (or slip) condition is applied at a solid body surface.

All five conditions are summarized below; further details are given in Section B.2.3]

Normal velocity is set to zero (V,, = 0)

Pressure is extrapolated from the interior

Tangential velocities (V;,,V;,) are extrapolated from the interior

Stagnation enthalpy (HTP), is set to the freestream value (Hoo)
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2.3.3 Far-field boundaries

Locally one-dimensional Riemann invariants combined with V;,,V;, and the entropy are used

at the far-field boundaries [4, 20]. These are given by:

9 9 v
@ Ry =V, + 2 Rgz% Ri=Vi, Rs=V,  (2.14)

R =V, —
1 n ,7_1 7_1

They are either extrapolated from the interior or set to the freestream values depending on
the direction of the flow (or the sign of the normal velocity V;,). Table 2] details the logic
at the inflow or outflow. Details of far-field boundary condition implementation are given in
Section
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Chapter 3

Algorithm Description

TYPHOON is designed to be a three-dimensional flow solver for the Euler equations on struc-
tured grids. The algorithm solves the governing equations using a central-differenced precon-
ditioned Newton-Krylov method with artificial dissipation. This chapter discusses the spatial
discretization, time-marching method, startup and multi-block capabilites of the TYPHOON

flow solver.

3.1 Three-dimensional multi-block

The structured grid is divided into blocks that are interconnected by the block faces. The setup
is illustrated in Figures 2.1 and If a slice of Figure [2.3]is taken on the n = 1 plane the result
is shown in Figure B.J](a) and a slice on the £ = 1 plane is shown in Figure B.I[(b). An important
note is that the normal vector always points in the direction of the curvilinear coordinate at
that point. For example, the normal on Block 3 side 2 in Figure BI(a) points in the direction

of positive &.

3.1.1 Block orientation

TYPHOON reads the grid file and a connectivity file that specifies the orientation of the blocks,
block faces and boundary conditions. The blocks can be numbered in any order but the block
faces have a particular setup according to the coordinate axis (£, 7, (). The convention for block
face numbering is shown in Figure 32l as well as in Table[3Jl A similar setup is used in the 2D
flow solver TORNADO [30] 41}, 62].

13
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(b) Front view (Leading edge plane)

Figure 3.1: 2D slices of 3D 12-block wing schematic

Block face | Coordinate
1 ¢ = Gmin
2 € = &maa
3 ¢ = Gmaz
4 § = &min
5 1 = Nmaz
6 1 = Mmin

Table 3.1: 3D block orientation table

3.1.2 Halo points

The face where two blocks meet is known as a block interface. The block faces share physical

space but exist as two separate computational planes of points. Calculations of the equations are

completed inside each block separately and block to block communication is carried out using

temporary or halo nodes that hold information from the neighbouring block. This method of

information transfer has proven sucessful by authors such as De Rango [11], De Rango and

Zingg [12], Epstein and Seror [14] and Kim and Lee [24]. Figure shows a two-dimensional

slice of a block and illustrates how halo points are used. The equations are not solved on

the halo points, they are only used to provide the current block with information about the

neighbouring block.
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3.1.3 Block-to-block grid continuity

In the multi-block arrangement in TYPHOON, continuity of the grid lines between blocks is
important. Points in two different blocks that lie on a block interface must share a common
physical coordinate (point continuity). As well, by ensuring orthogonality of the grid and equal
spacing of points on either side of a block interface, slope continuity can be maintained. Solvers
have been designed to handle grids without slope or point continuity. This involves interpolating
data between blocks, which creates extra overhead for the program as well as the possibility
of de-stabilizing of the solution process due to problems with block continuity. TYPHOON
requires both slope and point continuity in the input grids. Grid generation plays a critical role

in solving the equations and can drastically affect the convergence of the solver.

3.2 Spatial discretization

The partial differential equations given in Chapter 2] are converted to ordinary differential
equations by discretization in space. The area surrounding the wing is divided up into a grid
and the equations are solved at each node in the grid. Since the computational grid has equal

spacing, the variable @ at any node (4, k, m) is given by:

Qjrm = QAL kAR, mAC) = Q(j, k,m) (3.1)

3.2.1 Finite-difference

Spatial discretization in the system is performed using second order centered-differences com-
bined with second and fourth-order dissipation. When centered differencing is applied to each

term of Eq. (2.5, the following equations are generated.

aE Ej+1,k,m - Ej—l,k,m
8ﬁ ﬁ]7k+17m — ﬁjjak_]-:m
™ 5 ~Vydp, | (3.3)
a@ éT1\]'km+1 _@jkmfl
— R — 2 - VA 3.4
¢ 2 “Pmiy (3:4)

where Ap is the artificial dissipation, and V is the backward difference operator.
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3.2.2 Artificial dissipation

Central difference schemes experience high frequency oscillations which need to be damped in
order to converge. Oscillations in the vicinity of shocks also need to be eliminated and this
is accomplished by adding artificial dissipation to the system. Several methods of dissipation
are available, but the second and fourth-order scalar dissipation method by Jameson [23] was

selected for this algorithm.

The description of the dissipation terms is presented using the & direction terms but similar

expressions for the n and ¢ directions exist. Following Eq. (8.2), the dissipation term is written

as:
Ap, = D]('i%,k,m—i_D]('f;hm (3.5)
Dﬁ%km = dﬁ)g,k,m Ve (Jj,k,m@j,k,m) (3.6)
Dj(ilf%km = dﬁ)%,k,m VeAeVe (Jj,k,m@j,k,m> (3.7)

The second-difference dissipation coefficients are:

(2) _ (€) 7-1
dj+%7k7m—2(eo J )j%&m (3.8)

where (8 is the spectral radius of the flux jacobian %

o® = |U|+ay /&3 + & + &2 (3.9)

and € is given by

€ikm = K2 [0.5T§7k7m +0.25 ( ke T T}‘_Lk,m)] (3.10)

Yikm = max (Yt km Vikms Li1km) (3.11)

T 1k _= ‘ijrl’k’m — 2pj7k7m + pj*lvkvm‘ (3 12)
S 1Djt+1.km + 2Pjkm + Pi—1,kml

T is a sensor designed to activate near shocks (large second difference in pressure), and YT* is
used to smooth out the values of Y. Analogous terms appear in the n and ¢ direction; however,

following Nemec [39], Eq. (B.11]) is not used in the ¢ direction.
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The fourth-difference dissipation coefficients are:

4) _ 3] —1) 42
A, ., = max {0,254(0 T i~ St (3.13)

Eq. (BI3) is designed to switch off the fourth-difference dissipation near the shock. The op-
erators A¢ and V¢ represent first-order forward and backward difference operators as shown

below:

Ag (1) = ()jr1km — ()jkm
Ve () = ()jgm — ()j-1,6m (3.14)

Typical values of ko and k4 are 1.0 and 0.02, respectively. Values at half nodes are calculated

using arithmetic averages given by

()j+1km + (g,
(sl pm = ! m2 — (3.15)

3.2.3 Boundary conditions
Surface boundaries

The boundary equations for the body surface are explained in Section [2.3.2] Since the flow is
inviscid, first-order extrapolation of V;,, V;, and pressure (p) is used. Physical values of normal
and tangential velocity (not scaled by the metric Jacobian J~!) are used. For illustrative

purposes the surface boundary conditions at the m = 1 plane are given by the following:

(Va)jk1 =0 (3.16)

(Vin)jkr =2V )jk2 + (Vi )jk3 = 0 (3.17)
(Via)jka —2(Viy)jk2 + (Viy)jk3 =0 (3.18)
Pjk1 — 2Pjk2 + Djk3 =0 (3.19)

(ﬁp + sp(u? + 0% + w?) — ;)1T1<>0)j7k71 =0 (3.20)

Far-field boundaries

For an outflow condition, a zeroth-order extrapolation is used in calculating the far-field bound-
ary conditions. An inflow condition is calculated by setting the far-field nodes to the free stream

values of the invariant. As shown in Table[2.]the following equations are used on the m = my,qz
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far-field boundary:

. _ 2 [w (v, _ 2 [w) -

Ri: (V= 321,/2 )j}kmm (Va-52/%) =0 (3.21)
. 2 [ _ 2 [ _

iz (V" Y )j,k,mmz <Vn ATy )j,k,mmarl =" (3.22)

The three remaining equations depend on an inflow or outflow through the boundary face. For

an inflow condition:

. 2l _ (e -
Ry : ( d )Mmm < d )OO (3.23)
Ry : (th )j,k,mmaz - (Vt1)oo =0 (3'24)
Rs: (Vis)j kmmas — (Viz)oo =0 (3.25)

and for an outflow condition, Eqs. (3.:23)), (8:24) and (3.:27]) are replaced by:

. Jal (e _
Ry : (2 )j’k’mm G >j,k,mm_1 (3.26)
R4 : (Wl )j7k7mmaz - (th)j,k,mmu—l =0 (3.27)
Rs - (Vtz)j,k,mmax - (Vtz)j,k,mmw—l =0 (3.28)

3.2.4 Block interfaces

Coincident points in the grid occupy the same point in physical space, but have different
locations in the computational space. Block interfaces in TYPHOON are coincident, but do
not require any special treatment since the block faces are contained in the interior scheme. The
nodes on these planes will follow Eqs. (3.2]) to (8.4) for discretization. This method of handling
block interfaces requires the use of the halo nodes for communication between blocks, but
compared to a block face averaging technique the interface condition provides a more accurate

solution.

3.3 Time marching and Newton’s method

After spatial discretization of the curvilinear Euler equations shown in Eq. (2.5]), the resulting
system has the form R

d .

dif +R(O) =0 (3.29)

If implicit Euler time-marching is applied the following equation results

QU — Q"+ At (Eg“ + B4 @g“) —0 (3.30)



20 CHAPTER 3. ALGORITHM DESCRIPTION

As presented in [48] the goal of the solver is to solve Eq. (8:30) for @”H using @” Local time
linearizations are necessary because the flux vectors E , F and G are nonlinear functions of @
Using a Taylor series expansion about @" [28] and neglecting second-order and higher terms

yield

EnJrl ~ E\n + ;{nA@n
F"l ~ F™ + B"AQ" (3.31)
Gt~ Gn 4GP AT

where A = %, B = % and C = %. The flux Jacobian matrices for E, B and C are given by

0 Ky Ky Ky 0
Ke@? —ul 0 — (v —2)kzu Kyt — (Y — D)kzv Kyu— (v —1Drgw (v — 1)Ky
Kyd? — vl kyv — (v — 1)kyu 0 — (v — 2)kyv kv — (Y= 1DRryw (v — 1)Ky
K2 —wl  kpw — (Y — Dru kyv — (v — 1)k 0—(y—2)k,w (v — 1)k,

0P =) R —(y=Dub m = (v 1od R — (v = Dwd v ]
(3.32)
where k = £ for /T, k =n for B and k = (¢ for C'. The other entries used in the matrix are

e

b o= y-—¢
p

0 = Kgu+ Kyv + Kw

1
P = 5(7 -1) (u2 +v? +w2)

If Eq. (331)) is applied to Eq. (3:30) we get

(n) (n)

I . N . . N . .
~; T %A+0,B+0.C AQ™ = — |8:E + 0,F + 9.G (3.33)
A R
which can be rewritten as )
I " ~
L a]" 5o oo o

where A is the flow Jacobian and At is the time step, which is explained in Section It
can be noted that the implicit Euler time-marching method with local time-linearization yields

Newton’s method as At — oo.

In three dimensions, A requires thirteen 5 x 5 blocks per row in the matrix. This stencil is expen-
sive to compute and very large to store. If a first-order approximation to A is used, only seven
5 x b blocks per row in the matrix are needed. Such a method is called an approximate-Newton

method with the first-order Jacobian designated A;. As well, the first-order approximation to
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the Jacobian is better conditioned and more diagonally dominant compared to the exact Jaco-
bian. In the first-order Jacobian A;, the fourth-order terms are combined with the second-order

terms by the following equation

8(1) = €(T) + US(T) 3.35
2 2 4

where the superscript r denotes values on the right-hand side and [ on the left. An optimal
value of the constant ¢ will be determined through numerical experiments. The non-linear
Newton iterations Eq. (8:30) will be referred to the “outer iterations” and the linear iterations

Eq. (334) as the “inner iterations”.

3.3.1 Linearization of the boundary conditions

The boundary conditions must be treated implicitly to achieve a Newton convergence rate.
The following sections parallel work presented in 2D by Pueyo [45]. The boundary condition
equations were presented in Section 2.3l and can be written as

B(R)=0 (3.36)

where R is the set of variables chosen to write the equations.

R=1|nw (3.37)

If Newton’s linearization is applied to Eq. (3:36), we obtain

PAR = —B™ (3.38)
where
OB\ (™
P=|(— 3.39
(5) (3.39)
Since the unknowns in the global system are A@, we have to change variables in Eq. (3.:38]).

The Jacobian matrix M = g—% is the transformation between the variables AQ and AR. It is
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defined by
[ 1 0o 0 0 0 ]
U p 0 0 0
w 0o 0 p 0
i u2+v22+w2 pu pv pv ﬁ |
Therefore, Eq. (3.38]) becomes
PM~'JAQ = —B™ (3.41)
where
[ 1 0 0 0 0o
U 1
~u ! 0 0 0
-1 _ 1
M= 2 0 ! 0 0 (3.42)
1
—w 0 0 ! 0
2 2 2
(Y-S —(y=Du —(y-1)v —(y-Dw -1 |

Body surface

For inviscid flow at a body surface, a tangent or slip condition is applied to the surface nodes.
A first-order extrapolation is used. For illustrative purposes the body conditions are written
for a surface on the m = 1 plane, which corresponds to side 1 of the computational cube (top

surface of the wing).

[PM*UA@} L2 [PM*JA@} |

“17A5] — g
. st [PM JAQ} B (3.43)

J,k,3
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where
[ Ve Ve OVa i
0 a@u 887 88111 0
v V,, Vi
0 883 aail 865} 0
v Vi %
Pjk1= 0 e S Soh 0 (3.44)
0 0 0 0 1
| 3@ttt —He pu po pwo (=17
0 0 0 0 O
oV, Vi, OV
0 3‘9:‘1 aaff 8353 0
Vi v, %
Pira= |0 2 2 J2 0 (3.45)
0 O 0 0 1
o 0 0 0 0]
L 4 5,k,2
0 0 0 0 O
oV, OVi, OV
0 aafﬁ 8821 8353 0
Vi, Vi %
Pies=10 ¢ = Fu O (3.46)
0 O 0 0 1
o 0 0 0 0]
L 45,k,3

Additional details on the calculation of the contravariant velocity derivative terms like %LJ‘ can
be found in Appendix [Al

Far-field boundary

The far-field boundary conditions use a zeroth-order extrapolation of either the interior variables
or the free-stream depending on an inflow or outflow across the boundary. The equations shown

here apply to the m = myq, plane, but are applicable to all the other far-field boundaries.

[PM‘IJA@} - [PM—{JA@} = —B™ (3.47)

JiksMmaz Ik mmaz—1

where the P matrices are defined by

a oV oV OV el
(v=1)p ou Ov ow (y=1)ap
—a Ve WV OV v
(v=1)p ou Ov ow (y=1)ap
y—1 —Y
Pj:k:mmaz = £ 0 0 0 792 (348)
p P
oV, Vi A%
0 ou v ow 0
Vi, Vi, Vi,
L 0 ou v ow 0

= JkMmax
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The last three rows of P} m,,..—1 depend on whether it is an inflow condition or an outflow

condition. For an inflow condition,

[0 0 0 o 0o |
—a oVp OV OV 0
(v=1)p ou Ov ow (y=1)ap
Pigmme1=| 0 0 0 0 0 (3.49)
0 0 0 0 0
0 0 0 0 0
B 4 3k mman—1

and for an outflow condition, the last three rows are given by the last three rows of (3:48]), but

evaluated at (j, k, Mmaz — 1).

Boundary condition scaling

Since the boundary conditions are computed using physical values (not scaled by the metric
Jacobian), they are not of the same magnitude as the interior equations. Having large differences
in magnitude of the entries in the matrix causes some of the eigenvalues of the Jacobian to
become very large, thus increasing the stiffness of the matrix. This in turn can lead to poor

convergence of the linear solver, which may not converge at all [39, [45].

Another potential issue with the boundary conditions is the possibility of having a zero on the
diagonal of the matrix PM~1'J. This situation must be avoided since no zeros can exist on
the main diagonal when the matrix is decomposed using ILU [9]. The solution is to perform
row swapping on the boundaries to move the zero elements off the diagonal. Since each node
contains a 5 x 5 block of numbers, a row with a non-zero entry is found and the two are swapped.

This process is illustrated below:

X X 0 X 0] X X 0 X 0
X X 0 X X X X 0 X X
X 0 0 X X|=|X 0 X 0 X
X X 0 X 0 X X 0 X 0
X 0 X 0 X X 0 0 X X

In this example, row 3 has been swapped with row 5 to remove the zero-diagonal entry. Fol-
lowing the row swapping, the matrix (and later the right-hand-side) is scaled by the largest

element on the diagonal of that row. This method ensures that there will be no zero-elements
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on the diagonal of the boundary blocks and that the equations (interior and boundary) have

similar magnitude.

3.3.2 Inexact-Newton method

Once the equations are discretized and the time-marching method applied, the resulting system
shown in Eq. (8:34) has the form Ax = b. There are many methods available to solve a problem
of this type. Solving this problem directly involves inverting a very large and sparse matrix,
which would be prohibitively expensive computationally. Several methods exist that solve an
approximate system iteratively, which is appealing due to smaller memory and computational
requirements. It has been found to be faster to solve the linear system a few orders of magnitude
rather than exactly [35]. This leads to a method known as the inexact Newton method shown
in Eq. (350).

OR

IR@") + 55

AQ[| < AlIR(Q™)Il (3.50)
This equation allows the selection of the convergence tolerance (7). The full Newton method is
recovered if 77 = 0 is selected. A value of 7 that is too small will force oversolving of the system.
This means that the linear system is solved past what is needed to have an effective update
to the outer iteration. Conversely, if an 7 that is too large is selected there is a possibility of
undersolving the system. This could lead to the outer iterations stalling because an accurate
enough update to the linear problem was not found. A range of vaules of 7 are tested and the

results shown in Section £.2.3]

3.4 Solving the linear problem

An alternative to direct solving is to use an iterative solver to solve the linear problem. For
aerodynamic applications it has been found by many authors [1, [7, 34], [39] [44] 45] that a
Krylov subspace method works very well and is typically faster than other iterative solvers.
The Generalized Minimal Residual (GMRES) method, developed by Saad and Schultz [53] is
a Krylov subspace method that iteratively solves a problem in the form of Ax = b. A detailed
explanation of GMRES can be found in Appendix [Bl Two methods of solving the equations
using GMRES were investigated. An approximate-Newton method which uses a first-order

approximation of the Jacobian is compared to a Jacobian-free method.
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3.4.1 Jacobian-free GMRES

An interesting property of GMRES is that it only requires a matrix-vector product and does
not need the actual Jacobian matrix. An approximation to the matrix-vector product can be
made by taking the forward difference of the residual vector and adding a term associated with

the finite timestep:

I R(Q+ev) —R(Q) v

where € is a small scalar used to perturb the state quantities @ in the direction of v. The value
of ¢ is a balance between an inaccurate approximation (e too large) and introducing roundoff
error (& too small). The value of ¢ is based on work by Nielsen [42] and is calculated using the

following equation
vem (3.52)

v

[Spma-

where v is the root mean square of v, and &,, is the value of “machine zero” for the hardware
being used. The Jacobian-free method uses a derivative of the residual vector to approximate
the matrix-vector product. The accuracy of this approximation is found to be better than that

of the approximate-Newton method and therefore yields better convergence rates.

3.5 Preconditioner

The performance of iterative solvers can be increased significantly by preconditioning the linear
system of equations. Following preconditioning, the eigenvalue spectrum will be clustered
near unity, and the efficency and performance of GMRES will be greatly improved [45]. The
preconditioning matrix will be designated M and is calculated using an approximation to the
flow Jacobian. The preconditioner can be applied from both sides of the equation, but when
applied from the right side the residual of the linear system is not affected by the preconditioner.
Saad [52] indicates that selecting right or left preconditioning will not have a significant impact
on the convergence of GMRES unless M is ill-conditioned. An ill-conditioned M will slow or

even stagnate the GMRES convergence. Therefore, M is applied to the right side, such that

Eq. (834) becomes

I s nA
[At + A} MTIMAQ=-R (3.53)

The preconditioner used in this work is based on an incomplete factorization of a first-order
approximation of the flow Jacobian (A;), which uses Eq. (3.35]) to reduce the stencil size of
the matrix. This way the preconditioner will be much more diagonally dominant and easier to

solve while still retaining adequate accuracy for the linear solver.
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3.5.1 Incomplete lower/upper factorization

The need for a preconditioner has been established and now a method of inverting the matrix
is needed. Rather than performing a direct inversion (which could turn a sparse matrix into
a dense one) an incomplete lower/upper (ILU) factorization is performed. The matrix M is

decomposed using a level of fill £ such that
M=L-UxL-U=A (3.54)

where L and U represent the true lower/upper factors and L,U are the incomplete factors.
An ILU factorization still provides a lower and upper triangular matrix, but allows the user
to select a fill level k. The incomplete part of the ILU process drops elements of the factored
matrix that exceed certain criteria based on the level of fill £. Higher values of fill provide a
more accurate representation of the original matrix, but also increase the amount of calculation
time and storage needed. After ILU factorization, the preconditioner must still be a reasonably
good approximation of A4;. Basically, we require a matrix that is easier to invert than Ay, while

its inverse remains a good approximation to Al_l.

3.5.2 Nodal ordering

The ordering of the nodes in the system has a significant impact on the calculation time and
storage space of the ILU factorization as well as the convergence rate of the linear solver. In a
complete LU factorization, elements that are far from the diagonal prior to decomposition will
contribute significant non-zero elements after LU factorization. The goal is to order the nodes
in such a way that there is a minimum bandwidth in the matrix prior to factorization [13].
Several ordering and re-ordering methods were examined and are presented in the following

sections.

Natural ordering

The simplest method of ordering the nodes is natural ordering. This method orders the nodes
from beginning to end of each block with no regard for block interfaces or boundaries. As an
example Figure B4 was ordered using natural ordering. Each entry in the matrix represents a
5x5 block of numbers. Starting at the first element of each block (1, 1, 1), the nodes were ordered
as follows: { — & — 1. The result is a matrix with a very large bandwidth since nodes that are
close to each other in physical space (like on block boundaries) could be located far apart in the

matrix (for example in Figure 23] the nodes in block 12 that touch block 1). Because of the
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Figure 3.4: Natural ordering for the preconditioning matrix before ILU factorization
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Figure 3.5: Reverse upstream ordering for the preconditioning matrix before ILU factorization
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Figure 3.6: Reverse Cuthill-McKee re-ordering for the preconditioning matrix

large bandwidth, a large number of entries will be discarded after ILU factorization, leading to

a less accurate result.

Reverse upstream ordering

An alternative to natural ordering is a reverse upstream ordering scheme orginally outlined for
2D by Pueyo [45] [47] and Nemec [39]. This method was modified for 3D and applied to the
12-block grid (Figure 23]) with the resulting matrix shown in Figure This method orders
the nodes in & planes starting at the rear of the wing and moving to the front. The nodes
are ordered through the block interfaces which allows nodes physically close to each other to
remain close together in the matrix. As shown, this matrix now has a much smaller bandwidth
compared to the natural ordering scheme and will be much more accurate when ILU is applied

since fewer entries will be dropped.

Reverse Cuthill-McKee re-ordering

After the initial ordering has been set, a re-ordering scheme can be applied to the matrix. The
Reverse Cuthill-McKee (RCM) [I0] re-ordering scheme has been found to provide an efficient
and consistent preconditioner for use with ILU [5] 146, [60]. RCM is based on a symmetric re-

ordering of the nodes to meet certain minimum bandwidth criteria and depends on the initial
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node. Figure shows the matrix with reverse upstream ordering and RCM applied to it. The

result is a matrix with a minimum bandwith, which was found to work very well with ILU.

3.6 Algorithm startup

Algorithm startup is the most critical phase when solving the equations using Newton’s method.
Speed is a dominant factor in designing a program, but equally important is robustness. By
definition Newton’s method works extremely well when the initial guess is near to the solu-
tion, but can diverge otherwise. This algorithm uses a variable time step to modify Newton’s
method (Implicit Euler), which is an approach used successfully by many authors, such as
Venkatakrishnan and Mavriplis [60], Orkwis [44], Chisholm and Zingg [6], [§] and Manzano et
al. [31].

TYPHOON uses a variable time step in conjunction with an approximate-Newton method and
Jacobian-free GMRES in the solution process. The advantages of both the approximate-Newton
and Jacobian-free strategies are combined into one hybrid method. The robustness in startup
of the approximate-Newton method is combined with the rapid later stages of convergence of

the Jacobian-free method. The two-phase startup is outlined in the following sections.

3.6.1 Local time step

The At term in Eq. (833) is used to stabilize the system during startup and is also known as
pseudo-transient timestepping. This time term strengthens the diagonal of the preconditioner
thereby increasing the efficiency of the linear solver. Based on Pulliam [48] the time step is

scaled to the size of each cell thereby making it a local time step:

At(n) — ref (355)

Jiksm 1+\/m

Aty is the reference time step and is increased as the solution proceeds toward convergence.

3.6.2 Phase 1: Approximate-Newton

This phase uses a first-order approximation to the flow Jacobian in place of the true Jacobian.
The system is less accurate, but requires less computation than the true Jacobian. If the
first-order Jacobian is substituted into the system in Eq. (8.34) the result is:

I (n) -
{At + Al] AQ™ = —R™ (3.56)
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This system is more diagonally dominant and easier to solve than one using the true Jacobian.
This strategy is also found to be more robust than the Jacobian-free method during startup.
Since this system is solving an approximate system, the convergence rate of the outer iterations

will be limited and is typically slower than that of the Jacobian-free methods.

The time step used in the first phase is a simple geometric formula used in the flow solver
HURRICANE [26], 27], which is given by:

0 _ 4. n __ n—1
A=A Al = BAT (3.57)

where A and B are constants with common values of A=1.0 and B=1.7. The algorithm begins

using this preset time step sequence combined with the approximate-Newton method.

3.6.3 Phase 2: Jacobian-free GMRES

The second phase of the startup procedure involves a variable time step based on the residual
and Jacobian-free GMRES. The formula used to calculate the reference time step is called the

SWilChed E\/Olulion RelaXai ion method by Mulder and van Leer [36]
T f ) min .
N Rdﬂ

where « and ( are constants and At,,;, is set to 50. Typically, a=1.0 and §=1.3. A relative

residual R((in) is used in calculating the change in residual from when the code begins as shown

in Eq. (359).

R™|

g | (3.59)
I [ R

where ||R|| is the starting residual.

The solution is converged approximately two orders of magnitude (R; = 0.01) using the

approximate-Newton method. The Jacobian-free method is then used to converge the solu-
tion to machine zero. A setback with the Jacobian-free method is that in the early iterations
this method has difficulties with the approximation, especially in flows with shocks. Due to the
presence of large non-linearities, even with small time steps this method has the potential to di-
verge. It is desirable to reduce the amount of time spent using the approximate-Newton method
since the convergence is slower, but if sufficient convergence is not attained, the Jacobian-free
method could fail. The convergence criterion used to switch to the Jacobian-free method is
outlined in Section .24
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Chapter 4
Algorithm Optimization

This chapter outlines several tests performed on TYPHOON in order to optimize the key
parameters used in solving the equations. Since nonlinear equations are being solved, the
parameters must be coupled; therefore, finding a truly optimum set of parameters is an iterative
process. In most cases, a clear optimum can be found by assuming that the parameters are

independent of each other.

4.1 Test cases

Two test cases were used in the parametric study. The geometry is an ONERA M6 wing
with a curved wing-tip as shown in Figure The multi-block grid has twelve blocks and
approximately 100,000 nodes. Table [£.] contains the details of the test grid.

Grid Far Field Off-wall | Leading Edge Root Tip Nodes on
Grid | Size | (semi-spans) | Spacing Clustering Spacing | Spacing Wing
(x1073) (x1073) (x1073) | (x1073) | Surface
A ] 99,840 5 2.0 2.0 10.0 10.0 1,200

Table 4.1: ONERA M6 grid used in parameterization study

4.2 Parametric studies

This section presents four independent tests of the following parameters used in TYPHOON:

33
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ILU fill parameter (k)

Preconditioner parameter (o)

Inexact Newton parameter (7))

e Approximate-Newton convergence parameter (Ry,,,)

All parameters examined in this analysis are tested using subsonic and transonic flight condi-
tions. The subsonic conditions are M = 0.5 with an angle of attack o = 3°, and the transonic

conditions are given by M = 0.84 and a = 3.06°.

4.2.1 ILU fill parameter (k)

The fill level (k) used in the incomplete lower /upper factorization of the preconditioner is used
by both the approximate-Newton startup as well as the Jacobian-free method. The analysis of

the fill level is divided into approximate-Newton and Jacobian-free subsections.

Approximate-Newton

The effect of the fill level on the approximate-Newton startup was tested by converging the
solution two orders of magnitude (R4 = 0.01) using various fill levels for both subsonic and
transonic cases. The results of the test are shown in Figure L1l where (a) and (b) represent the
subsonic and transonic cases respectively. The two graphs clearly show that ILU(1) requires
the least amount of time to converge two orders of magnitude. As well, in both cases a fill level
of zero is found to stagnate since the preconditioner is not accurate enough with a fill level of
zero. Fill levels higher than one require more computation time and slow the startup using

approximate-Newton.

Jacobian-free

A similar test was conducted on the Jacobian-free phase of the program. In this test, the solution
is converged two orders of magnitude using the approximate-Newton method and ILU(1). The
Jacobian-free test begins at this point, making it independent of the startup. The effect of level
of fill on the convergence rate of the Jacobian-free method is shown in Figure It can be
seen that a fill level of one achieves the fastest convergence. The results from this set of tests
demonstrate that a fill level of one (k = 1) is the best balance between a sufficiently accurate

preconditioner and the computational time required to factor it.
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Figure 4.1: ILU fill level (k) vs. relative residual (Ry) in the approximate-Newton phase
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4.2.2 Preconditioner parameter (o)

The preconditioner used in TYPHOON is a first-order approximation, as described in Sec-
tion The formation of the preconditioner uses a parameter ¢ to combine the fourth-
difference with the second-difference dissipation. The effect of o is tested in this section. Fig-
ure shows the results of the o tests . As in the previous tests, the results are separated
into the approximate-Newton and Jacobian-free phases. Both cases show that lower values of
o require fewer inner GMRES iterations and therefore less CPU time overall. Values of o ~ 3
are the minimum in all cases, but it was found that serious stability issues arise when values of
o < 3 are used. It is recommended that ¢ = 5 be used as a good balance between speed and

robustness.

4.2.3 Inexact-Newton parameter (7))

The inexact-Newton parameter (77) is used to set the convergence tolerance of the inner GMRES
iterations, which is explained in Section [3.3.21 This parameter will be analyzed independently,

since it is used in both the approximate-Newton and Jacobian-free phases of the program.

Approximate-Newton

The parameter 7145 controls the convergence of GMRES during startup with the approximate-
Newton (AN) method. The solution is converged two orders of magnitude (R; = 0.01) using a
range of values of 7an. Figure L4 shows the results of the tests conducted on the subsonic and
transonic cases during the approximate-Newton phase. Minimum values of 0.3 and 0.5 were
found for the subsonic and transonic cases respectively. As in previous tests, the minimum
values lie very near unstable regions. A value of 745 = 0.1 is recommended because it is found
to be stable in all conditions and grid sizes. The number of search directions in GMRES is
limited to 40 with no restarts during both approximate-Newton and Jacobian-free phases. The
average number of inner iterations required per outer iteration for the approximate-Newton

method is approximately 10.

Jacobian-free

Following startup, the algorithm switches to the Jacobian-free (JF) method which converges
the solution to machine zero. The inexact-Newton parameter still applies to this phase and

is tested in this section. The results are shown in Figure for both test cases. It is clearly
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shown that a value of 7;7 = 0.01 minimizes the number of required inner GMRES iterations
for both cases. It is important to note that in difficult cases with small off-wall spacings, a

lower value of ;7 = 0.001 may be required for convergence.

4.2.4 Approximate-Newton convergence parameter (R, )

The parameter R, , controls the switch from approximate-Newton to Jacobian-free. The pro-
gram must be converged sufficiently before switching to Jacobian-free operation, or the solution
could diverge. Figure shows the results of the Ry, , parameter tests. Values of Ry, , = 0.02
and Ry, , = 0.015 were found to be minimums for the subsonic and transonic cases respectively.
For flows with shocks, values of Rq,,, > 0.1 should be avoided since the solution could diverge.
Difficult cases should use lower values of Ry, , to ensure that the solution is converged enough

for the Jacobian-free method to take over.
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4.3 Optimized algorithm

Following the parameter study, the optimized parameters are summarized below:

ILU(1) preconditioner based on the first-order Jacobian with o =5

Reverse Cuthill-McKee reordering based on a reverse upstream initial ordering
e Approximate-Newton startup convergence tolerance: Rg, , = 0.02

e Approximate-Newton inner tolerance: 74y = 0.1

Jacobian-free inner tolerance: nyr = 0.01

GMRES limited to 40 search directions and no restart

The following is a more conservative set of parameters for use on difficult cases:

e Approximate-Newton startup convergence tolerance: Rg, , = 0.001
e Jacobian-free inner tolerance: 77 = 0.001

e 60 search directions in GMRES
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Chapter 5

Results and Validation

The first section of this chapter outlines the grids and flow conditions for the test cases used.
This is followed by a comparison of results from TYPHOON to experimental data as well as
other solvers such as OPTIMA [39] and HURRICANE [26, 3I]. The results and performance
of the TYPHOON flow solver when tested on a variety of grids and flow conditions will also be
presented in this chapter. The final sections contain a discussion of TYPHOON’s performance

and memory requirements.

5.1 Grids and test cases

TYPHOON is tested using a variety of grids around the ONERA M6 wing geometry. Table [5.1]
summarizes the details of the grids used in this chapter. All of the grids have a 12 block H-H
mesh configuration as shown in Figure 2.J] and were created using an elliptical grid generator:

GEM3D [I8, [19]. Several test cases containing a wide variety of flow conditions are used to

Grid Far Field Off-wall | Leading Edge | Root Tip Nodes on
Grid Size (semi-spans) | Spacing Clustering Spacing | Spacing Wing
(x1073) (x1073) (x1073) | (x1073) | Surface
A 99,840 ) 2.0 2.0 10.0 10.0 1,200
B 248,000 10 1.0 2.0 10.0 5.0 3,000
C 500,000 10 1.0 1.0 5.0 2.0 3,600
D | 1,008,000 20 1.0 1.0 5.0 5.0 4,800

43

Table 5.1: ONERA M6 grids used to test TYPHOON
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Case Flow Mach Number | Angle of Attack
Condition (M) (o)
1 Subsonic 0.3 8.0
2 Subsonic 0.5 3.0
3 Transonic 0.699 3.06
4 Transonic 0.84 3.06

Table 5.2: Flow conditions for the four inviscid test cases

show the results and performance of TYPHOON. Table shows the details of these test cases.
All test cases are inviscid and have 0° of roll or yaw. Only the angle of attack (pitch) and Mach

number are studied in this work.

5.2 Computational comparison and resources

This section briefly outlines the computational resources used to test TYPHOON as well as the
units used for comparison. The unit used to benchmark the performance of TYPHOON that is
independent of computer architecture is the number of equivalent function evaluations (FE). A
function evaluation is defined as one right-hand-side evaluation or one residual evaluation. The
total number of FE’s is calculated by dividing the total CPU time by the CPU time needed
to calculate one right-hand-side. This normalization technique removes the dependence on the
type of processor used. A single function evaluation includes calculation of the fluxes, pressure

field, artificial dissipation and boundary conditions.

CPU time is also valuable in defining how much physical time is needed to perform the task and
is also used in this work. The tests conducted on TYPHOON were run using the University
of Toronto’s High Performance Aerospace Computing Facility (HPACF). HPACF is a Beowulf
Cluster running Hewlett-Packard ES45 AlphaServers and 1000MHz EV68CB Alpha processors.

5.3 2D Validation —- NACAO0012

In this section, the results of TYPHOON are compared to two other well established solvers:
HURRICANE [26] and OPTIMA [39]. The test case is a NACA0012 airfoil with 11,200 nodes,
20 chords to the far-field and 5 x 10™* off-wall spacing. TYPHOON is designed to be a three-

dimensional flow solver, so the 2D NACA grid was extruded into 6 slices and a symmetry
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boundary condition applied at the root and the tip. All other conditions were identical when
compared to the other solvers. Two test cases were run using this grid: subsonic flow at
M = 0.63, a = 2° and transonic flow at M = 0.8, a = 1.25°. The results of the tests are shown
in Figures 5.l and [5.2] which include both (a) a C), plot and (b) a Mach contour plot. It can be
seen that the results of TYPHOON agree very well with HURRICANE and OPTIMA in both
test cases. TYPHOON produces excellent shock capture in the transonic case with minimal

overshoot.

5.4 3D Validation - ONERA M6

As discussed in Chapter [1l validation with experimental results is difficult due to the presence
of viscous and turbulent effects. Nonetheless, a qualitative comparison can be made to ensure
general accuracy. This section compares TYPHOON to a classic set of experimental results
performed on the ONERA M6 wing by Charpin and Schmitt [54] in 1979. The test case used
here is transonic flow at M = 0.84, a = 3.06° (Case 4 from Table [(.2]). A comparison of
TYPHOON results to experimental data for case 3 is shown in Figure [C.2] of Appendix

Figure 5.3 shows a 3D Mach contour plot of the ONERA wing at the test conditions for grid D.
The most distinctive feature of this picture is the pattern of the shock wave on the upper
surface of the wing. This type of shock is called a A shock because of how two shocks at the
root eventually join together toward the tip. This shock pattern can be seen more clearly in
Figure 5.4 (a). This picture shows the coefficient of pressure (C}) contours on the top surface
Figure 5.4] (a) and on the bottom surface (b) for grid D. To compare the results of TYPHOON
to the experiment, it is necessary to take spanwise slices on the wing and compare the coefficient
of pressure (C}). Six slices at spanwise locations of 20%, 44%, 65%, 80%, 90% and 96% are
plotted in Figure Three grid sizes are overlaid along with the experimental data in this
figure. Overall, the results from TYPHOON correspond well to the experimental data. The
code follows the leading edge pressure rise very well and captures the shock with minimal
overshoot. Figure shows Mach contour slices of the wing where the leading-edge shock and

mid-chord shock can be seen.

Table compares the lift and drag coefficients of HURRICANE, TYPHOON, and a NASA
3D unstructured multi-grid code by Mavriplis [32]. Although there is some scatter in the lift
and drag values, the general agreement is good. Coefficients of lift and drag for all grids and
cases can be found in Table [C.1]in Appendix
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Figure 5.3: 3D Mach contours of ONERA M6 wing at M = 0.84, a = 3.06°

Grid Size Cr Cp
100,000 | 0.3048 | 0.0116
TYPHOON 250,000 | 0.3017 | 0.0116
500,000 | 0.3014 | 0.0108
1,000,000 | 0.3031 | 0.0107
HURRICANE | 235,000 | 0.2820 | 0.0162
NASA code 358,000 | 0.2923 | 0.0131

Table 5.3: Comparison of lift and drag coefficients for case 4
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Figure 5.4: Pressure contours of ONERA M6 wing, M = 0.84, « = 3.06°
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5.5 Algorithm performance

The four cases on the four ONERA M6 wing grids were run using TYPHOON. First, TY-
PHOON is compared across all the grids using the subsonic case 2. Figure 5.7 shows the CPU
time in function evaluations and allows comparison of the wide range of grid sizes on a similar
scale. For the 100,000 node grid, TYPHOON requires about 2,400 function evaluations to con-
verge to machine zero, while the 1,000,000 node grid requires about 6,300. The 100k and 250k
node cases require two orders of magnitude convergence using approximate-Newton, while the
500k and 1000k node grid require three orders. The results of the other cases are grouped into
plots of each grid size and include density residual as a function of CPU time (a) and inner
iterations (b). Figures 5.8 to 5.1 show the convergence histories for grids A to D respectively.

Plots of the residual vs. function evaluations for all the cases can be found in Appendix [Cl

One of the goals of the flow solver is to calculate the coefficients of lift and drag, and another
measure of code performance is how quickly these values are attained. Figure shows the
convergence history for the lift and drag coefficients on the 100k and 1000k grids. Table 5.4
shows the convergence times to given criteria for the 100k and 1000k grids. On the 100k grid,
TYPHOON produces results for the coefficient of lift to four decimal places in 6.5 minutes. For
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Figure 5.10: TYPHOON convergence histories for 500,000 nodes
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Convergence | TYPHOON grid size
criterion 100,000 | 1,000,000
0.5% of Cf, 351s 5400s
0.1% of Cp, 377s 6305s
0.01% of C, 392s 7673s
0.5% of Cp 420s 5900s
0.1% of Cp 477s 7100s
0.01% of Cp 496s 75255

Table 5.4: Convergence data for the coefficient of lift and drag for case 4

the same target, TYPHOON will solve the one million node grid in 127 minutes. Additional

results including convergence histories, coefficient of pressure figures, and 3D contour plots can
be found in Appendix

5.6 Grid scaling

An important aspect of a flow solver is the correlation between the CPU time and the problem
size. From the tests conducted using grids A through D as well as a 50,000 and 75,000 node grid
the CPU time in function evaluations for convergence to machine zero is plotted as a function
of the grid size in Figure 513l A similar analysis was performed by Pueyo [45] on the PROBE
solver and ARC2D. The results from Pueyo’s tests along with the TYPHOON data are plotted.
The equation of a line of best fit on the log-log plot and can be represented by:

w = KNP (5.1)

where N is the grid size, w is the CPU time in function evaluations, and x and 3 are constants.
The ideal case for a flow solver is to have the function evaluations remain constant with the
grid size (8 = 0). For ARC2D: g = 0.73, PROBE: 5 = 0.325 and TYPHOON: § = 0.288.
Therefore, the scalability of the 3D multi-block solver TYPHOON is found to be very good.

5.7 Newton-Krylov solver statistics

Table shows the details of TYPHOON’s inner and outer iterations and performance for
grids A and D. The average number of inner iterations remains relatively constant at 20 and

independent of grid size. The number of outer iterations is higher for larger grids due to the
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Approximate-Newton | Jacobian-Free | Total Outer | Total Inner
Grid | Case | Outer Inner Outer | Inner | Iterations Iterations Z):Z; FE
Iters Iters Iters | Iters (o-it) (i-it)
A 1 12 92 8 280 20 372 18.6 | 2796
A 2 12 88 8 229 20 317 15.9 | 2576
A 3 16 137 6 183 22 320 14.5 | 2616
A 4 17 165 8 220 25 385 15.4 | 3048
D 1 24 390 22 684 46 1074 23.3 | 6703
D 2 40 484 13 523 53 1007 19.0 | 6619
D 3 46 456 15 471 61 927 15.2 | 6619
D 4 31 412 9 467 40 879 22.0 | 5025

Table 5.5: Newton-Krylov statistics

need for longer runs in the approximate-Newton startup. During Jacobian-free operation, fewer
outer iterations are required but more inner iterations are needed. Grid A uses GMRES(40)

while grid D uses GMRES(60).

5.8 Memory requirements

The memory allocation is critical when using implicit solution methods such as in TYPHOON.
Implicit methods require significantly more memory than their explicit counterparts since a
large linear system must be solved. Several methods are employed in TYPHOON to reduce the

amount of memory needed to solve the equations implicitly.
e Jacobian-free GMRES is used, which approximates the flow Jacobian by using a forward

difference of the residual vector

e The preconditioner for GMRES is based on a first-order approximation to the flow Jaco-

bian
e Compressed sparse row (CSR) format from Saad’s SPARSKIT [51] is used, which repre-

sents large sparse matrices by smaller single-dimensional arrays

The three dominant contributions to memory use in TYPHOON are the approximate Jacobian

(A1), the ILU factors and the GMRES subspace. Combined, these three items require 93%
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37% O PRECONDITIONER
B OTHER
. . GMRES
Grid & Metrics 23%
1%
Figure 5.14: TYPHOON memory allocation
Solver 2D or | Structured or | Memory
3D | Unstructured | (Kb/node)
TYPHOON 3D Structured 13
OPTIMA-MB 2D Structured 28
HURRICANE | 3D Unstructured 34

Table 5.6: Flow solver memory comparison

of the total memory used in TYPHOON. A breakdown of the memory use in TYPHOON is
shown in Figure .14 When in operation with ILU(1) and GMRES(40), TYPHOON requires
approximately 13Kb/node of memory. Table shows a comparison of two other flow solvers
to TYPHOON. Careful allocation of memory and minimal use of unused work arrays produce

a three-dimensional multi-block solver that has reasonably low memory use.



Chapter 6

Conclusions and Recommendations

6.1 Conclusions

A three-dimensional multi-block Newton-Krylov flow solver for the Euler equations has been
developed for steady aerodynamic flows. Multi-block structured grids are transformed into
curvilinear coordinates thus permitting unweighted spatial differences. Second-order spatial
discretization is used in combination with the scalar second and fourth-difference dissipation of
Jameson et al. [23]. First-order implicit Euler time-marching is applied using a variable timestep
that is proportional to the residual. As the residual approaches zero, the time-step approaches
infinity and Newton’s method is recovered. A Krylov subspace method (GMRES) is used to
solve the linear system that arises at each Newton iteration. This linear system is preconditioned
using an incomplete lower/upper (ILU) factorization routine, which increases the effectiveness
of the linear solver. The preconditioner is based on a first-order approximation to the flow
Jacobian that uses a modified stencil to reduce the amount of storage and computation. A
combination of approximate-Newton and Jacobian-free solution methods are combined to form

a robust and fast algorithm capable of handling a variety of flow conditions on various grids.

A study has been conducted to optimize the parameters used in the flow solver. The main
focus of the study is to find a balance between speed and robustness for the algorithm. The
approximate-Newton startup is found to be very robust, which makes it ideal for algorithm
startup in the region where a Jacobian-free method is not stable. The objective is to switch
to the Jacobian-free method early enough to benefit from the increased convergence rate, but
late enough so that the solution is in the Newton convergence region. Difficult cases such as
those with strong shocks or small cell volumes have the potential to stiffen the equations being

solved. In such cases, more conservative time-step parameters and further convergence using
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approximate-Newton is necessary.

Tests were conducted on grids ranging in size from 100,000 nodes to 1,000,000 nodes and flow
conditions from M = 0.3, a = 8° to M = 0.84, a = 3.06°. The flow solver converges to machine
zero in 2,400 function evaluations (10 minutes) for the 100,000 node grid and 6,300 (6.3 hours)
for the one million node grid on a single processor. The scalability of TYPHOON is found to
be good with the CPU cost proportional to the grid size to the power of 1.288.

6.2 Recommendations

The program developed provides a substantial base for the development of a full aircraft op-
timization routine. The objective was to construct a program to solve inviscid flow on multi-
block structured grids. Following this, viscous and turbulent components can be added to
TYPHOON. Some additions and possible research areas that would increase the effectiveness

and versatility of the solver are presented here.

The addition of matrix dissipation by Swanson and Turkel [57] would increase the accuracy of
the solver. Care must be taken when implementing this type of dissipation because it has been

found to degrade the preconditioner and could cause the solution to diverge.

The block interfaces in TYPHOON are treated as interior nodes and not as special cases. Since
the faces that join blocks together share physical space and use identical computational stencils,

some calculation time can be saved by implementing a master-slave condition at this interface.

It would also be beneficial to investigate the use of hybrid C-H or C-O grids in TYPHOON.
Currently, the code uses an H-H type mesh and suffers from highly skewed cells at the leading
edge when small spacings are used. The use of a C-mesh in the chordwise direction would
combine the benefits of the curved mesh around the leading edge (large curvature) and the
advantages of an H mesh at the sharp trailing edge. Also, in a structured grid environment,
blunt surfaces are challenging to grid, but an O-grid has the ability to project the grid lines

onto the blunt faces, which an H-grid cannot.
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Appendix A

Contravariant velocity derivatives

This section provides an explanation in the calculation of the contravariant velocity derivatives

that are used in the boundary conditions described in Section 3.3l

After the system of equations given in Eq. 2.I3is solved for V,,, Vi, and Vi, the system will

have the form

Vi u
Vi, | =101 | v (A.1)
Vi w

where § = B~! from Eq. 213l The elements in # are only functions of the grid metrics and are

constants when derivitatives in u, v, w are applied. The system can be re-written as:

Vi, = Orau+ 0120+ 013w
Vi, = Oa1u+ O22v + 023w
V., = 9371u + 93721} + 937311]

With the 6 entries treated as constant the an example of the derivatives is shown below

oV, OV WV
By "0 g, =02 =0 (A2)
u v w
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Appendix B

GMRES

The following is an outline of the operation of GMRES [53] applied to a linear system in the

form Az =b.

GMRES finds the iterate z,, € {xg + K,,} that minimizes the Ly norm of the residual r,, =

b — Azx,,, where xg is an initial guess in the iterative process, and K,, is a Krylov subspace of

the form
K, = span{vy, Avy, A%y, ..., A" 1oy} (B.1)
The vector vy is
To b — .A.’Eo
V1 = = B2
Y Trollz 1o = Awoll: (B:2)

GMRES has three basic steps. First, from an initial guess xg, it computes the vector v;. Second,
using Arnoldi’s method it forms an orthogonal basis of the subspace K,,; every new direction

vector Av; is made orthogonal to all the previous ones and it is normalized:

For 7=1,2,...m do:
hij = (Avj,v),i=1,2,...,]
i1 = Av; — S i jv; (B.3)
hj+1,5 = [[0j41]]
Vi1 = Dj41/hjt1,5
From the above process, it is easy to show that

AVpy = Vi1 Hp (B.4)

where V,, is a N x m matrix with column vectors vy, ..., Uy, and H,, is a (m+1) x m Hessenberg

matrix containing the h;; coefficients computed by Arnoldi’s algorithm. Any given vector
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x € {xg + K} can be written as
x=1x0+ Viny (B.5)

where y is a vector of dimension m. Making use of Eqs. (B:4) and (B.), the Ly norm of the

residual can be written as a function of y:

[r@)ll2 = [[b— Az
= |Ib— A(xo + Viny)|l2
= |lro — AViuyll2 (B.6)

= [|Bv1 — Vins1Hmyll2
= |Vins1(Ber — Hny)ll2

where 3 = ||ro|| and e; is the first column of the m xm identity matrix. Since the column-vectors

of Vi1 are orthonormal,
lr(y)ll2 = l1Ber — Hunyll2 (B.7)

The third step is to find the x that minimizes the residual. This is reduced to finding y such
that the function ||7(y)||2 is minimized. Since this is a (m + 1) x m least-squares problem with

m very small compared to N it is inexpensive. Once y is found, z,, is formed using Eq. [B.5l
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Additional results
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Figure C.3: ONERA M6 wing tip effects at M = 0.5, a = 5°
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Figure C.4: ONERA M6 wing tip effects at M = 0.5, = 5° (Front view)



Grid | Case | Lift Coefficient (Cf, ) | Drag Coefficient (Cp)
A 1 0.5911 0.031304
B 0.5679 0.028102
C 1 0.5670 0.027418
D 1 0.5729 0.029413
A 2 0.2274 0.002556
B 2 0.2227 0.003810
C 2 0.2210 0.003071
D 2 0.2225 0.002795
A 3 0.2552 0.005553
B 3 0.2502 0.005712
C 3 0.2491 0.004843
D 3 0.2510 0.004820
A 4 0.3048 0.011558
B 4 0.3017 0.011564
C 4 0.3014 0.010785
D 4 0.3031 0.010693

Table C.1: TYPHOON solver lift and and drag coefficients
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