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Abstract

High-Fidelity Aerodynamic Shape Optimization with High-Order Spatial Discretization

Nicholas Albert Lee Holt

Master of Applied Science

Graduate Department of Aerospace Science and Engineering

University of Toronto

2014

A gradient-based optimization procedure for use with aerodynamic optimization has been developed to

make use of a more accurate high-order analysis. Second-, third-, and fourth-order summation-by-parts

operators are used with boundary conditions enforced by simultaneous approximation terms to improve

stability. The optimizer has been extensively verified using the complex-step method and directional

derivative test, and validated using an inverse design and inviscid twist optimization. A matrix-vector

product technique is introduced which circumvents the large memory requirements of storing the high-

order flux Jacobian matrix when solving the flow adjoint equations. Viscous optimization in two and

three dimensions has shown direct benefits to high-order analysis within optimization; accurate analysis

can lead to an improved design and is more likely to meet nonlinear constraints when re-evaluated on

a very fine mesh. The number of design iterations appears to be unaffected by the order of accuracy,

with reduced robustness causing occasional analysis failures. In several cases it has been shown that the

third-order method costs nearly the same as the second-order method on a given grid, giving improved

accuracy for almost no additional CPU cost.
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Chapter 1

Introduction

1.1 Motivation

The aerospace industry is highly competitive, resulting in tight profit margins. Rising fuel costs

have serious implications on the economic health of the aviation industry. Carbon dioxide (CO2)

emissions and their contribution to climate change provide further incentive to reduce fuel consumption

in next generation aircraft. With aviation traffic expected to increase exponentially in the years to

come, with just over a 5% growth in passenger traffic and a 1% growth in cargo traffic confirmed for

2013 relative to 2012 [44, 45], simply reducing air traffic is not an option.

To reinforce the environmental concerns of emissions within the aviation industry, the International

Air Transport Association (IATA) has introduced the following aggressive emissions targets [42]:

• a cap on net aviation CO2 emissions from 2020 (carbon-neutral growth);

• an average improvement in fuel efficiency of 1.5% per year from 2009 to 2020; and

• a reduction in net aviation CO2 emissions of 50% by 2050, relative to 2005 levels.

The motivation of these targets is to reduce the effect that aviation has on climate change. In 2012,

air transportation produced 689 million tonnes of CO2, accounting for 2% of global anthropogenic CO2

emissions [43]. IATA outlines the four major changes required to meet these aggressive targets:

• improved technology, including the deployment of sustainable low-carbon fuels;

• more efficient aircraft operations;

• infrastructure improvements, including modernized air traffic management systems;

• market-based measures to fill the remaining emissions gap.

Figure 1.1 shows the projected CO2 emissions under several technology scenarios, highlighting that

contributions from many fields of research will be required to achieve environmental sustainability in

aviation.

1



2 Chapter 1. Introduction

Figure 1.1: CO2 emissions forecast under several technology scenarios. [43]

Observing from a more fundamental standpoint, the Breguet range equation suggests several ways

that an aircraft can be made more efficient:

R = V ×
(
L

D

)
︸ ︷︷ ︸

aerodynamic

× Isp︸︷︷︸
propulsion

× ln

(
Wi

Wf

)
︸ ︷︷ ︸
structural

. (1.1)

where R is the range of the aircraft, V is the aircraft’s cruise speed, L
D represents the lift-to-drag ratio,

Isp is the propulsive efficiency, and the initial and final weights of the aircraft are Wi and Wf respectively.

Three engineering challenges are contained within Equation 1.1: engine efficiency, structural weight, and

aerodynamics. While all aspects are important, this work considers the aerodynamic effects contained

within the lift-to-drag ratio, and how an airframe can be modified to improve aerodynamics.

1.2 Aerodynamic Shape Optimization

Aerodynamic Shape Optimization (ASO) is an iterative procedure used to discover, with some degree of

autonomy, the ideal aerodynamic configurations of aircraft. A gradient-based ASO algorithm is shown

schematically in Figure 1.2. ASO can be used to optimize an existing aerodynamic shape to reduce drag

through incremental shape changes, although the true power of ASO will be seen through exploratory

shape optimization. Starting with unconventional geometries and defining mission and objective criteria

appropriately, while enabling the geometry to change freely, can lead to large improvements in fuel

efficiency. Numerical optimization will be important for these design problems as it may be misleading

for aircraft designers to draw from conventional experience when designing unconventional aircraft, and

ASO can provide the designers with an automated and comprehensive intuition for the design space.

Developing a reliable optimizer for aerodynamic applications is a first step for unconventional aircraft

design. The next step is making the optimizer as efficient as possible through algorithm improvements.

ASO was first introduced by Hicks et al. [40] in the optimization of two-dimensional airfoils. Hicks

et al. performed the gradient computation using the finite-difference method. The use of the finite-

difference method requires the careful selection of the perturbation parameter to balance truncation and
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Figure 1.2: Schematic diagram outlining the steps involved in a gradient-based aerodynamic shape
optimization algorithm.

subtractive cancellation error and its cost is dependent on the number of design variables. Jameson

introduced the adjoint approach to computing the gradient [46], which avoids the step size dilemma

while requiring the solution to a system of linear equations. The main advantage to this approach is

that its computational cost is nearly independent of the number of design variables. The adjoint method

applied to gradient-based ASO leads to an efficient algorithm. Further improvements can be made to

the algorithm by improving the efficiency of the flow analysis. The use of high-order methods is one

strategy to achieve this goal.

1.3 High-Order Methods

There are three prevalent techniques to reduce numerical error in a simulation. Increasing the number

of nodes in the computational mesh is one strategy; this improves the spatial resolution to resolve finer

features in the flow solution. Careful arrangement of the mesh nodes may also result in a reduction

in error, i.e., accurately resolving boundary layers; this technique requires more information about the

converged flow analysis in order to be effective and is not directly studied in this work. Adjoint-based

adaptive mesh refinement is one strategy for intelligent node placement [65], and could be considered in

future projects. An efficient strategy to reduce error, as shown by several authors [4, 17, 18, 25, 37, 39, 63],

is to reduce the Taylor series truncation error with the use of high-order methods. This is done by

increasing the order of accuracy of the derivative approximations in a finite-difference method, and could

also be achieved in polynomial reconstruction based methods by increasing the degree of the polynomial

used in the reconstruction of the solution data. Results from the 1st International Workshop on High-

Order Computational Fluid Dynamics (CFD) Methods demonstrated definitive efficiency improvements

for two-dimensional flows with the use of high-order methods, with such trends expected to transfer to

three-dimensional flows with the introduction of the appropriate test cases in the future [87].

The efficiency improvements seen with high-order methods might seem counter-intuitive at first

glance as it is almost certain that using high-order methods on a given grid will increase computational

cost. However, the reduced error when using high-order methods indicates a potential for efficiency

improvements. High-order methods can achieve a specified accuracy (such as accurately predicting

drag within 0.1%) on a coarser mesh than the second-order method, and have demonstrated increased

efficiency when measuring error per computational cost [18, 25, 63, 87]. While high-order has been shown
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to be effective for numerical analysis alone, the trade-off relationship between computational resources

and accuracy are presently unclear in the context of optimization since the gradient computation required

by the optimization algorithm must now be considered. Literature review reveals only one example of

optimization used in conjunction with high-order flow analysis [7, 8, 9, 10]. This specific example of

two-dimensional ASO demonstrated a reduction in the optimization iterations required when high-order

methods are used, with similar CPU costs for the second- and fourth-order finite volume methods

and resulted in similar optimized shapes. Since optimization with high-order analysis is a relatively

unexplored topic, it is important to continue to test the benefits of high-order spatial discretization as

applied to ASO, as well as extend the efficiency analysis to the optimization of three-dimensional shapes.

Finite-difference operators which satisfy the summation-by-parts (SBP) property are used within the

analysis algorithm to discretize the derivative operators. First introduced by Kreiss and Scherer [50], the

SBP property ensures that stability is guaranteed for linear partial differential equations (PDEs) when

used in conjunction with an appropriate boundary condition, which is a necessary but not sufficient

condition for stability in nonlinear PDEs [21, 26, 51]. Since a curvilinear coordinate transformation

is used in this work, the diagonal-norm SBP operators are chosen, as full and restricted-norm SBP

operators cannot guarantee stability for the linear convection diffusion equation with a general curvilinear

coordinate transformation [26, 67, 68, 81]. An unfortunate consequence to using diagonal-norm SBP

operators is a reduced order of accuracy compared to the a full-norm operator of the same size. Mattson

and Almquist have introduced techniques to stabilize the solution algorithm when using alternative norm

matrices such as the full norm [56]. Boundary conditions are weakly enforced using a penalty method

to preserve the SBP property and maintain stability.

1.4 Benchmark Test Cases

Several standard tests exist for numerical aerodynamic analysis codes to be compared, as well as exper-

imental data for specific geometries. Standardized tests are less mature in the numerical optimization

community and experimental data does not exist for the highly specific geometries obtained by the

optimization algorithm. This deficiency is currently being addressed through the introduction of four

standard tests which the ASO community is committed to studying regularly [30, 61, 62, 71]; some of

these have been studied recently [12, 83]. The efficiency of the high-order algorithm will be evaluated by

examining optimization cases which have similarities to some of these standardized shape optimization

test cases.

1.5 Thesis Objectives

The objective of this thesis project is to incorporate an existing high-order finite-difference flow analysis

algorithm with an existing gradient-based optimization algorithm. Most of the development work will

involve adding high-order terms into the gradient computation; specifically the adjoint equations will be

directly modified. The large memory requirements of storing the high-order flux Jacobian matrix will

be addressed by developing an analytical transposed Jacobian-vector product strategy; the advantages

and disadvantages of this method will be examined. It has been shown by several researchers that high-

order methods have the potential to improve the efficiency of analysis algorithms. The flow analysis

and the solution to the adjoint equations represent the most expensive components of the optimization
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algorithm. It is an objective of this thesis to demonstrate that the efficiency gains observed in the

analysis carry through to the optimization algorithm as a whole since it is presently unclear how the

solution to the adjoint equations will be affected by the increased bandwidth caused by the inclusion of

high-order terms.



6 Chapter 1. Introduction



Chapter 2

Numerical Solution to the

Navier-Stokes Equations

Ultimately, this work is concerned with the optimization of aerodynamic shapes, which will require

repeated aerodynamic analysis using CFD. CFD can be applied with various levels of fidelity,

driven by the underlying assumptions of the problem. This work considers both inviscid and viscous

laminar aerodynamic analysis and optimization. Inviscid flow is a valid assumption for very high speed

external flows where viscous effects are often negligible. The viscous laminar assumption is an important

distinction, as the presented governing equations will be valid only for low Reynolds number flows to

ensure that a steady flow is observed. The Reynolds-Averaged Navier-Stokes (RANS) equations are

not modelled in this work, but allow for analysis of time-averaged turbulent flows at higher Reynolds

numbers.

The finite-difference steady flow analysis tool used in this work was first introduced as a second-order

inviscid flow solver by Hicken [29] and then extended to high-order by Dias [24]. Further work was done by

Osusky [72] to include viscous and turbulent effects using second-order spatial discretization. The viscous

laminar flow solver was extended to high-order by Del Rey Fernández and Zingg [22]. Improvements

to the high-order viscous laminar flow solver have been included in the scope of this thesis. Analysis is

possible using second-,third-, and fourth-order spatial discretization with this framework.

This chapter will first present the governing equations in a Cartesian coordinate system. A curvilinear

coordinate transformation will subsequently be introduced, and the transformed governing equations will

be presented, with limitations discussed. The flow solution algorithm will be presented, including the

spatial discretization using SBP operators and SATs, artificial dissipation operators, and globalization

strategies used for robust analysis.

2.1 Navier-Stokes Equations

2.1.1 Cartesian Coordinates

The three-dimensional Euler equations describe continuum, inviscid, compressible flow. The validity of

the inviscid assumption relies on the Reynolds number, Re, being large. Euler analysis allows for accurate

evaluation of induced drag and wave drag under conditions where the flow remains fully attached. To

7
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account for frictional forces on the aerodynamic surface, viscous effects must be modelled with the

Navier-Stokes equations. The compressible Navier-Stokes equations are given by

∂Q

∂t
+
∂E

∂x
+
∂F

∂y
+
∂G

∂z
=

1

Re

(
∂Ev

∂x
+
∂Fv

∂y
+
∂Gv

∂z

)
, (2.1)

where x,y,z are the Cartesian coordinates and Re is the Reynolds number. The Navier-Stokes equations

operate on the non-dimensional conservative variables,

Q =


ρ

ρu

ρv

ρw

e

 , (2.2)

which represent mass, momentum in the x-,y-, and z-direction, and total energy per unit volume. The

inviscid flux vectors on the left-hand side of Equation 2.1 are defined as

E =


ρu

ρu2 + p

ρuv

ρuw

u(e+ p)

 , F =


ρv

ρuv

ρv2 + p

ρvw

v(e+ p)

 , G =


ρw

ρuw

ρvw

ρw2 + p

w(e+ p)

 , (2.3)

and the viscous flux vectors on the right-hand side of Equation 2.1 are defined as

Ev =


0

τxx

τxy

τxz

Ev,5

 , Fv =


0

τyx

τyy

τyz

Fv,5

 , Gv =


0

τzx

τzy

τzz

Gv,5

 . (2.4)

The viscous stress and heat conduction terms are given by

τxx =
4

3
µux −

2

3
µ(vy + wz),

τyy =
4

3
µvy −

2

3
µ(ux + wz),

τzz =
4

3
µwz −

2

3
µ(ux + vy),

τxy = µ(uy + vx),

τxz = µ(uz + wx),

τyz = µ(vz + wy),

τyx = τxy, τzx = τxz, τzy = τyz,

Ev,5 = uτxx + vτxy + wτxz + µPr−1(γ − 1)−1∂x(a2),

Fv,5 = uτyx + vτyy + wτyz + µPr−1(γ − 1)−1∂y(a2),

Gv,5 = uτzx + vτzy + wτzz + µPr−1(γ − 1)−1∂z(a
2).

The ∂x term is used as a shorthand for ∂
∂x , ux is used as shorthand for ∂u

∂x , and so on. In the above,

ρ is the density, a is the sound speed (a =
√
γp/ρ), u,v,w are the Cartesian velocity components, e is
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the total energy per unit volume, µ is the molecular viscosity, and the specific heat ratio, γ, for air is

1.4. The laminar Prandtl number is set as a constant of Pr = 0.72. Molecular viscosity is calculated

using the non-dimensional form of Sutherland’s law [88],

µ =
a3(1 + S∗

T∞
)

a2 + S∗

T∞

, (2.5)

where S∗ is the Sutherland constant (198.6◦R), and T∞ is the free-stream temperature, typically set to

460◦R for air.

One additional equation is required to form a closed set; the equation of state for an ideal gas is used

to define the pressure, p, as

p = (γ − 1)

(
e− 1

2
ρ(u2 + v2 + w2)

)
. (2.6)

The Euler equations can be obtained in the limit as Re → ∞. The Reynolds number, Re, is a ratio of

the inertial forces to viscous forces, and is given by

Re =
ρ∞a∞c

µ∞
. (2.7)

Non-dimensional quantities are used in Equation 2.1 and are defined as [75]:

t =
t̃ã∞
c
, x =

x̃

c
, y =

ỹ

c
, z =

z̃

c
, ρ =

ρ̃

ρ̃∞
, ui =

ũi
ã∞

, e =
ẽ

ρ̃∞ã2
∞
, µ =

µ̃

µ̃∞
,

where c is the reference length (typically the mean aerodynamic chord). The ‘∞’ subscript denotes a

free-stream value for the given quantity, while the ‘˜’ denotes a dimensional quantity.

2.1.2 Curvilinear Coordinate Transformation

This finite-difference solution algorithm makes use of a general curvilinear coordinate transformation to

transform from physical space to computational space. An important property of computational space

is that ∆ξ = ∆η = ∆ζ = 1. This intuitively reads that all of the coordinates in computational space

are indexed by integer values with unity increments. Explicitly, the curvilinear coordinates ξ, η, ζ are

functions of the Cartesian coordinates x, y, z:

ξ = ξ(x, y, z),

η = η(x, y, z),

ζ = ζ(x, y, z).

In this work it is assumed that the grid is stationary and the coordinate transformation has no dependence

on time. The grid metrics of the transformation are as follows:

ξx = J(yηzζ − yζzη),

ξy = J(zηxζ − zζxη),

ξz = J(xηyζ − yηxζ),

ηx = J(zξyζ − yξzζ),

ηy = J(xξzζ − zξxζ),

ηz = J(yξxζ − xξyζ),

ζx = J(yξzη − zξyη),

ζy = J(zξxη − xξzη),

ζz = J(xξyη − yξxη).

(2.8)
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The metric Jacobian is defined to be the determinant of the metric Jacobian matrix of the transformation:

J−1 =

∣∣∣∣∣∣∣
xξ xη xζ

yξ yη yζ

zξ zη zζ

∣∣∣∣∣∣∣
= xξyηzζ + yξzηxζ + zξxηyζ − xξzηyζ − yξxηzζ − zξyηxζ (2.9)

The curvilinear coordinate transformation is implicitly described by the grid metrics and the metric

Jacobian.

Applying the coordinate transformation to Equation 2.1, multiplying both sides by J−1, and rear-

ranging into strong conservative form, the Navier-Stokes equations can be rewritten as

∂tQ̂ + ∂ξÊ + ∂ηF̂ + ∂ζĜ =
1

Re

(
∂ξÊv + ∂ηF̂v + ∂ζĜv

)
, (2.10)

where the transformed variables and fluxes are related to their Cartesian counterparts by

Q̂ = J−1Q,

Ê = J−1 (ξxE + ξyF + ξzG) ,

F̂ = J−1 (ηxE + ηyF + ηzG) ,

Ĝ = J−1 (ζxE + ζyF + ζzG) ,

Êv = J−1 (ξxEv + ξyFv + ξzGv) ,

F̂v = J−1 (ηxEv + ηyFv + ηzGv) ,

Ĝv = J−1 (ζxEv + ζyFv + ζzGv) .

The transformed inviscid flux vectors can be simplified to

Ê =


ρU

ρuU + ξxp

ρvU + ξyp

ρwU + ξzp

U(e+ p)

 , F̂ =


ρV

ρuV + ηxp

ρvV + ηyp

ρwV + ηzp

V (e+ p)

 , Ĝ =


ρW

ρuW + ζxp

ρvW + ζyp

ρwW + ζzp

W (e+ p)

 (2.11)

where

U = ξxu+ ξyv + ξzw, (2.12)

V = ηxu+ ηyv + ηzw, (2.13)

W = ζxu+ ζyv + ζzw, (2.14)

are the contravariant velocity components. The transformed viscous stress and heat conduction terms

are given by

τxx =
4

3
µ(ξxuξ + ηxuη + ζxuζ)−

2

3
µ(ξyvξ + ηyvη + ζyvζ + ξzwξ + ηzwη + ζzwζ),

τyy =
4

3
µ(ξyvξ + ηyvη + ζyvζ)−

2

3
µ(ξxuξ + ηxuη + ζxuζ + ξzwξ + ηzwη + ζzwζ),

τzz = µ(ξzwξ + ηzwη + ζzwζ)−
2

3
µ(ξxuξ + ηxuη + ζxuζ + ξyvξ + ηyvη + ζyvζ),
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τxy = µ(ξyuξ + ηyuη + ζyuζ + ξxvξ + ηxvη + ζxvζ),

τxz = µ(ξzuξ + ηzuη + ζzuζ + ξxwξ + ηxwη + ζxwζ),

τyz = µ(ξzvξ + ηzvη + ζzvζ + ξywξ + ηywη + ζywζ),

τyx = τxy, τzx = τxz, τzy = τyz,

Ev,5 = uτxx + vτxy + wτxz + µPr−1(γ − 1)−1[ξx∂ξ(a
2) + ηx∂η(a2) + ζx∂ζ(a

2)],

Fv,5 = uτyx + vτyy + wτyz + µPr−1(γ − 1)−1[ξy∂ξ(a
2) + ηy∂η(a2) + ζy∂ζ(a

2)],

Gv,5 = uτzx + vτzy + wτzz + µPr−1(γ − 1)−1[ξz∂ξ(a
2) + ηz∂η(a2) + ζz∂ζ(a

2)].

The format of these equations can be more easily understood by rewriting the viscous fluxes with a

more concise notation,

Êv =


0 0 0 0

(αξ,ξ)2,1 (αξ,ξ)2,2 (αξ,ξ)2,3 0

(αξ,ξ)3,1 (αξ,ξ)3,2 (αξ,ξ)3,3 0

(αξ,ξ)4,1 (αξ,ξ)4,2 (αξ,ξ)4,3 (αξ,ξ)4,4

 ∂ξQv +


0 0 0 0

(αξ,η)2,1 (αξ,η)2,2 (αξ,η)2,3 0

(αξ,η)3,1 (αξ,η)3,2 (αξ,η)3,3 0

(αξ,η)4,1 (αξ,η)4,2 (αξ,η)4,3 (αξ,η)4,4

 ∂ηQv

+


0 0 0 0

(αξ,ζ)2,1 (αξ,ζ)2,2 (αξ,ζ)2,3 0

(αξ,ζ)3,1 (αξ,ζ)3,2 (αξ,ζ)3,3 0

(αξ,ζ)4,1 (αξ,ζ)4,2 (αξ,ζ)4,3 (αξ,ζ)4,4

 ∂ζQv

= Aξ,ξ∂ξQv +Aξ,η∂ηQv +Aξ,ζ∂ζQv. (2.15)

where Qv = [u, v, w, a2]T . Similar expressions can be derived for the other flux components:

F̂v = Aη,ξ∂ξQv +Aη,η∂ηQv +Aη,ζ∂ζQv, (2.16)

Ĝv = Aζ,ξ∂ξQv +Aζ,η∂ηQv +Aζ,ζ∂ζQv. (2.17)

Determining the α terms is a straightforward algebraic exercise. Each α term groups together quantities

which depend on the flow variables and grid metrics. Putting the viscous flux vectors into the form of

Equation 2.15 is beneficial when undertaking the exercise of analytically differentiating the governing

equations, necessary to compute the gradient as part of the optimization algorithm. It is also important

to remember when differentiating the viscous fluxes that the A matrices have an explicit dependence on

Q through viscosity, µ, and the Cartesian velocity components: u, v, w; as well as an explicit dependence

on the grid metrics.

As a result of applying the coordinate transformation and reforming the governing equations into

strong conservative form, metric invariants must be satisfied:

Ix = (J−1ξx)ξ + (J−1ηx)η + (J−1ζx)ζ = 0, (2.18)

Iy = (J−1ξy)ξ + (J−1ηy)η + (J−1ζy)ζ = 0, (2.19)

Iz = (J−1ξz)ξ + (J−1ηz)η + (J−1ζz)ζ = 0. (2.20)

If the grid metrics are known analytically and derivatives are performed analytically in Equations 2.18–
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2.20 then the metric invariants are automatically satisfied. With the introduction of the discrete deriva-

tive operators, it will be shown that the metric invariants are not guaranteed to be satisfied unless a

particular metric computation is employed.

2.2 Flow Solution Algorithm

The continuous governing equations presented in Equation 2.10 are discretized and applied on a discrete

set of grid coordinates using high-order finite-difference SBP derivative operators with boundary con-

ditions enforced by SATs. The FD-SBP-SAT solution algorithm involves solving a nonlinear system of

equations with several million degrees of freedom in an efficient manner. Each component of the analysis

algorithm is discussed below in detail.

2.2.1 Spatial Discretization

The three-dimensional domain is discretized using structured multi-block grids. Multi-block grids enable

the flow solver to operate on more complex geometries and allows for parallelization by assigning each

sub-domain, consisting of one or many blocks, to a separate process. Each block is load balanced by

the grid designer to evenly distribute the nodes across all blocks to improve the parallel scaling of the

algorithm.

Summation-by-Parts Finite-Difference Operators for the First Derivative

Finite-difference operators which satisfy the SBP property are used within this solution algorithm to

discretize the derivative operators. The SBP property ensures that stability is guaranteed for linear

problems, which is a necessary but not sufficient condition for stability in nonlinear problems [51, 26, 21].

For a finite-difference operator, δ = H−1Θ, with an inner product (u, v)H = uTHv, the SBP property

is defined as

(u, δv)H = −(δu, v)H − u0v0 + unvn, (2.21)

which is analogous to the integration by parts property. The subscripts 0 and n indicate the boundary

values of u and v. The relation Θ + ΘT = E must be satisfied in order for the SBP property in Equation

2.21 to hold, where E = diag(−1, 0, . . . , 0, 1). H is called the norm matrix and is symmetric positive

definite. In general, H is a block diagonal matrix,

H = ∆ξ

HL

I

HR

 , (2.22)

where the HL and HR are sub-matrices of H and I is the identity matrix. There are three pop-

ular structures for HL and HR. The full norm chooses HL and HR to be dense matrices. The

restricted full norm takes the form HL =

[
h0

H̃L

]
and HR =

[
H̃R

h0

]
, with H̃L and H̃R as

dense matrices and h0 a scalar. The diagonal-norm assumes HL = diag(h1, h2, . . . , h2s−1, h2s) and

HR = diag(h2s, h2s−1, . . . , h2, h1), where s is determined by the order of accuracy of the operator. To

assist in stability, the diagonal-norm matrix is chosen for this work, as full and restricted norm ma-
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trices cannot guarantee stability for the linear convection diffusion equation with a general curvilinear

coordinate transformation [67, 68, 81, 26].

The SBP operators used in this work are shown in Appendix A, accompanied by a brief derivation.

The interior scheme of the SBP operator is a 2s-order accurate centred difference scheme. The boundary

nodes of the SBP operator are of reduced order; the first and final 2s nodes use an s-order accurate

one-sided or biased finite-difference scheme. The global order of accuracy of the SBP operator is s+ 1.

The anti-symmetric nature of the interior scheme of the SBP operators introduces the need for added

numerical dissipation. This can be accomplished by adding an artificial dissipation operator with a

symmetric scheme on the interior, which will be discussed in more detail later in this section.

Introducing the discretized derivative operator, the governing equations can be represented in semi-

discrete form,

∂tQ̂ + δξÊ + δηF̂ + δζĜ =
1

Re

(
δξÊv + δηF̂v + δζĜv

)
, (2.23)

and the viscous fluxes must be modified to use the finite-difference derivative operator:

Êv = Aξ,ξδξQv +Aξ,ηδηQv +Aξ,ζδζQv, (2.24)

F̂v = Aη,ξδξQv +Aη,ηδηQv +Aη,ζδζQv, (2.25)

Ĝv = Aζ,ξδξQv +Aζ,ηδηQv +Aζ,ζδζQv. (2.26)

Summation-by-Parts Finite-Difference Operators for the Second Derivative

The second derivative can be approximated through application of the first derivative twice, known as

the non-compact second-derivative operator. In the constant-coefficient case, the expansion of the matrix

operator δ(2) = δδ will yield a second derivative operator with a larger bandwidth than is required. In

general, variable coefficients will be required and the non-compact second derivative operator will take

the form δ(2)(B) = δB(Q)δ, where B(Q) demonstrates an explicit dependence of the variable coefficient

matrix B = diag(b1, . . . , bN ) on the solution variables Q. A compact operator can be derived which

reduces the bandwidth of δ(2) and is related to the first-derivative operator by [21, 22, 57, 58]:

δ(2)(B) = H−1 (−δHBδ −R+ EBδb) , (2.27)

where H corresponds to the diagonal norm in the first-derivative definition of δ, E is as defined previously,

and R is a positive-semi-definite symmetric matrix which serves to reduce the bandwidth of the second-

derivative operator. The boundary first-derivative operator, δb, is at least of order s + 1 for a compact

second-derivative operator. The choices R = 0 and δb = δ correspond to the non-compact operator,

which is the application of the first derivative twice. Del Rey Fernández et al. provide a more detailed

description of how to construct R [21, 22].

The complicated structure of the compact second-derivative operator can be cumbersome to imple-

ment. A simplified structure of δ(2) allows for a more intuitive construction of the variable coefficient

matrix operator:

δ(2)(B) =
∑
i

biMi, (2.28)

where bi represents the variable coefficient at node i, and Mi is a sparse coefficient matrix unique to

each node, with a repeating structure on the interior nodes of the operator; each of the Mi matrices

are presented in Appendix A. The viscous flux residual contribution with the compact second-derivative
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Table 2.1: L2-norm of metric invariants comparing numerical and analytical metrics.

Invariant Second-order Third-order Fourth-order
L2-norm

||(Ix)SBP ||2 1.059E-13 4.575E-13 6.472E-13
||(Iy)SBP ||2 1.146E-13 4.967E-13 6.536E-13
||(Iz)SBP ||2 9.440E-14 3.871E-13 4.923E-13

||(Ix)map||2 4.221E-2 4.221E-2 4.223E-2
||(Iy)map||2 9.824E-2 1.169E-1 1.235E-1
||(Iz)map||2 1.005E-1 1.031E-1 1.031E-1

operator is used by replacing the double-derivative terms, in the ξ-direction for example, with

δξAξ,ξδξQv → δ(2)(Aξ,ξ)Qv

=

Nξ∑
i=1

(Aξ,ξ)iMiQv.

Grid Metrics

The grid metrics, such as ξx, are calculated using the same finite-difference SBP operator used to

discretize fluxes. If grid metrics are not calculated using a conservative form, then the discrete form of

the metric invariants shown in Equations 2.18–2.20 may not be satisfied. Such an oversight could lead

to simple tests such as a uniform free stream flow failing to satisfy the Navier-Stokes equations.

As will be described in the next chapter, an analytical mapping is used in this work and the trans-

formation from physical to computational space is known explicitly. It may be tempting to calculate the

grid metrics and metric Jacobian analytically; however this is not recommended. It has been shown that

computing metrics using finite differences leads to lower truncation error when compared to computing

the metrics with a known analytical transformation [84, 86]. Use of the analytical grid metrics would

also cause the discrete metric invariants to remain unsatisfied. Operator consistency is required between

the grid metric computation and the flux derivatives.

The conservative form of the metrics used in this work is as follows:

ξx =
J

2
[(yηz − yzη)ζ + (yzζ − yζz)η] . (2.29)

The averaging operation is present within Equation 2.29 because of the use of the two possible conser-

vative forms of the grid metrics. Averaging conveys no preference over the two possible formulations.

Similar expressions exist for the remaining grid metrics.

A simple numerical experiment is conducted to demonstrate that analytical metrics do not satisfy

the metric invariants presented in Equations 2.18–2.20. The L2-norm of the metric invariant equations

is computed numerically for a specific mesh used in an optimization test within this thesis (G1 in the

inviscid twist optimization study in Section 5.1). The grid metrics are computed using the SBP operators

as shown in Equation 2.29 and compared to grid metrics which are computed analytically with the known

B-spline mapping. Table 2.1 shows that the numerical grid metrics satisfy the discrete metric invariants

to machine precision while the analytic grid metrics do not. An alternative to satisfying the metric
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invariant equations would be to add the associated non-zero contribution to the residual vector. Adding

additional terms through not satisfying the metric invariants will increase the time to compute the

residual vector and will also introduce possible sources of programming error. This approach is not

explored in this work, but may be an avenue to explore to increase robustness with the grid metric

computation. It will be seen in the next chapter that the high-order algorithm presents grid generation

challenges when numerical grid metrics are used.

Artificial Dissipation

Artificial dissipation serves several different purposes in the numerical flow analysis algorithm. Artificial

dissipation used in this work is largely based off of the work of Mattsson et al. [59] and is similar to

the operator used by Dias and Zingg [25] and Diener et al. [26]. A dissipation operator must have the

following properties [59, 75]:

• couple nodes that have been decoupled by the centred-difference first-derivative operators;

• dissipate modes that are under-resolved due to mesh resolution;

• provide an energy estimate to prove stability for linear problems;

• adds a term of order greater than or equal to the order of accuracy of the discretization of the

governing equations.

The interior scheme of the artificial dissipation operator is symmetric, and serves to stabilize the

nonlinear solution algorithm. The dissipation operator is applied to the untransformed conservative

variables. in the ξ-direction is as follows:

δAD,ξQ = H−1
ξ DT

d,ξJ
−1B(Q̂)Dd,ξQ (2.30)

where Hξ is the diagonal-norm used to construct the first-derivative operator, B(Q̂) is a variable coeffi-

cient that dictates how much dissipation is to be added and is dependant on the solution, Q̂, and Dd,ξ

is a first-order undivided finite-difference approximation to the d-th derivative. Similar expressions exist

for the dissipation contributions in the η- and ζ-directions. The matrix form of the undivided difference

operators used are:

D3 =



−1 3 −3 1

−1 3 −3 1

−1 3 −3 1

. . .
. . .

. . .
. . .

−1 3 −3 1

−1 3 −3 1

−1 3 −3 1


, (2.31)
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and

D4 =



1 −4 6 −4 1

1 −4 6 −4 1

1 −4 6 −4 1

1 −4 6 −4 1

. . .
. . .

. . .
. . .

. . .

1 −4 6 −4 1

1 −4 6 −4 1

1 −4 6 −4 1

1 −4 6 −4 1



. (2.32)

The D3 operator is used for the second- and third-order algorithm and is applied to the half nodes, while

D4 is used for the fourth-order algorithm and is applied to the nodes directly. The variable coefficients

are computed using matrix dissipation [82] for its proven error reduction capabilities [2] as follows:

B(Q̂) = ε|A(Q̂)|, (2.33)

where |A| = XΛX−1 is a block diagonal matrix, ε dictates the amount of dissipation to be added, X is

the eigenvector matrix of the flux Jacobian, and |Λ| = diag(|λ1|, |λ2|, |λ3|, |λ3|, |λ3|) where

λ1 = U + a
√
ξ2
x + ξ2

y + ξ2
z ,

λ2 = U − a
√
ξ2
x + ξ2

y + ξ2
z ,

λ3 = U,

|λ1| = max(λ1, Vnρ),

|λ2| = max(λ2, Vnρ),

|λ3| = max(λ3, Vlρ),

ρ = |U |+ a
√
ξ2
x + ξ2

y + ξ2
z .

The quantities Vn and Vl serve as a lower limit to the numerical viscosity, and typically range from 0

to 0.35. The one-dimensional operator presented in Equation 2.30 can be extended to three dimensions

through the use of Kronecker products [24, 29]. A scalar dissipation model, which applies the same

amount of dissipation to each governing equation, provides a more stable analysis algorithm, however it

is overly dissipative and is not used in this research.

This work only considers subsonic flows but if transonic flows were to be considered, a shock capturing

scheme such as that of Jameson et al. [47] could be used to resolve shock waves in a stable way. This

has been implemented in several instances [34, 74, 75], with Dias and Zingg applying it to a high-order

inviscid transonic flow analysis algorithm [25].

Boundary and Interface Conditions

Boundary and interface conditions are enforced weakly using a penalty method to preserve the SBP

property [21]. A penalty of the form αSAT (X −Xtarg) is added to the residual vector on the boundary

or interface nodes, where X has some dependence on the solution, Xtarg is the target value, and αSAT

is chosen for stability.

Table 2.2 summarizes the various SATs used within this work. The viscous SATs are used in addition

to the inviscid SATs when the Navier-Stokes equations are solved. The presented boundary conditions

have been implemented by Hicken [29], Dias [24], and Osusky [72]. Interface conditions for inviscid
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Table 2.2: SAT penalty terms for various boundary and interface types.

Inviscid SATs αSAT X Xtarg

wall/symmetry QVt

far-field Qff

interface
−H−1

b J−1A+
ξ Q

Q2

Viscous SATs αSAT X Xtarg

wall
H−1
b σW

Re Q Qw

H−1
b σV

Re Ev (Ev)w

symmetry
H−1
b σW

Re Q Qj+1,k,m

far-field
H−1
b σV

Re Ev 0

interface −H
−1
b σV2

JRe Bint Q Q2

H−1
b σV

Re Ev (Ev)2

analysis were investigated in detail by Huan et al. [41]. The associated references should be consulted

for a more in-depth review of the derivation and implementation of the SATs.

The solution at the boundary node with the velocity component normal to the boundary surface

removed is QVt ; this is used for the inviscid wall and symmetry SAT. The far-field SAT target is the

solution in the far-field: Qff = [1,M∞ cos(α), 0,M∞ sin(α), 1
γ(γ−1) + 1

2M
2
∞]T . Neighbouring blocks have

coincident nodes at interfaces; Q2 is the solution corresponding to the coincident interface node from

the block neighbour. The term Hb is the first entry in the diagonal-norm matrix associated with the

SBP operator, and A+
ξ =

Aξ+|Aξ|
2 where Aξ = ∂Ê

∂Q .

The viscous wall boundary conditions enforce the no-slip condition, Qw = [ρ, 0, 0, 0, e]T , which acts

to zero the momentum equations at the solid surface. An additional wall boundary condition is added

which enforces an adiabatic wall boundary condition, enforced by choosing a target viscous flux, (Ev)w,

with the energy component zeroed, i.e., ∂ζ(a
2) = 0 if the wall normal is in the ζ-direction. The symmetry

boundary condition forces the boundary face node to take the value of the next most interior node in

the direction of the boundary normal, which is Qj+1,k,m if the normal is in the ξ-direction. Both the

wall and symmetry SATs contain a common factor of σW ≤ − ξ
2
x+ξ2y+ξ2z

J
µ
2ρ max

(
γ
Pr ,

5
3

)
. The far-field

boundary is placed far away from the aerodynamic surface; the viscous SAT enforces zero viscous flux

at the boundary. The factor of σV takes the value of 1 at the low-side boundary and -1 at the high-side

boundary. The viscous interface boundary condition acts to make the solution and viscous flux nearly

continuous across the boundary by choosing the target values to be the coincident block neighbouring

node’s solution vector and viscous flux vector respectively. The Bint matrix is related to the viscous

Jacobian matrix and is derived based on Nordström et al. [66]. The factor is chosen as σV2 ≤ 1
2 for
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stability. The Bint matrix for the ξ-direction is as follows:

Bint,ξ =


0 0 0 0 0

−a1u− a2v − a3w a1 a2 a3 0

−a2u− a4v − a5w a2 a4 a5 0

−a3u− a5v − a6w a3 a5 a6 0

b51 b52 b53 b54 a7

 ,

with the following substitutions:

a1 = t1

(
4

3
ξ2
x + ξ2

y + ξ2
z

)
,

a3 = t1

(
1

3
ξxξz

)
,

a5 = t1

(
1

3
ξyξz

)
,

a7 = t2γ
(
ξ2
x + ξ2

y + ξ2
z

)
,

a2 = t1

(
1

3
ξxξy

)
,

a4 = t1

(
ξ2
x +

4

3
ξ2
y + ξ2

z

)
,

a6 = t1

(
ξ2
x + ξ2

y +
4

3
ξ2
z

)
,

b51 = a7

(
− e
ρ

+ (u2 + v2 + w2)

)
− a1u

2 − a4v
2 − a6w

2 − (a2uv + a3uw + aa5vw),

b52 = −a7u+ a1u+ a2v + a3w,

b53 = −a7u+ a2u+ a4v + a5w,

b54 = −a7u+ a3u+ a5v + a6w,

t1 =
µ

ρ
,

t2 =
µ

ρPr
.

2.2.2 Iteration to Steady State

A time-dependent problem is considered,

∂tQ̂ = −R(Q̂), (2.34)

where R(Q̂) is known as the discrete residual vector, and is given in its discrete form by

R(Q̂) = Rinviscid + Rviscous + RAD + RSAT, (2.35)

where each residual contribution is constructed with the discrete finite-difference operators that have

been presented, and are summarized in Appendix B. The goal is to solve the steady-state problem:

R(Q̂) = 0. (2.36)

A globalized form of Newton’s method is used to solve Equation 2.36, which uses pseudo-transient

continuation to advance the solution to steady state. Since time accuracy is not important in a steady

problem, the first-order implicit Euler time marching is used with the local linearization of R(Q̂) [52]:[
I

∆t
+
∂R
∂Q̂

(n)
]

∆Q̂(n) = −R(n), (2.37)
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where the superscript n is the non-linear iteration index. As ∆t → ∞, Newton’s method is obtained.

Newton’s method relies on the initial iterate to be sufficiently close to solution to converge quadratically.

A poorly chosen initial iterate may lead to divergence of the solution algorithm. Care is taken to form a

suitable initial guess with a stable start-up phase. The inexact-Newton phase proceeds when the start-up

phase is completed until a solution sufficiently close to ||R||2 = 0 is obtained.

Local Time Stepping

Local time stepping introduces a time step specific to each cell [33, 75],

∆tj,k,m =
∆tnref

Jj,k,m(1 + 3
√
Jj,k,m)

. (2.38)

This particular choice represents an approximately constant CFL number [75]. The reference time step

∆tref is chosen differently for the start-up and inexact-Newton phases, as described below.

Jacobian-Free GMRES

Since the implicit Euler time marching method is employed in this algorithm, a linear system must be

solved at each nonlinear iteration. The Generalized Minimal RESidual (GMRES) method developed by

Saad and Shultz is used to solve the linear sub-problem at each nonlinear iteration [76, 77]. A flexible

variant of GMRES, FGMRES, is used which allows the preconditioner to be updated at each iteration.

GMRES uses a Krylov subspace, Ki = span{v,Av,A2v, . . . , Ai−1v}, to search for the minimum residual,

and requires matrix-vector products Av to form the Krylov subspace. The linear system involves the

flux Jacobian matrix; since high-order spatial discretization is used in this work, computing and storing

the flux Jacobian matrix would be infeasible with the available hardware due to excessive memory

requirements of the increased bandwidth finite-difference operators. Storage requirements of the high-

order Jacobian are discussed in Chapter 4. The Jacobian-free GMRES algorithm uses an approximate

Jacobian-vector product, facilitated by a Fréchet derivative [49],

∂R(Q̂)

∂Q̂
v ≈ R(Q̂ + εFDv)−R(Q̂)

εFD
(2.39)

where the step size,

εFD =

√
NδFD

vTv
, (2.40)

is carefully chosen to balance truncation and subtractive cancellation errors, N is the number of un-

knowns, and δFD = 10−13. Chisholm provides a detailed debugging guide for Jacobian-free GMRES as

an appendix in his PhD thesis [15]. Michalek and Ollivier-Gooch have explored some two-dimensional

inviscid flow analysis problems where computing and storing the high-order flux Jacobian matrix and

applying it explicitly to generate matrix-vector products can be more efficient than using a Fréchet

derivative approximation [60]. It is expected that, for three-dimensional analysis, the storage of the flow

Jacobian will become excessively large, particularly when solving problems governed by the Navier-Stokes

equations.
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Preconditioning

Due to the stiffness of the linear system, it is often effective to use a preconditioner when solving the linear

sub-problems introduced by the implicit Euler time marching method. A first-order flux Jacobian matrix

is formed and an incomplete lower-upper (ILU) factorization is performed to build the preconditioner.

To form the first-order flux Jacobian matrix, the second-order Euler and viscous fluxes are used with

cross-derivative terms neglected in the viscous flux portion. The dissipation operator is condensed to a

first-order dissipation operator and a dissipation lumping factor, σ, is introduced into ε in Equation 2.33

to increase the diagonal dominance of the preconditioner:

εprec = σε. (2.41)

The modified dissipation operator uses the first-order dissipation exclusively, with a modified coeffi-

cient as shown above. The first-order dissipation scheme is identical to that presented in Equation 2.30,

with Dd instead chosen to represent an undivided first-order approximation to the first-derivative,

D1 =



−1 1

−1 1

−1 1

. . .
. . .

−1 1


, (2.42)

which is applied to the half nodes. Such an operator would be used in a first-order shock capturing

scheme in a transonic analysis algorithm, but since only subsonic flows are analysed in this work it will

only be used to form the preconditioner. Approximate-Schur parallel preconditioning is used [6, 32, 78].

A relatively high fill-level of 3 is used in the ILU factorization of the preconditioner in the flow analysis

to improve preconditioning in the high-order methods.

Preliminary experimentation with a high-order preconditioner matrix for the inviscid Euler equa-

tions has shown no efficiency benefit over the first-order preconditioner, as the time to factorize the

preconditioner matrix becomes excessively large. Michalak and Ollivier-Gooch have demonstrated effi-

ciency gains in two-dimensional inviscid analysis problems when using a high-order flux Jacobian as the

preconditioner matrix with a fill-level of 0 and 1 [60].

Start-up Phase

The purpose of a start-up phase is to provide the inexact-Newton phase with an initial iterate that

is sufficiently close to the final solution that convergence is guaranteed. It is also important that the

start-up phase be as quick as possible. A common approach to improving speed is to substitute the

first-order Jacobian matrix for the flux Jacobian matrix in Equation 2.37; this is the approach taken

in several other high-order algorithms [63, 25]. This approach is suitable for second-order since the

first-order preconditioner matrix closely represents the second-order flux Jacobian. However, for high-

order analysis with an increased bandwidth flux Jacobian matrix the first-order preconditioner no longer

closely represents the flux Jacobian matrix. Encountering a negative pressure or density can destabilize

the analysis algorithm. It is to prevent the solution from wandering into regions of non-physical behaviour

that a more accurate matrix-vector product is desired. In this work the Fréchet derivative is used to
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approximate Jacobian-vector products during the start-up phase.

Equation 2.37 is solved to a specified tolerance, ω, such that:∣∣∣∣∣
∣∣∣∣∣R(n) +

[
I

∆t
+
∂R
∂Q̂

(n)
]

∆Q̂(n)

∣∣∣∣∣
∣∣∣∣∣
2

≤ ω||R(n)||2. (2.43)

The parameter ω is typically chosen to be 0.01; however, the number of Krylov iterations is limited to

reduce memory requirements of the linear solver. In the start-up phase when time steps are smaller,

the linear system is often solved to the specified tolerance before the Krylov iteration limit is reached.

It is possible that as the time step size increases the specified tolerance ω is not reached in the allowed

number of Krylov iterations. The reference time step is chosen such that:

∆tnref = abn. (2.44)

Typical ranges for these time-stepping parameters are a ∈ [10−4, 10−2] and b ∈ [1.1, 1.3].

Inexact-Newton phase

The transition to the inexact-Newton phase is made when the relative residual norm has fallen below a

specified cut-off, τ :

||R(n)||2 ≤ τ ||R(0)||2 (2.45)

and τ is typically chosen to be in the range [10−4, 10−2]. Equation 2.43 is solved to a similar tolerance

as the start-up phase with ω typically chosen to be 0.01.

The reference time step is computed differently in the inexact-Newton phase, with more aggressive

growth:

∆t
(n)
ref = max

α( ||R(n)||2
||R(0)||2

)−β
,∆t

(n−1)
ref

 (2.46)

where

α = abn

(
||R(k)||2
||R(0)||2

)β
(2.47)

where k is the nonlinear iteration index of the last start-up phase iteration, and β is in the range [1.5, 2.0].

The analysis is considered complete when the relative residual norm falls below 10−10 or the absolute

residual norm falls below 10−12.

2.2.3 Force Integration

Lift and drag coefficients are evaluated throughout the flow analysis procedure and require a surface inte-

gration of the pressure and viscous stress forces. Hicken and Zingg have demonstrated super-convergence

when using the diagonal-norm operator as an integration rule in conjunction with a dual-consistent for-

mulation when using the SBP operator which corresponds to the diagonal-norm to discretize the deriva-

tive [37, 38, 39]. While this work does not consider a dual-consistent formulation, the diagonal-norm

used to form the first-derivative is used as the integration rule. The lift and drag coefficients, CL and
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CD respectively, can be computed with the following continuous integration:

CL =
1

S

∮
Cp
−→s · d

−→
S (2.48)

CD =
1

S

∮
Cp
−→r · d

−→
S (2.49)

where

Cp =
p− p∞
1
2ρ∞V

2
∞

(2.50)

−→r = sin αx̂+ cos αẑ (2.51)

−→s = cos αx̂− sin αẑ (2.52)

d
−→
S = J−1(ζxx̂+ ζy ŷ + ζz ẑ)dξdη (2.53)

where S is the surface area, and α is the angle of attack. The directions ξ and η are assumed to be

parallel to the surface.

The integrals are calculated using the norm matrix, H, used to construct the first-derivative, as it

corresponds to an integration rule of order 2s. Consider the surface integral of a generic function f(x, y);

applying the coordinate transformation and diagonal-norm integration rules Hξ and Hη yields

y2∫
y1

x2∫
x1

f(x, y)dxdy =

η2∫
η1

ξ2∫
ξ1

f(ξ, η)

∣∣∣∣∂(x, y)

∂(ξ, η)

∣∣∣∣ dξdη (2.54)

=

η2∫
η1

ξ2∫
ξ1

f(ξ, η)|J−1ζx|dξdη (2.55)

≈
Nη∑
j=1

Nξ∑
i=1

(Hη)j,j(Hξ)i,if(i, j)dS, (2.56)

where Nξ and Nη are the number of nodes on the surface in the ξ- and η-directions respectively. The

term J−1 accounts for the coordinate transformation and is computed with Equation 2.9.
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Geometry Parametrization, Mesh

Movement, and Meshing

Considerations

When considering a geometry parametrization and mesh movement strategy, design goals must be

taken into consideration. An exploratory optimization algorithm must not restrict the design

space with its surface definition and must allow for large shape changes with each surface and mesh

update. It is also important that the mesh update not degrade the quality of the mesh significantly.

These design goals have been taken into consideration with the selection of a B-spline tensor volume

parametrization of the volume mesh [34] and the use of a multi-increment linear elastic mesh movement

scheme [34, 85]

3.1 B-Spline Parametrization

In order to accommodate large shape changes while preserving the design space of the intended opti-

mization problem, the multi-block computational mesh is approximated with a B-spline tensor volume

in an integrated parametrization and mesh movement scheme developed by Hicken and Zingg [34]. The

B-spline mappings take the form

x(ξ) =

Ni∑
i=1

Nj∑
j=1

Nk∑
k=1

BijkN (p)
i (ξ)N (p)

j (η)N (p)
k (ζ), (3.1)

and are defined by a set of control points, Bijk, and a set of B-spline basis functions of order p, N (p).

Equation 3.1 defines the analytical mapping of the curvilinear coordinates ξ = (ξ, η, ζ) ∈ R3 | ξ, η, ζ ∈
[0, 1] to physical space x = (x, y, z). The B-spline basis functions in the ξ-direction are expressed as

N (1)
i (ξ) =

1; if Ti(η, ζ) < ξ < Ti+1(η, ζ)

0; otherwise
(3.2)

23
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N (p)
i (ξ) =

(
ξ − Ti(η, ζ)

Ti+p−1(η, ζ)− Ti(η, ζ)

)
N (p−1)
i (ξ) +

(
Ti+p(η, ζ)− ξ

Ti+p(η, ζ)− Ti+1(η, ζ)

)
N (p−1)
i+1 (ξ). (3.3)

Similar expressions exist for the basis functions in the η- and ζ- directions for N (p)
j (η) and N (p)

k (ζ)

respectively. The knot values, Ti(η, ζ), in the interior of the B-spline volume are given by

Ti(η, ζ) = [(1− η)(1− ζ)]Ti,(0,0) + [η(1− ζ)]Ti,(1,0) + [(1− η)ζ]Ti,(0,1) + [ηζ]Ti,(1,1). (3.4)

Similar expressions exist for the knot values in the η- and ζ-directions, Ti(ζ, ξ) and Ti(ξ, η). The first p

and last p knot values for a given B-spline curve are set to 0 and 1, respectively; the edge knot values

Ti,(0,0), Ti,(1,0), Ti,(0,1), and Ti,(1,1) are constants. Given the edge knot values, the interior knots can

be determined through bilinear interpolation from Equation 3.4. Subsequently, the control points are

determined through a least squares fitting. This is done in a sequential manner, first fitting the block

edges, then the sides, and finally the interior volumes. Since the parameter values ξ, η, and ζ are based

on a chord-length parametrization, the knot values are inherently chord-length based as well, leading to

a coarse B-spline volume mesh that mimics the bunching of the finer CFD mesh.

3.2 Mesh Movement

A robust linear elastic mesh movement strategy is used within this work. This mesh movement scheme

treats each cell within the control point mesh as a linear elastic solid, with the cell stiffness dependant

on the volume and distortion of the cell. Cells with a smaller volume or high distortion relative to their

initial shape are treated as stiffer and more resistant to shape changes. This approach leads to infinite

stiffness as mesh entanglement is approached.

Typically, coordinates of the B-spline control points on the surface of the geometry are taken as design

variables within the optimization problem, with linear constraints enforcing some degree of coupling

between the design variables. At each design iteration, the optimizer updates the design variables to

change the aerodynamic shape. The remaining internal control points in the B-spline volume are updated

incrementally treating each cell as a linear elastic solid,

M(i)(b(i−1),b(i)) = K(i)[b(i) − b(i−1)]− f (i) = 0; i ∈ [1,m], (3.5)

where M (i) is the mesh movement residual, b(i) the set of B-spline control point coordinates for the

given volume, K(i) is the global stiffness matrix at increment i, and m the number of mesh movement

increments. The stiffness matrix, K(i), is constructed such that cells with a small volume or high

distortion resist deformation. The force vector f (i) is defined implicitly by the movement of the surface

control point coordinates. Equation 3.5 is solved using the conjugate gradient method preconditioned

with a Jacobi-Schwartz preconditioner [53], which exploits the symmetric positive definite structure of

K(i). At increment i, the surface control points, b
(i)
s are updated using a linear interpolation of the

initial and final values, b
(0)
s and b

(m)
s respectively:

b(i)
s =

i

m
(b(m)
s − b(0)

s ) + b(0)
s ; i ∈ [1,m]. (3.6)

The linear-elasticity mesh movement approach is robust, but comes with an increased cost relative to

algebraic mesh movement schemes. Applying the linear-elastic mesh movement scheme directly to the
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Table 3.1: Minimum number of nodes on a single edge when high-order SBP operators are used.

Global Order s Min. First-Deriv. Size Min. Second-Deriv. Size

2nd-order 1 3 5
3rd-order 2 9 13
4th-order 3 13 19

5th-order 4 17 25
6th-order 5 23 33
7th-order 6 29 41
8th-order 7 39 53
9th-order 8 47 63
10th-order 9 57 75

computational mesh would be expensive. The method is instead applied to the coarser control mesh

defined by the B-spline control points. When applied to the control mesh, this mesh movement strategy

contributes very little to the CPU time required for optimization when compared to some of the more

CPU intensive tasks such as the flow analysis and flow adjoint solution. There are many references

which demonstrate the robustness of the linear elastic mesh movement scheme used within this work

[85, 34, 70].

Using multiple increments in the mesh movement scheme improves the robustness while maintaining

linearity. To balance speed and robustness, five mesh movement increments are used unless stated

otherwise.

3.3 Minimum Mesh Size with High-Order SBP Operators

When constructing a mesh for use with high-order, one must consider the minimum size of the SBP

operator to be used. For the first-derivative operators shown in Appendix A, the operator must include

all boundary nodes and at least one interior node. Since the boundary includes 2s nodes on each

side, that leads to a minimum edge size of 4s + 1. The compact second-derivative operator requires

3s boundary nodes at each boundary, for a minimum of 6s + 1. Second-order is an exception to this

rule as the outermost boundary stencil has the same form as the interior stencil. For diagonal-norm

SBP operators of s ≥ 5, a positive-definite diagonal norm is not guaranteed for the boundary structure

that has been presented [79]. Instead, additional boundary nodes are included to increase the number

of free parameters in the SBP operator while also introducing free parameters in H, allowing for the

diagonal-norm to become positive definite under a specific range of free parameter choices. This increase

in boundary nodes will cause an increase in the minimum mesh size for SBP operators of s ≥ 5.

Minimum mesh sizes for SBP operators of higher-order schemes are shown in Table 3.1. Schemes of

higher-order than is considered in this work are shown to demonstrate the constraints of extending to

even higher-order schemes. Minimum boundary extensions to maintain a positive definite norm have

been demonstrated by Albin and Klarmann [1].
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3.4 One-Dimensional Analysis of Stretching Functions

A common problem with high-order codes is their sensitivity to grid smoothness, and the presented

algorithm is no exception. Specifically, the problem occurs during the numerical evaluation of the grid

metrics. Numerical evaluation of the grid metrics is preferred because it produces lower truncation error

than analytical metrics [84, 86] and the metric invariants in Equations 2.18–2.20 are formulated using

numerical derivatives so cannot be satisfied using analytical grid metrics. The nature of the second-

order SBP operator guarantees that the numerical grid metrics are evaluated with the same sign as

the analytical metrics. High-order SBP operators make use of larger one-sided or biased differencing

near the boundaries, which introduces the possibility of numerical grid metrics with sign opposite to

the analytical metrics. This can lead to a negative metric Jacobian for at least one node within the

domain and, since the curvilinear coordinate transformation is no longer invertible, causes the algorithm

to terminate. It is important, therefore, to approach grid generation with some intuition as to what

properties of the grid can cause a negative Jacobian when applied to a high-order algorithm.

Two popular stretching functions are analysed in detail: the geometric and hyperbolic tangent

stretching functions. These stretching functions are one-dimensional and represent a subset of stretching

functions used by popular meshing software such as ICEMCFD [5]. The stretching functions will be

differentiated analytically and numerically. The numerical metric will be compared to the analytical

metric to determine if the sign is correct. Limitations of each stretching function will be discussed in a

way that recommendations can be made for users that need to generate a suitable grid for use with a

high-order analysis algorithm.

3.4.1 Geometric Stretching

Stretching functions map the coordinates in computational space, ξ ∈ [1, N ], to a scaled physical space,

x ∈ [0, 1]. The geometric mesh law is given by

x(ξ) =
pξ−1 − 1

pN−1 − 1
. (3.7)

where the stretching ratio, p, relates the spacing ratio of two adjacent cells. The analytical grid metric

for the geometric stretching function is given by

dx

dξ
= ln(p)

pξ−1

pN−1 − 1
(3.8)

The numerical grid metrics of the geometric stretching function can be analysed exactly, and the condi-

tions at which the numerical metric, ∂x∂ξ , becomes zero can be precisely determined. As an example, for

any SBP operator δξ, a linear system can be realized by applying δξ to a point distribution generated by

Equation 3.7 and solving polynomial equations for the spacing ratio which causes the metric to become

zero,

δξx = 0. (3.9)

All SBP operators used in this work are presented in Appendix A. The nodal distribution vector, x, in

Equation 3.9 is directly from Equation 3.7. A polynomial is formed for each row-vector product and the
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Figure 3.1: Grid metric of the one-dimensional geometric stretching function computed analytically and
numerically on a grid of 15 nodes with a stretching ratio of 2.57. The bottom graph shows a close-up
near the left boundary where a numerical grid metric becomes less than zero for the third-order method.

real-valued solutions to those polynomials indicate the ratios which cause the algorithm to produce grid

metrics which are opposite in sign to their analytical value determined from Equation 3.8. The minimum

real-valued root when the third-order SBP operator is used is p ≈ 2.5668 for p ∈ (1,∞). Generating a

grid with a stretching ratio larger than this will produce grid metrics of the wrong sign at a minimum

of one grid node and will lead to termination of the algorithm due to an invalid curvilinear coordinate

transformation. The cut-off ratio for the fourth-order operator is p ≈ 2.8310; no cut-off ratio exists for

the second-order operator; the only solutions to the polynomials generated by Equation (3.9) for the

second-order case are p = {0, 1}, which are not valid stretching functions. The analytical and numerical

grid metrics for p = 2.57 can be seen in Figure 3.1.

3.4.2 Hyperbolic Tangent Stretching

The hyperbolic tangent stretching function is commonly used because of the increased clustering of nodes

near the boundaries which enable it to capture the solution within the boundary layer accurately [84].

Like the geometric stretching function, the hyperbolic tangent stretching function maps the coordinates

in computational space, ξ ∈ [1, N ], to a scaled physical space, x ∈ [0, 1]; it is given by the following series

of equations:

f =
ξ − 1

N − 1
− 1

2
, (3.10)

U = 1 +
tanh(bf)

tanh(b/2)
, (3.11)

x =
U

2A+ (1−A)U
. (3.12)
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Figure 3.2: Grid metric of the one-dimensional hyperbolic tangent stretching function computed ana-
lytically and numerically on a grid of 15 nodes and both edge spacing values set to 0.001. The bottom
graph shows a close-up near the left boundary where a numerical grid metric becomes less than zero for
the third-order method.

In Equation 3.12, r relates the edge spacing parameters Sp1 and Sp2 by r = Sp2/Sp1, b is determined

through the solution to a nonlinear equation, sinh(b) = b
(N−1)

√
Sp1Sp2

, and A =
√
r. The analytical

metrics can be determined with the use of chain rule:

dx

dξ
=
dx

dU

dU

df

df

dξ
, (3.13)

dx

dU
=

2A

(2A+ (1−A)U)2
, (3.14)

dU

df
= b

1− tanh(bf)2

tanh(b/2)
, (3.15)

df

dξ
=

1

N − 1
. (3.16)

The hyperbolic tangent stretching function is analysed numerically. The minimum spacing parameter is

determined for a specified order of accuracy, number of grid nodes, and relative spacing parameter. This

is done by using the bisection method to test the grid metrics for improper signs and successively narrow

the search region. One hundred iterations are used in order to obtain spacing parameters to machine

precision. Once again, no limitations are presented for second-order as the numerical grid metrics are

guaranteed to have the correct sign. Figure 3.2 shows the grid metric across the domain under conditions

which cause a negative Jacobian for the third-order method, with a close up near the left boundary where

one such negative Jacobian is present. In this example Sp1 and Sp2 are both chosen as 0.001, with 15

grid nodes. Figure 3.3 shows the minimum allowable edge spacing parameter, Sp1, possible to avoid

negative metric errors under a wide range of conditions.

A one-dimensional analysis is important here as it allows the grid metric, ξx, and metric Jacobian
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Figure 3.3: Minimum allowable mesh spacing parameter, Sp1, for use with the hyperbolic tangent
stretching function; various values of the edge spacing ratio, r, are shown

to be interchangeable. Based on the above analysis of the hyperbolic tangent stretching function, the

following recommendations are made to users which are experiencing difficulty generating grids for use

with a high-order algorithm:

• increase the number of nodes in the mesh;

• increase the endpoint spacing ratio, r = Sp2
Sp1

;

• decrease the length of the physical domain while keeping the number of nodes constant;

• lastly, preference should be given to the fourth-order SBP operator when a troublesome mesh is

encountered and use of a high-order algorithm is a paramount objective.

To conclude this analysis, it is important to remember that testing the Jacobian for negative values

is often a great test to check that crossover of the mesh nodes has not occurred, for instance after a mesh

movement algorithm has been applied. A negative Jacobian in the second-order algorithm indicates that

cross-over of grid nodes has occurred; a negative Jacobian in the high-order algorithm can occur from

cross-over and from nodes that have to high of a stretching ratio. This analysis is a starting point to

guide the mesh generator in creating a structured mesh which has an invertible curvilinear coordinate

transformation when used with a high-order algorithm. The suggested endpoint spacing values for the

hyperbolic stretching function should be taken as optimistic values when cell skewness is introduced, but

should be realistic when mesh lines are reasonably orthogonal. The presented one-dimensional analysis

is precise in three-dimensional space when no cell skewness is introduced, since the metric Jacobian

matrix is purely diagonal in this case.
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Chapter 4

Gradient-Based Optimization

Optimization involves determining the maximum or minimum value of a desired quantity through

manipulation of design variables and repeated analysis. Depending on the selected optimization

algorithm, an optimal design may represent either a globally or locally optimal design. A design space

is specified through a choice of design variables and accompanying constraints, as well as any nonlinear

constraints related to the analysis such as volume or lift. Efficient optimization algorithms rely on efficient

analysis algorithms; the chosen optimization algorithm will include the use of high-order analysis as it

has been shown to be an efficient strategy to reduce error.

Zingg et al. compared a global optimization technique, a genetic algorithm, and a local optimization

technique, a gradient-based algorithm. It was found that up to 200 times the number of function

evaluations can be expected for a genetic algorithm compared to a gradient-based algorithm [89]. In

the context of CFD a functional evaluation is rather expensive and, for this reason, global optimization

strategies are not employed in this framework. Gradient-based optimization algorithms are desirable due

to their faster convergence rates, requiring fewer function evaluations. Although a global optimum is not

guaranteed, and the obtained design may be a local optimum in a multi-modal optimization problem,

hybrid optimization strategies can be employed to obtain a globally optimal design. Hybrid multi-start

algorithms have been examined by Chernukhin and Zingg [13, 14] and have demonstrated improved

performance to a genetic algorithm while still obtaining the global optimum in a multi-modal design

problem. Hybrid algorithms are not employed in this work, but present an efficient strategy to extend

the presented optimization algorithm to obtain globally optimal aircraft designs.

This chapter formally introduces the design problem and presents the gradient-based algorithm that

will be applied to obtain a local optimum. Linear sub-problems are solved in order to compute the

gradient; the relevant linear equations will be presented and their solution strategies discussed. Several

components of the optimizer will be subsequently verified and validated to provide a level of confidence

in the chosen algorithm.

31
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4.1 Optimization Algorithm

Aerodynamic shape optimization can be cast as a PDE-constrained minimization problem,

min J
(
v,b(m),Q

)
(4.1)

w.r.t. v

s.t. ci

(
v,b(m),Q

)
≤ 0, ce

(
v,b(m),Q

)
= 0.

The objective function to be minimized, J , is a function of the design variables, v, B-spline control points

at the final mesh movement increment m, b(m), and the flow variables, q. The minimization problem

is constrained by the residual vectors defining the physical flow and the mesh movement algorithm as

well as any additional non-linear constraints such as a lift constraint, all of which are contained in the

equality constraint, ce. Additional nonlinear inequality constraints may be introduced within ci.

With the selection of a gradient-based optimization algorithm, an efficient method to compute the

gradient of the objective function with respect to the design variables, ∂J
∂v , is required. The most

straightforward approach to gradient computation is the use of finite-differences. The finite-difference

method requires the perturbation of the design variables, with additional functional evaluations required

for each perturbation. The cost of an aerodynamic analysis is expensive, so reducing the total number

of functional evaluations is desirable. If very few design variables are used then this can be a viable

approach; however, when practical problems are described, often several hundred design variables are

required. Finite-differencing also requires careful selection of the perturbation parameter to carefully

balance the effects of truncation error and subtractive cancellation error.

One possible alternative to the finite-difference method is the complex-step method, which perturbs

the design variables by a complex valued perturbation. The complex-step method does not suffer from

subtractive cancellation error, so the step size dilemma can be avoided by choosing a very small step

size, such as 10−20 or smaller. The largest challenge with this method is designing analysis software

that is accepting of complex valued design variables. Martins has developed an automated tool that

will transform computer programs designed to operate with real valued variables to be compatible with

complex valued variables [54, 55]. This tool could realistically be applied to the analysis software used;

however Martins has shown that the complex valued analysis software performs slower than the real

valued analysis. The cost of the gradient computation using either the finite-difference or complex-step

method is clearly dependent on the number of design variables and the need for a more efficient strategy

is apparent.

The adjoint method allows for the gradient to be computed through the intermediate solution of a

linear system. The cost of solving the linear system for the adjoint variables is of the same order of

magnitude as the cost of a flow analysis, and is nearly independent of the number of design variables

[46]. The adjoint method was first used in the aerodynamic shape optimization context by Jameson [46].

The gradient computation is coupled with SNOPT [27]. The SNOPT user manual [28] can be consulted

for specific details of the optimization algorithm, and Hicken’s PhD thesis provides an overview of the

pertinent algorithm features [29].
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4.1.1 Adjoint Method for Gradient Computation

When the adjoint method is used, the design problem can be approached by developing a Lagrangian

function,

L(v,Q,λ(i)|mi=1,ψ) = J (v,b(m),Q) +

m∑
i=1

λ(i)TM(i)(v,b(i−1),b(i)) +ψTR(v,b(m),Q), (4.2)

which incorporates the flow and mesh residual constraints into the objective function through the use

of Lagrange multipliers. In Equation 4.2, λ(i)|mi=1 and ψ are Lagrange multipliers that represent the

mesh and flow adjoint variables respectively. R and M represent the flow and mesh movement residual

equations and b(i) the control point coordinates of the B-spline volume at mesh movement increment i.

To obtain an optimal design, the first-order optimality conditions, also known as the Karush-Kuhn-

Tucker (KKT) conditions, must be satisfied. The first KKT condition requires that the flow and mesh

residual equations are satisfied. If a successful analysis and mesh-movement are performed, then this

condition is automatically satisfied. The second KKT condition requires that the flow and mesh adjoint

equations be solved for the adjoint variables, ψ and λ(i). The adjoint variables can then be used to

compute the gradient of the Lagrangian with respect to the design variables.

Flow Adjoint Equations

The flow adjoint equations are formed by requiring that the second KKT condition is satisfied. This

requires that ∂L
∂Q = 0. Expanding gives,

(
∂R
∂Q

)T
ψ = −

(
∂J
∂Q

)T
, (4.3)

where all variables are as previously defined. Equation 4.3 represents a system of linear equations and

is solved using GCROT [19, 20, 36]. GCROT is a Krylov subspace method which uses GMRES as its

inner method and, rather than restarting GMRES when reaching a Krylov subspace size limit, recycles

a portion of the Krylov subspace in the previous GMRES iteration. By preserving some of the previous

Krylov subspace, GCROT is less susceptible to stalling than restarted GMRES [29, 36]. A flexible

variant of GCROT is used, which allows the preconditoner to be updated at every Krylov iteration.

This is necessary due to the use of approximate-Schur preconditioning.

As can be seen in Equation 4.3, the transposed Jacobian is required to determine the flow adjoint

variables. Since the flow adjoint equations are solved iteratively using a Krylov subspace method, only

the transposed Jacobian-matrix-vector products with an arbitrary vector, v, are required:
(
∂R
∂Q

)T
v.

Some researchers have elected to perform this matrix-vector product by first storing the Jacobian matrix

explicitly and performing the transposed Jacobian-vector products using the stored matrix when required

[34, 69]. In this work, an implicit transposed Jacobian-vector product approach is taken: AT v is formed

analytically at each matrix-vector product request [3, 39, 11, 64]. This strategy circumvents the large

memory requirements of storing the high-order Jacobian matrix, with a computational cost penalty at

each iteration associated with recomputing Jacobian contributions. The trade-off between CPU time

and memory will be made for second-order, since both methods are available only for second-order.

Memory requirements for the first- and second-order flux Jacobian matrix are shown in Table 4.1 and
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Table 4.1: Flux Jacobian memory measurements and estimates in gigabytes. Bolded entries indicate a
memory estimate which is greater than the system can provide.

Memory Per Block on Grid (GB)
Order Stencil Size G1 G2 G3 G4 G5

First-order (preconditioner) 16 0.03 0.04 0.06 0.10 0.14
Second-order 52 0.09 0.13 0.20 0.31 0.46

Third-order estimate 125 0.23 0.32 0.48 0.74 1.11
Fourth-order estimate 343 0.62 0.87 1.31 2.04 3.05

Nodes per block 6 859 10 051 15 979 26 011 40 204

were determined using the massif tool within valgrind 1. Details of the grids used can be found in Table

5.4. Memory estimates are made for higher-order schemes with the assumption that linear growth in the

memory is seen with respect to the stencil size. Cross-derivative terms due to the viscous terms cause the

stencil size to be at minimum (2s+1)3 in the interior, with boundary treatments increasing the memory

requirements. When making memory estimates, the stencil size for third- and fourth- order are assumed

to be dictated by the interior stencil size, which will be an underestimate of actual memory requirements.

Considering that the available hardware has about 1.8GB of memory available per processor, it is clear

from Table 4.1 that storing a high-order Jacobian has excessive memory requirements for a mesh of

reasonable size. The relative cost of the implicit matrix-vector product technique is examined in Table

4.2. The time to solve the flow adjoint equations to a relative tolerance of 10−8 is recorded for the

implicit and explicit matrix-vector product techniques. The implicit matrix-vector products are exactly

as is described in this thesis, which do not require the storage of the Jacobian matrix, while the explicit

matrix-vector products are as described by Osusky [70] and require the storage of the Jacobian matrix.

A different dissipation model is used for the explicit strategy, which results in fewer iterations to solve

the adjoint problem by no more than 15%; this does not obscure the results much since the difference

in GCROT iterations is small. The data show that the implicit matrix-vector product strategy can

take up to 3.89 times as long to converge as the explicit technique for a similar adjoint problem with

the second-order method. This factor will likely increase with high-order methods as there are more

terms to recompute at each iteration when the implicit method is used. Although this increase in cost

is undesirable, it allows for larger block sizes to be used when performing a mesh refinement study in

the presence of a system memory constraint. Subdividing the domain further into smaller blocks and

distributing amongst more processors (while retaining the same amount of memory per processor) is an

alternative approach to addressing memory issues when storing the high-order flux Jacobian matrix. This

approach was not taken in this work as a consistent surface definition and consistent mesh refinement

technique was desired, which requires the multi-block structure to remain constant across all mesh levels.

To further demonstrate the memory limitations of storing the full Jacobian matrix, estimates are

made of the maximum allowable block sizes. This is done by linearly interpolating or extrapolating

the data in Table 4.1 to determine the block size which would cause the memory of the Jacobian and

preconditioner matrix to exceed the available memory (1.8GB per block). In this estimate, it is assumed

that 25% of the memory is reserved for overhead (ILU factorization, Krylov vectors, etc.). The minimum

block and edge sizes are determined using the values from Table 3.1 and the maximum edge length is

1Documentation for the valgrind massif tool can be found at http://valgrind.org/docs/manual/ms-manual.html
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Table 4.2: Time comparison of matrix-vector product techniques for the second-order method.

Time on Grid(s) (20 proc.)
Matrix-Vector Product Type G1 G2 G3 G4 G5

Explicit 39.3 56.1 88.9 152.8 249.7
Implicit 133.1 205.5 346.1 592.8 966.7

Ratio 3.39 3.66 3.89 3.88 3.87

Table 4.3: Minimum and maximum block and edge size estimates for each order of accuracy when
explicit matrix-vector products are used.

Order Block size Block size Isotropic edge size Isotropic edge size
lower limit upper limit lower limit upper limit

Second-order 125 94 390 5 45
Third-order 2 197 44 545 13 35
Fourth-order 6 859 16 869 19 25

determined by taking the cube root of the maximum block size (assumes an equal edge length in all three

directions). The minimum and maximum block and edge sizes are shown in Table 4.3. Considering the

memory estimates in Table 4.1 are underestimates, the range of allowable edge lengths of the third- and

fourth-order methods with explicit storage of the Jacobian matrix is too small to facilitate a proper grid

refinement study. The reduced memory requirement of the implicit matrix-vector products is desirable

as it increases the upper limit of the block size limitations.

Equation 4.3 represents a large portion of the development work required to complete this thesis

project. This involved the introduction of a Jacobian-vector product strategy to avoid the memory

limitations associated with storing the high-order flux Jacobian matrix, and extending the flow Jacobian

computation to include high-order terms. The dissipation model was also differentiated as part of the

development work since, with this framework, this particular dissipation model has only been used

in analysis by Dias [24]. The objective function derivatives were also extended to include high-order

integration using the diagonal-norm operator associated with the SBP operator.

Mesh Adjoint Equations

Mesh adjoint equations are also derived from the second of the KKT conditions, requiring that ∂L
∂b(i) = 0,

at each mesh movement increment i;(
∂M(m)

∂b(m)

)T
λ(m) = −

(
∂J
∂b(m)

)T
−
(

∂R
∂b(m)

)T
ψ, (4.4)

(
∂M(i)

∂b(i)

)T
λ(i) = −

(
∂M(i+1)

∂b(i)

)T
λ(i+1), i ∈ {m− 1,m− 2, . . . , 1}. (4.5)

The mesh adjoint equations are solved after the flow adjoint equations so that the flow adjoint variables

are updated. The mesh adjoint equations are solved in reverse order with the final increment, Equation

4.4, solved first. The right-hand side of Equation 4.4 is manipulated through the use of chain rule to
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simplify the implementation [29]:

−
(

∂J
∂b(m)

)T
−
(

∂R
∂b(m)

)T
ψ = −

(
∂g

∂b(m)

)T ∂J
∂g

∣∣∣∣∣
m

+

 ∂J
∂m

∣∣∣∣∣
g

+ψT
∂R
∂m

 ∂m

∂g

T , (4.6)

where g = {x, y, z} and m = {ξx, ξy, ξz, ηx, ηy, ηz, ζx, ζy, ζz}. Solution of the mesh adjoint equations is

similar to that of the flow adjoint equations. The preconditioned conjugate gradient method is used.

Development was required to extend the ∂R
∂m term in Equation 4.4 to include high-order terms, as well as

including contributions due to the dissipation model. Matrix-vector products are performed without the

explicit storage of the metric Jacobian matrix, ∂R
∂m . The right-hand side of Equation 4.5 is constructed

using the complex-step method; this is rather expensive in general but because the control point mesh

size is orders of magnitude smaller than the CFD mesh, the cost relative to a flow analysis is small.

4.1.2 Gradient Computation

The gradient of the Lagrangian function, ∂L
∂v , is provided to SNOPT. The up-to-date flow and mesh

adjoint variables are used to form the gradient vector:

∂L
∂v

=
∂J
∂v

+

m∑
i=1

(
λ(i)T ∂M(i)

∂v

)
+ψT

∂R
∂v

. (4.7)

4.2 Verification and Validation

Before a practical problem can be approached, the optimization algorithm must be extensively verified

and validated. Verification tests the implementation of the algorithm at various checkpoints to ensure

self-consistency, checking that the flux Jacobian matrix is consistent with the flow residual equations for

instance. Validation requires testing the algorithm on a set of fundamentally well understood problems.

In this section, verification of the algorithm will be achieved by testing that the Jacobian matrices,
∂R
∂Q and ∂R

∂m , are computed in a way that is consistent with the flow residual, R. Since this does not

test the portions of the gradient computation associated with the geometry parametrization and mesh

movement, a directional derivative test will also be performed. A successful directional derivative test

will indicate an analytically precise derivative computation.

Validation will be achieved by performing two well known tests: an inverse design problem in viscous

laminar flow and a twist optimization in inviscid flow. Successful completion of these tests indicates that

the gradient-based optimization algorithm is capable of minimizing a well-defined objective function, and

application to practical problems is warranted. All of the verification and validation tests are performed

using the Navier-Stokes equations on grid G1 from the three-dimensional viscous optimization test case

in the subsequent chapter, except for the inviscid twist optimization case which is governed by the Euler

equations and is performed on multiple grid levels. The twist validation will not be presented in this

chapter as it is extensively studied to compare the efficiency of the methods in the next chapter.

4.2.1 Flow Jacobian Verification

The complex-step method allows for derivatives to be approximated to machine accuracy [55]. The

complex-step approximation cannot be used with GCROT to solve the adjoint problem due to the



4.2. Verification and Validation 37

Step Size

E
rr

or

10-1910-1710-1510-1310-1110-910-710-510-310-1

10-10

10-8

10-6

10-4

10-2

100

2nd-order
3rd-order
4th-order

Figure 4.1: Transposed Jacobian-vector product test for each order of accuracy.

presence of the transpose operator on the left-hand side of Equation 4.3. It can, however, be used to

verify the analytical transposed Jacobian-vector products by examining the following scalar quantity:

uT
∂R
∂Q

v = (uT
∂R
∂Q

v)T

= vT
(
∂R
∂Q

)T
u

error = uT
∂R
∂Q

v︸ ︷︷ ︸
approx.

− vT
(
∂R
∂Q

)T
u︸ ︷︷ ︸

exact

,

where u and v are random vectors, and the approximation is made through the complex-step method:

∂R
∂Q

v ≈ Im

(
R(Q + iεv)

ε

)
, (4.8)

where i2 = −1. Assuming the analytical transposed Jacobian-vector products are correct, the only error

is introduced by the complex-step approximation. The complex-step approximation is second-order with

respect to its perturbation parameter, ε, so an O(ε2) error should be measured which approaches machine

precision when the step size becomes sufficiently small. Figure 4.1 shows the expected behaviour for the

flux Jacobian test, verifying that the matrix-vector products used to solve the flow adjoint equations are

indeed correct.

4.2.2 Mesh Adjoint Verification

The complex-step method is applied to verify that the implementation of the right-hand side of Equation

4.4 is correct. This simultaneously tests the objective function derivative and residual vector derivative

with respect to the grid metrics. A separate test should be performed for each objective function. Figure

4.2 demonstrates that the analytical differentiation of the drag objective and residual vector with respect

to the grid metrics has been performed correctly with an error less than machine precision. Similar tests

were performed, with success, on the lift and lift-over-drag objectives.
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Figure 4.2: Complex-step test verifying the final increment in the mesh adjoint equations for a drag
objective.
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Figure 4.3: Complex-step verification of the drag derivative with respect to the flow variables

4.2.3 Objective Function Derivative, ∂J
∂Q

, Verification

The objective function derivative ∂J
∂Q seen on the right-hand side of Equation 4.3 is independently verified

with the complex-step test. Once again, this needs to be done for all objective functions used within

this work: drag, lift, and lift over drag.

Figure 4.3 demonstrates that the drag objective has been successfully differentiated to machine

precision. Similar tests were performed with the other objectives used; all were successful.

4.2.4 Directional Derivative Verification

To verify the gradient, a directional derivative test is performed. The previous tests confirmed that

the adjoint equations were set up properly, while this test confirms that the resultant adjoint variables

lead to a correct derivative computation. This also tests the differentiation of the grid coordinates with

respect to the B-spline control points, ∂g
∂b(m) , and the differentiation of the grid metrics with respect



4.2. Verification and Validation 39

Finite-Difference Step Size

D
ire

ct
io

na
l D

er
iv

at
iv

e 
E

rr
or

10-11 10-10 10-9 10-8 10-7 10-6 10-5 10-4 10-3

10-7

10-6

10-5

10-4

10-3

10-2 2nd-order
3rd-order
4th-order

Figure 4.4: Directional derivative test for all orders of accuracy.

to the grid coordinates, ∂m
∂g . The analytical gradient is computed using the adjoint method, with the

directional derivative computed as

DzJ =
∂J
∂v

z, (4.9)

and direction z chosen to be

zi = sign

[(
∂J
∂v

)
i

]
. (4.10)

This particular choice of z gives a directional derivative equal to the L1 norm of the gradient [29]. The

analytical directional derivative is then compared to the second-order finite-difference approximation,

DzJ =
J (v + εz)− J (v − εz)

2ε
. (4.11)

The complex-step method used to verify the Jacobian cannot be used in this instance, as it would

require complete complexification of the flow analysis algorithm. The results of the directional derivative

test on the drag derivative can be seen in Figure 4.4. Similar results were obtained when applied to the

other objectives used in this work. The minimum error for each case is below 10−5 in each case, and the

error curve has a “V” shape; this indicates that the test was successful. For large step sizes truncation

error in the finite-difference scheme dominates the error, while small step sizes leads to subtractive

cancellation errors related to the finite precision of the stored variables. Since a second-order centred-

difference is used in this case the truncation error should be quadratic with respect to the perturbation

parameter, which can be roughly confirmed through inspection of Figure 4.4. If a distinct peak were

not seen in Figure 4.4, it would indicate that the error in the analytical derivative is dominant, as

demonstrated by Osusky [70].
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Figure 4.5: Convergence history of the inverse design test case.

4.2.5 Inverse Design

The inverse design case serves as further verification of the algorithm and is a starting point for validating

the optimizer. It begins by performing a flow analysis on a baseline geometry and saving the surface

pressure distribution. The optimization procedure is then started with one B-spline control point on the

surface and the angle of attack perturbed, with the objective function defined as

J =
1

2

Nη∑
i=1

Nζ∑
j=1

(Hη)i,i (Hζ)j,j (pi,j − pi,j;targ)
2

∆Ai,j , (4.12)

∆Ai,j = J−1
i,j

√
(ξx)2

i,j + (ξy)2
i,j + (ξz)2

i,j , (4.13)

and is a numerical approximation to the surface integral of the squared difference between the current

and target pressure distributions. In Equation 4.13 Nξ and Nη are the number of surface nodes in

the directions tangential to the surface, ∆Ai,j is the surface area element calculated at node (i, j),

pi,j is the pressure at node (i, j), and pi,j;targ is the target pressure at node (i, j). H accounts for the

diagonal-norm integration rule, and the Jacobian factor, J−1, accounts for the coordinate transformation

when computing the surface integral. The goal of the inverse design case is to recover the unperturbed

geometry by the action of forcing it to recover the pressure distribution of the unperturbed geometry.

The geometry considered is that used in Section 5.3, the three-dimensional viscous optimization case

on grid G1. Each surface patch of the geometry is parametrized with 9 control points in the streamwise

direction and 9 control points in the spanwise directions. The perturbed control point coordinates and

angle of attack combine for a total of four design variables. Each flow analysis is solved to a relative

residual drop of 10−10, while the flow adjoint equations are solved to a relative tolerance of 10−8 and

the mesh adjoint equations to a relative tolerance of 10−12. The optimization procedure is carried out

until the optimality condition is satisfied to a very tight absolute tolerance of 10−15. The ILU fill level

is chosen to be 3 for the flow analysis and flow adjoint solution to improve the preconditioning for

higher-order problems.

The results of this validation study can be seen in Figure 4.5. The pressure distribution of the
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Table 4.4: Inverse design wall time on 120 processors and design iterations required to meet optimality
condition.

Order Wall Time (120 proc.) Major Iterations Function Evaluations
(hh:mm:ss)

Second-order 10:35:02 22 26
Third-order 11:42:43 23 27
Fourth-order 17:18:51 23 27

unperturbed geometry has been successfully recovered for each order of accuracy, and the inverse design

test is successful. The perturbation parameter was chosen to be consistent across each inverse design

problem so that the performance of the optimizer can be gauged. Table 4.4 shows the number of design

iterations to reach convergence is nearly identical across all orders of accuracy, with each design cycle

costing more for the higher-order methods.

4.3 Computational Cost of the Gradient Computation

The three-dimensional viscous laminar lift-constrained drag minization problem presented in Section

5.3 is examined to determine the relative cost of the gradient computation for the second-, third-, and

fourth-order methods when using implicit matrix-vector products; the coarse mesh corresponds to G1

and the fine mesh corresponds to G3. The cost of the objective function evaluation is the sum of the

cost to perform a mesh movement and the cost to perform a flow analysis. The cost of the gradient is

divided into the cost to compute the drag gradient and the cost to compute the lift gradient. Within

each gradient computation, the flow adjoint equations and mesh adjoint equations must be solved. The

second-order explicit matrix-vector product gradient cost breakdown is shown in Table 4.5, and is an

important comparison as the explicit matrix-vector products are expected to perform faster than implicit

matrix-vector products. Tables 4.6–4.8 show the costs of each component of the objective function and

gradient computation. It can be seen that the cost of the second- and third-order methods do not differ

by much, but the fourth-order method is drastically increased in cost. It can also be seen that the

majority of the cost increase is due to the increased stiffness of the fourth-order flow adjoint problem.

The mesh movement time and mesh adjoint time are relatively constant since the control point mesh is

identical for each case. Comparing the cost of the explicit and implicit matrix-vector product techniques

to solve the flow adjoint problem reveals that the implicit technique requires 1.99 and 2.39 times the

amount of CPU time compared to the explicit technique forG1 andG3 respectively. This highlights that

the relative cost of the two matrix-vector product techniques is problem dependent, as a larger ratio was

observed for the two-dimensional extruded problem. The relative cost is likely dependent on properties

of the multi-block grid. Memory measurements were not made for this particular problem; however it

is important to note that the G4 flow adjoint solution with explicit matrix-vector products failed due

to excessive memory requirements. Clearly the implicit approach alleviates memory limitations of the

current system for all orders of accuracy, including second-order problems.
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Table 4.5: Breakdown of objective function and gradient CPU times for two different grid sizes with the second-order
method using explicit matrix-vector products. Times are normalized by the total objective function evaluation time.

grid size (nodes)
8.230× 105 2.927× 106

CPU time (120 proc.) CPU time (120 proc.)
component solve tol. relative absolute relative absolute

mesh movement (10−12) 0.0976 0.0271
flow analysis (10−10) 0.9024 0.9729

objective function 1.000 (393.4 s) 1.000 (1327.1 s)

flow adjoint solution (drag) (10−8) 0.1685 0.1816
mesh adjoint solution (drag) (10−12) 0.0678 0.0200

drag gradient 0.2363 0.2016

flow adjoint solution (lift) (10−8) 0.2245 0.2504
mesh adjoint solution (lift) (10−12) 0.0611 0.0176

lift gradient 0.2856 0.2680

drag and lift gradient 0.5219 (205.3 s) 0.4696 (623.2 s)
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Table 4.6: Breakdown of objective function and gradient CPU times for two different grid sizes with the second-order
method using implicit matrix-vector products. Times are normalized by the total objective function evaluation time.

grid size (nodes)
8.230× 105 2.927× 106

CPU time (120 proc.) CPU time (120 proc.)
component solve tol. relative absolute relative absolute

mesh movement (10−12) 0.0995 0.0265
flow analysis (10−10) 0.9005 0.9735

objective function 1.000 (382.8 s) 1.000 (1432.3 s)

flow adjoint solution (drag) (10−8) 0.3451 0.4017
mesh adjoint solution (drag) (10−12) 0.0637 0.0167

drag gradient 0.4099 0.4194

flow adjoint solution (lift) (10−8) 0.4159 0.5426
mesh adjoint solution (lift) (10−12) 0.0637 0.0167

lift gradient 0.5157 0.5593

drag and lift gradient 0.9255 (354.3 s) 0.9787 (1401.8 s)
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Table 4.7: Breakdown of objective function and gradient CPU times for two different grid sizes with the third-order
method using implicit matrix-vector products. Times are normalized by the total objective function evaluation time.

grid size (nodes)
8.230× 105 2.927× 106

CPU time (120 proc.) CPU time (120 proc.)
component solve tol. relative absolute relative absolute

mesh movement (10−12) 0.0938 0.0268
flow analysis (10−10) 0.9062 0.9732

objective function 1.000 (391.4 s) 1.000 (1431.7 s)

flow adjoint solution (drag) (10−8) 0.3998 0.4804
mesh adjoint solution (drag) (10−12) 0.0690 0.0184

drag gradient 0.4688 0.4988

flow adjoint solution (lift) (10−8) 0.5508 0.6675
mesh adjoint solution (lift) (10−12) 0.0641 0.0168

lift gradient 0.6150 0.6843

drag and lift gradient 1.0838 (424.2 s) 1.1831 (1693.9 s)
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Table 4.8: Breakdown of objective function and gradient CPU times for two different grid sizes with the fourth-order
method using implicit matrix-vector products. Times are normalized by the total objective function evaluation time.

grid size (nodes)
8.230× 105 2.927× 106

CPU time (120 proc.) CPU time (120 proc.)
component solve tol. relative absolute relative absolute

mesh movement (10−12) 0.0590 0.0135
flow analysis (10−10) 0.9410 0.9865

objective function 1.000 (617.1 s) 1.000 (2674.2 s)

flow adjoint solution (drag) (10−8) 1.2627 0.9417
mesh adjoint solution (drag) (10−12) 0.0433 0.0143

drag gradient 1.3059 0.9560

flow adjoint solution (lift) (10−8) 1.3427 1.1503
mesh adjoint solution (lift) (10−12) 0.0413 0.0136

lift gradient 1.3841 1.1639

drag and lift gradient 2.6900 (1660.0 s) 2.1199 (5669.1 s)
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Chapter 5

Aerodynamic Optimization with

High-Order Spatial Discretization

This chapter demonstrates the efficiency of high-order spatial discretization within the context of

numerical optimization. Efficiency gains for inviscid analysis have been demonstrated with the

presented framework by Dias [24]; therefore one focus will be to examine the mesh refinement behaviour

within the analysis algorithm for viscous laminar flows. The full optimization algorithm is applied to

two and three-dimensional optimization problems, governed by the inviscid Euler equations and the

laminar Navier-Stokes equations. An inviscid twist optimization is considered first, to provide validation

for the algorithm and to examine the efficiency of high-order within inviscid optimization. A two-

dimensional viscous laminar section optimization with several design variables and a three-dimensional

viscous laminar span optimization with two effective design variables are studied to examine the efficiency

of the optimization algorithm and study the role that accuracy plays on the final optimized shape.

5.1 Minimization of Induced Drag with Twist Design Variables

A rectangular wing with NACA 0012 sections and a semi-span of 4 chord units is optimized for minimum

drag in inviscid subsonic flow conditions (M = 0.3); similar design cases have been studied by Hicken

and Zingg [35], Telidetzki et al. [83], and Bisson et al. [12]. The surface of the wing is parametrized

with 16 surface patches, each consisting of 9 control points in the streamwise direction and 9 control

points in the spanwise direction except for the 4 wing tip patches which only have 5 control points in the

spanwise direction to prevent the formation of a nonplanar wake. The initial control point distribution

on the surface of the wing and the surface mesh can be seen in Figure 5.1a along with the mesh on the

symmetry plane in Figure 5.2. Along the spanwise direction of the wing, the wing-tip patch varies from

the root thickness to a zero-thickness line at the tip, as shown in Figure 5.1b; this was done to improve

the grid quality to avoid metric Jacobian issues when using the high-order method. Design variables

are chosen to be the z-coordinates of the B-spline control points and are coupled at each station so that

sectional twist is an effective design variable. The first three sections, including the root section, are

fixed to prevent nonplanar features. The sections in the wing-tip patch are constrained to have twist

which varies linearly to prevent the formation of a winglet feature.

Five different meshes are used in this test case, with efforts made to keep all grids within the same

47
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(a) Surface mesh and control points of untwisted geometry.
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(b) Front view of geometry and control points.

Figure 5.1: Inviscid twist optimization: surface mesh and B-spline control points shown for the initial
untwisted surface on mesh G3.

grid family by using parameter refinement. The hyperbolic tangent mesh parameters, A and b shown in

Eq. 3.12, are computed on each block edge of the initial mesh. Mesh nodes are inserted and redistributed

according to the hyperbolic tangent stretching function and using the stretching parameters computed

initially; the volume mesh is subsequently generated using the B-spline mapping. Details of the five

optimization grids along with the fine analysis mesh are shown in Table 5.1; each mesh is constructed

with the far-field boundary 25 chord lengths from the surface in all directions. Linear theory predicts

that an elliptical spanwise loading of a planar wing produces minimum drag [73]. This inviscid subsonic

optimization test case serves to validate the algorithm through comparison to linear theory, as well as

to quantify the efficiency of each method through comparison of optimal geometries on various levels of

mesh refinement with various orders of accuracy. The span efficiency factor is given as

e =
C2
L

πΛCDinduced

, (5.1)

where Λ is the aspect ratio of the wing; in this case Λ = 8. Since a subsonic inviscid analysis is

performed, CD is assumed to be entirely lift-induced drag and can be used directly in Equation 5.1.

Elliptical loading of the wing will lead to a span efficiency factor of 1.0, which is the best case scenario

for a planar, inviscid, subsonic wing.

Algorithm inputs are selected to reflect both robustness and efficiency. Other than changing the

SBP and dissipation operators to reflect the appropriate order of accuracy, the inputs are the same



5.1. Minimization of Induced Drag with Twist Design Variables 49

Y X

Z

Figure 5.2: Inviscid twist optimization: details of mesh G3 in the plane of the wing root.

across all cases to facilitate a fair comparison. Flow analysis is performed with the pseudo-transient

continuation parameters set to a = 0.001, b = 1.2, and β = 1.5. Artificial dissipation parameters are set

to ε = 0.04 for all directions with Vn = 0.25 and Vl = 0.25. A lift constraint of CL = 0.375 is imposed,

and the angle of attack is included as a design variable since the root section is fixed. The optimization

algorithm solves the flow adjoint equations using the Krylov subspace method GCROT, and the linear

sub-problems within flow analysis with FGMRES, both with ILU preconditioning, a fill-level of 3, and a

dissipation lumping factor of 7.0 while limiting the size of the Krylov subspace to 70 vectors. The flow

analysis switches to the inexact-Newton phase when the relative residual norm drops below 10−2, and

the flow analysis is solved to a relative tolerance of 10−10. The flow adjoint equations are solved to a

tolerance of 10−8 and the mesh adjoint equations to a tolerance of 10−12. Convergence is reached when

the optimality condition drops below 10−7 and a feasibility tolerance of 10−6 is satisfied. The angle of

attack is adjusted on the initial geometry so that the lift constraint is satisfied with the initial design in

each case.

First, to present evidence of validation for the optimization algorithm, the spanwise lift distribution

of the optimized geometry on mesh G5 with the fourth-order method is examined and compared to an

elliptical loading. Figure 5.3 shows a near elliptical loading of the wing, with an obvious deviation near

the wing-tip. This deviation has been attributed to side-edge separation [35]. A span efficiency factor

of 0.99743 has been observed for this case when evaluated with the fourth-order method on the fine

mesh, GF , conforming with conclusions from linear theory and concluding a positive validation exercise.

Similar spanwise lift distributions are observed for all cases; details can be seen in Appendix C.
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Table 5.1: Inviscid twist optimization: details of grids used in refinement study.

Grid Mesh Dimensions Nodes Off-wall Spacing Leading/Trailing
Edge Spacing

G1 120 blocks × 133 236 640 1.18E-2 1.24E-2
G2 120 blocks × 163 491 520 8.99E-3 9.49E-3
G3 120 blocks × 203 960 000 6.79E-3 7.22E-3
G4 120 blocks × 253 1 875 000 5.18E-3 5.55E-3
G5 120 blocks × 313 3 574 920 4.05E-3 4.34E-3
GF 960 blocks × 413 66 164 160 1.46E-3 1.54E-3
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Figure 5.3: Inviscid twist optimization: spanwise lift distribution of optimized geometry on G5 with the
fourth-order method is shown in comparison to an elliptical spanwise lift distribution

Cost of the high-order algorithm must now be evaluated. Table 5.2 shows the run time for each

optimization. It can be seen from this information that the second-order and third-order methods

have very similar costs, while the fourth-order method has a drastically increased cost. The number of

optimization iterations on each grid remains fairly similar across all orders of accuracy, with an increase

in optimization iterations with mesh refinement. Table 5.2 also shows that each case converged to below

the requested optimality and feasibility tolerances.

One major goal of this thesis is to examine the effect that high-order spatial discretization has on

the solution of the flow adjoint problem. Figure 5.4 shows the convergence histories of the linear flow

adjoint equations. The second- and third-order methods converge in about the same time, independent

of the grid, while the fourth-order method takes much longer. One possible explanation for this is that

the fourth-order method uses an undivided approximation to the fourth-derivative to construct Dd in

the dissipation model, while the second- and third-order methods use an undivided approximation to

the third-derivative. It is unclear if the first-derivative or dissipation model contribute more toward the

stiffness in the solution of the adjoint equations.

The aerodynamic performance of each optimized geometry is summarized in Table 5.3. With respect

to analysis on their native meshes, each method is able to show a sizeable reduction in the drag coefficient.
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Table 5.2: Inviscid twist optimization: summary of optimization data

Grid Wall Time (120 proc.) Major Function Final Final
(hh:mm:ss) Iterations Evaluations Feasibility Optimality

Second-order

G1 02:27:47 35 37 1.1E-12 7.4E-8
G2 05:10:55 45 47 7.8E-13 5.2E-8
G3 09:27:16 45 47 2.2E-13 8.6E-8
G4 26:18:42 59 61 2.7E-13 8.2E-8
G5 75:25:30 72 74 1.6E-12 9.6E-8

Third-order

G1 03:12:15 47 49 1.7E-13 8.7E-8
G2 04:48:45 43 45 5.9E-13 6.0E-8
G3 10:24:32 52 54 1.2E-13 6.6E-8
G4 28:11:54 69 71 1.7E-13 5.4E-8
G5 74:05:52 79 81 5.2E-14 9.3E-8

Fourth-order

G1 10:29:23 53 55 5.2E-13 7.3E-8
G2 08:05:28 52 54 7.9E-13 2.1E-8
G3 37:38:03 62 64 5.5E-13 5.3E-8
G4 120:08:06 82 84 7.5E-13 3.1E-8
G5 308:09:09 89 91 3.4E-12 3.6E-8

To make a clear comparison, the optimized surfaces are re-analysed on a fine mesh, GF , with the fourth-

order method to improve accuracy. Since the lift constraint is not met exactly when evaluated on the

fine mesh, and to properly compare to linear theory, the span efficiency factor, e, is used to compare the

aerodynamic performance of the optimized geometries. When evaluated with the fourth-order method

on the fine analysis mesh, all configurations achieve a span efficiency factor very close to 1.0.

It is possible that this test case is not sufficiently complex to demonstrate the need for accurate

analysis. In the context of inviscid optimization, Chernukhin and Zingg have also demonstrated an

example of mesh refinement leading the similar optimized shapes [14], with such conclusions supported

by Telidetzki et al. for inviscid optimization of a transonic airfoil in two-dimensions [83]. Only pressure

drag is computed in the force integration under inviscid conditions, so it is possible that the inaccuracies

are consistent under- or over-estimates, causing the optimizer to produce similar geometries. When

considering viscous flow, mesh refinement may be more critical to obtaining the correct optimized shape

as improving accuracy may have a large impact on the trade-off relationship between induced and viscous

drag.
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Table 5.3: Inviscid twist optimization: aerodynamic performance of optimized geometries

Grid Initial CD Optimized CD Optimized (CL)GF
Optimized (CD)GF

e
(× 10−4) (× 10−4)

Second-order

G1 225.21 204.43 1.4978 223.55 0.99972
G2 215.68 192.35 1.4968 223.55 0.99907
G3 217.29 189.92 1.4972 223.92 0.99764
G4 224.52 194.83 1.4978 224.24 0.99663
G5 226.86 201.88 1.4983 224.42 0.99619

Third-order

G1 290.33 265.69 1.4957 224.03 0.99620
G2 262.84 237.61 1.4994 224.87 0.99491
G3 252.70 228.16 1.5013 225.24 0.99457
G4 251.59 226.75 1.5018 225.21 0.99499
G5 248.54 226.98 1.5017 225.06 0.99562

Fourth-order

G1 167.26 140.88 1.5018 227.16 0.98647
G2 212.78 189.53 1.5007 225.58 0.99261
G3 231.69 211.42 1.5003 225.08 0.99458
G4 239.74 222.38 1.4992 224.55 0.99618
G5 240.91 226.31 1.4984 224.15 0.99743
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(a) Flow adjoint convergence history on G1 at first
design iteration.
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(b) Flow adjoint convergence history on G3 at first
design iteration.
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(c) Flow adjoint convergence history on G5 at first
design iteration.

Figure 5.4: Inviscid twist optimization: convergence histories on various grid levels for the flow adjoint
equations with a drag objective at the first design iteration.
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5.2 Aerodynamic Optimization in Two Dimensions with Vis-

cous Effects

This test case examines the efficiency of the high-order optimization algorithm when applied in two-

dimensional viscous laminar flow conditions. The flow is subsonic with a Mach number of 0.3 and a

Reynolds number of 500 based on the chord length, and the initial shape is a NACA0012 airfoil. Due to

limitations within the optimization algorithm, two-dimensional geometries cannot be directly considered

for optimization. To circumvent this issue, the two-dimensional (x-z plane) grid is extruded in the y-

direction 1 chord length. The number of nodes in the y-direction is chosen to be 19 to accommodate

the minimum size of the fourth-order second-derivative operator. The geometry is parametrized with 9

control points in the streamwise direction and 5 in the extruded direction. Linear constraints are applied

so that design variables along extruded airfoil mimic the design variables at the root directly. The z-

coordinates of the B-spline control points are chosen as the design variables in this case, with angle of

attack constant at 4 degrees to avoid unsteady flows. The objective of the optimization is to maximize
CL
CD

. There is a thickness constraint on the geometry such that the vertical separation of the control

points cannot become smaller than 50% or larger than 200% of the initial separation of the NACA0012

control points. The upper control points are also restricted to not cross the chord line of z = 0.

Srinath and Mittal have shown that the optimization of a two-dimensional NACA0012 airfoil at

Reynolds numbers ranging from 10 to 500 is very sensitive to the Reynolds number [80]. This sensitivity

to the flow conditions could provide incentive for accurate analysis and could make a case for high-order

spatial discretization to improve the efficiency of the optimization. Derksen et al. have shown with

particle image velocimetry experiments that flow over a NACA0012 section at a Reynolds number of

5000 is steady for an angle of attack less than 12 degrees [23]. Therefore it is reasonable to assume that

flow will be steady under the provided operating conditions throughout the optimization. The details

of the five meshes used in the optimization mesh refinement study are shown in Table 5.4, along with

the two-dimensional fine analysis mesh; the same mesh refinement strategy used in the inviscid twist

optimization study is used here. The surface control point distribution is shown in Figure 5.5a and the

mesh near the aerodynamic surface is shown in Figure 5.5b.

Algorithm inputs are similar to those of the inviscid twist optimization case; the pseudo-transient time

parameters are a = 0.001, b = 1.2, and β = 1.6. The analysis algorithm switches to the inexact-Newton

phase when the relative residual has been reduced by a factor of 10−4. The dissipation parameters are

increased to improve stability: ε = 0.06 in all directions while Vl = 0.35 and Vn = 0.35. The dissipation

lumping factor is increased to 20.0 in this case to improve the preconditioning; attempts with lower

dissipation lumping factors caused the solution algorithm to stall. There are no nonlinear constraints

in this optimization. The flow analysis and mesh movement are solved to a relative tolerance of 10−10

and 10−12 respectively; the flow and mesh adjoint equations are solved to a relative tolerance of 10−8

and 10−12 respectively. Convergence is reached when the optimality falls below 10−7. The convergence

history of each optimization problem is summarized in Table 5.5; it can be seen that some of the designs

have not converged; however a reduction in the objective function is observed. This is mostly due to the

decreased robustness of the high-order algorithm, as the flow analysis does not converge with some of

the more challenging geometries.

Table 5.6 shows the aerodynamic performance of each geometry evaluated with the fourth-order

method on the fine mesh, GF . The final optimized geometries are shown in Appendix C. When analysed
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Table 5.4: Viscous laminar section optimization: details of two-dimensional grids used in refinement
study.

Grid Mesh Dimensions Nodes 2D Equivalent Off-wall Spacing Leading/Trailing
Nodes Edge Spacing

G1 20 blocks × 192 × 19 137 180 7 220 5.65E-4 2.57E-4
G2 20 blocks × 232 × 19 201 020 10 580 4.35E-4 1.09E-4
G3 20 blocks × 292 × 19 319 580 16 820 3.26E-4 4.57E-5
G4 20 blocks × 372 × 19 520 220 27 380 2.44E-4 2.55E-5
G5 20 blocks × 462 × 19 804 080 42 320 1.90E-4 1.66E-5
GF 20 blocks × 612 × 1 74 420 74 420 1.36E-4 5.72E-5
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(a) Surface control point distribution on grid G3.

Y X

Z

(b) Mesh details near aerodynamic surface on grid
G3.

Figure 5.5: Viscous laminar section optimization: grid and surface control point distributions on G3

on grid GF with the fourth-order method, the initial NACA 0012 airfoil has CL = 0.218921, CD =

0.179524, leading to an initial lift to drag ratio of 1.219. Aside from a few anomalies, the general trend

seen is that a more accurate analysis during the optimization leads to a better objective function when

re-evaluated on the fine mesh. It appears that the accuracy of the functionals can shift the design space

enough that the multi-modality of the design space begins to influence the optimized shapes. The result

from the second-order method on grid G1 leads to a fundamentally different converged shape and in

fact performs significantly better in the fine mesh analysis. The shape produced by the fourth-order

method on grid G5 also appears to be converging to a different final shape, although the result is not

converged. The fact that the geometry from G1 with the second-order method performs better than

the others is likely an anomaly, as the optimized geometry in a multi-modal design problem is heavily

influenced by the initial geometry. Srinath and Mittal studied a similar design problem and also observed

multi-modality in the design space [80].

The relative cost of each method is difficult to interpret in this design example as there are several

failed function evaluations which add to the total wall time. For the cases which converge well, third-

and fourth-order appear to be competitive in efficiency with second-order. There are several scenarios
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Table 5.5: Viscous laminar section optimization: summary of optimization data

Grid Walltime (20 proc.) Major Function Initial Final
(hh:mm:ss) Iterations Evaluations Optimality Optimality

Second-order

G1 03:41:02 18 23 8.0E-2 2.2E-8
G2 07:03:56 16 29 8.8E-2 9.8E-7
G3 09:31:19 17 25 1.0E-1 4.7E-10
G4 12:20:24 15 20 1.1E-1 5.1E-8
G5 21:18:55 16 21 1.2E-1 2.5E-8

Third-order

G1 07:06:25 16 32 1.1E-1 3.6E-6
G2 11:16:22 20 30 1.0E-1 3.8E-7
G3 30:16:05 28 56 1.2E-1 1.4E-6
G4 70:08:04 29 75 1.2E-1 1.5E-1
G5 96:01:10 25 62 1.2E-1 1.3E-1

Fourth-order

G1 09:31:05 17 26 9.9E-2 5.0E-7
G2 08:04:50 13 16 1.1E-1 5.1E-8
G3 72:01:09 25 67 1.2E-1 2.5E-1
G4 24:32:00 14 17 1.2E-1 3.8E-8
G5 96:00:07 21 42 1.2E-1 3.7E-1

where the high-order method on a coarse mesh achieves a design which has a superior objective function

for a reduced wall time compared to the second-order method; the objective function is evaluated on

the fine mesh with the fourth-order method. The converged optimization problems are sorted by wall

time in Table 5.7. Comparison of the results from the fourth-order method on G4 with the result from

second-order on G5 shows that the fourth-order method can achieve a design with improved performance

for roughly the same computational cost. The fourth-order method on G2 offers a better design than

the second-order method on G3 for a significantly reduced computational cost.

To further study the influence of multi-modality, the optimized shape from the second-order op-

timization on G1 was used as the initial design for each optimization. Similar shapes to that of the

second-order G1 result were obtained for each optimization which converged, confirming that the design

space is multi-modal and that the accuracy of the analysis can influence the final design. Table 5.8

shows the aerodynamic performance of designs which successfully converged. It appears that a coarse

mesh optimization using fourth-order analysis lead to improved designs over a finer mesh optimization

with second-order analysis. High-order methods were unable to obtain a converged flow solution on the

initial geometry for some of the grid levels; these cases are marked with DNC (Did Not Converge) in

Table 5.8.

In conclusion, this design example demonstrates several scenarios where high-order methods can

improve the final design for similar CPU costs. It also highlights robustness issues with the high-order

flow-analysis. It was found that the accuracy of the discretization can change the final design of the

airfoil, and a mutli-modality study confirms this hypothesis.
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Table 5.6: Viscous laminar section optimization: aerodynamic performance of optimized sections. Cases
which are not fully converged are marked with an asterisk.

Grid
(
CL
CD

)
init

(
CL
CD

)
final

(
CL
CD

)
final

on Fine Mesh

Second-order

G1 1.471 3.212 2.810
G2 1.371 2.904 2.598
G3 1.298 2.764 2.618
G4 1.249 2.696 2.654
G5 1.236 2.684 2.675

Third-order

G1 1.404 2.805 2.501
G2 1.335 2.779 2.565
G3 1.274 2.717 2.625
G4 * 1.245 2.460 2.434
G5 * 1.233 2.544 2.599

Fourth-order

G1 1.309 2.937 2.624
G2 1.271 2.781 2.643
G3 * 1.237 2.666 2.659
G4 1.224 2.676 2.684
G5 * 1.222 2.787 2.960

Table 5.7: Viscous laminar section optimization: aerodynamic performance ordered by total computa-
tional cost. Improvement of the design computed on the fine mesh relative to the initial NACA0012
computed on the fine mesh is included.

Design Case Walltime (20 proc.)
(
CL
CD

)
final

on Fine Mesh % Improvement

(hh:mm:ss)

(G1)2nd−order 03:41:02 2.810 130.5
(G2)2nd−order 07:03:56 2.598 113.1
(G1)3rd−order 07:06:25 2.501 105.2
(G2)4th−order 08:04:50 2.643 116.8
(G1)4th−order 09:31:05 2.624 115.2
(G3)2nd−order 09:31:19 2.618 114.8
(G2)3rd−order 11:16:22 2.565 110.4
(G4)2nd−order 12:20:24 2.654 117.7
(G5)2nd−order 21:18:55 2.675 119.4
(G4)4th−order 24:32:00 2.684 120.2
(G3)3rd−order 30:16:05 2.625 115.3
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Table 5.8: Viscous laminar section optimization: aerodynamic performance of optimized sections in
multi-modality study. The initial shape is that of the second-order optimization in grid G1, as shown in
Figure C.4a. Cases which are not fully converged are marked with an asterisk. Cases which could not
obtain a converged flow analysis on the initial geometry are marked with DNC.

Grid
(
CL
CD

)
init

(
CL
CD

)
final

(
CL
CD

)
final

on Fine Mesh

Second-order

G1 3.212 3.212 2.810
G2 2.999 3.023 2.876
G3 2.852 2.924 2.928
G4 2.810 2.919 2.954
G5 2.811 2.939 2.966

Third-order

G1 DNC — —
G2 DNC — —
G3 DNC — —
G4 DNC — —
G5 DNC — —

Fourth-order

G1 2.966 3.037 2.901
G2 2.875 2.976 2.954
G3 * 2.784 2.954 2.968
G4 2.787 2.938 2.972
G5 DNC — —
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5.3 Trading Viscous and Induced Drag in Three Dimensions

This test case focuses on the trade-off between viscous and induced drag for a three-dimensional wing.

The same NACA0012 geometry as the inviscid twist optimization is used, with a refinement in off-wall

spacing. Increased mesh densities were chosen in this case as the minimum number of nodes in each

direction is limited by the fourth-order second-derivative operator, as shown in Table 3.1; details of each

mesh are shown in Table 5.9. The surface is parametrized with 16 surface patches and 9 control points in

the streamwise direction and 9 control points in the spanwise direction on each surface patch; the control

point distribution is shown in Figure 5.6 and the mesh at the symmetry plane of G2 is shown in Figure

5.7. Along with angle of attack, the y-coordinates of the control points serve as design variables but

are coupled through the use of linear constraints so that the semi-span of the wing is the only effective

geometric design variable. This is a lift-constrained drag minimization, with a drag objective function,

J = CD ∗S, and a lift constraint of CL ∗S = 0.5. The chord length is fixed in this case, so the projected

area, S, is directly proportional to the semi-span design variable. The flow conditions were carefully

chosen to avoid unsteady flow features, and so that the initial design has similar contributions of friction

drag and pressure drag; for this design case Ma = 0.3 and Re = 1500, and initially α = 4◦; the initial

design does not satisfy the equality lift constraint, and is significantly higher than the lift-target on each

mesh as shown in Table 5.10. Once again, based on the experimental results from Derksen [23], the flow

is expected to be steady in these flow conditions as long as the angle of attack does not become much

higher than 10 degrees.

First a mesh refinement study is performed on the initial NACA 0012 wing, to appreciate the accu-

racy of each grid and order of accuracy combination. Table 5.10 shows the lift and drag on the NACA

0012 wing computed on each grid and with each order of accuracy and compares to the lift and drag

computed on the fine mesh, GF , evaluated with the fourth-order method. Figure 5.8 shows the asymp-

totic behaviour of mesh refinement on the accuracy of lift and drag. Figure 5.9 compares the efficiency

of each method at accurately predicting lift and drag. It can be seen from the figures that high-order

methods produce lower error when compared to the second-order method when the same mesh is used,

and as a result can produce lift and drag to a specified accuracy with a lower computational cost. The

order of accuracy of each method is computed with a least-squares fitting of a power function on the

absolute value of the data, as shown by dotted lines in Figures 5.8 and 5.9. Table 5.11 shows the order of

accuracy for each method and the error is taken as the least squares fitting error. Close to the expected

order of accuracy is seen for the CD data, while CL demonstrates expected trends.

The flow analysis algorithm input parameters are chosen again for a good mix of stability and speed.

The pseudo-transient continuation parameters are set to a = 0.001, b = 1.2, and β = 1.6. The fourth-

order method requires slightly more conservative time-stepping parameters for stability, so b = 1.15 for

the fourth-order optimization cases. The analysis algorithm switches to the inexact-Newton phase when

the relative residual has been reduced by a factor of 10−4. The dissipation parameters are the same

as the previous viscous case: ε = 0.06 in all directions and Vl = Vn = 0.35. A dissipation lumping

factor of 10.0 is chosen, and a fill-level of 3 is used for the preconditioning in the flow analysis and the

flow adjoint equations, and the Krylov subspace is limited to 70 vectors. The relative tolerances for

the flow analysis, mesh movement, flow adjoint, and mesh adjoint equations are 10−10,10−12,10−8, and

10−12 respectively. The optimization algorithm continues until the feasibility falls below 10−6 and the

optimality is below 10−7. Table 5.12 shows the wall time required to converge each optimization. The

final feasibility and optimality are shown to demonstrate that each design represents a fully converged
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Figure 5.6: Viscous laminar span optimization: surface control point distribution and surface mesh on
grid G2.

Table 5.9: Viscous laminar span optimization: details of grids used in refinement study.

Grid Mesh Dimensions Nodes Off-wall Spacing

G1 120 blocks × 193 823 080 4.44E-4
G2 120 blocks × 233 1 460 040 3.66E-4
G3 120 blocks × 293 2 926 680 2.92E-4
G4 120 blocks × 373 6 078 360 2.22E-4
GF 960 blocks × 423 71 124 480 8.15E-5

solution to the PDE-constrained optimization problem.

The performance of each optimized geometry is evaluated on the fine mesh with the fourth-order

method, and results are summarized in Table 5.14. The results show that the high-order methods

are more consistent at meeting the lift constraint with the fine mesh analysis. This has implications

on the objective value, as drag has a direct dependence on lift through lift-induced drag. In order

to compare the results objectively, the fine mesh is corrected to meet the intended lift constraint by

adjusting the angle of attack. This was not possible for some of the geometries as a very high angle of

attack would be required to meet the constraint, likely leading to unsteady flow. Table 5.15 shows the

adjusted objective, and demonstrates the effectiveness of high-order when used in optimization. While

the second-order method performs well on a coarse mesh, the objective increased with mesh refinement.

This result is undesirable as mesh refinement should improve the accuracy of the optimization. The

high-order methods demonstrate the correct behaviour with mesh refinement, and lead to improved

designs when the lift constraint is corrected on the fine mesh.
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Figure 5.7: Viscous laminar span optimization: details of mesh G2 in the plane of the wing root.

Table 5.10: Viscous laminar flow analysis: flow analysis mesh refinement study of initial geometry.

Grid CL ∗ S CD ∗ S CL ∗ S Error (%) CD ∗ S Error (%)

Second-order

G1 0.81437 0.36514 20.21 -7.86
G2 0.72650 0.37243 7.24 -6.02
G3 0.65116 0.37875 -3.88 -4.43
G4 0.62836 0.38355 -7.25 -3.22

Third-order

G1 0.85774 0.38161 26.61 -3.70
G2 0.79038 0.39003 16.67 -1.58
G3 0.72662 0.39223 7.25 -1.02
G4 0.69179 0.39349 2.11 -0.71

Fourth-order

G1 0.83331 0.41142 23.00 3.82
G2 0.76220 0.40221 12.51 1.50
G3 0.70251 0.39855 3.70 0.57
G4 0.67891 0.39702 0.21 0.18

Exact (fourth-order on GF )

(GF )4th−order 0.67747 0.39629 – –
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(a) Mesh refinement behaviour of lift.
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(b) Mesh refinement behaviour of drag.

Figure 5.8: Viscous laminar flow analysis: flow analysis mesh refinement study demonstrating the asymp-
totic error behaviour of each method. Dotted line shows the power function of best fit on the data; slopes
of these lines are shown in Table 5.11.
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Figure 5.9: Viscous laminar flow analysis: efficiency of high-order methods at accurately predicting lift
and drag.

Table 5.11: Viscous laminar flow analysis: observed order of accuracy of lift and drag for each method.

Observed Order
Method CL CD

Second-order 1.57± 0.12 1.33± 0.08
Third-order 3.81± 0.68 2.39± 0.27
Fourth-order 6.94± 2.27 4.50± 0.95
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Table 5.12: Viscous laminar span optimization: summary of optimization data.

Grid Wall Time (120 proc.) Major Function Final Final
(hh:mm:ss) Iterations Evaluations Feasibility Optimality

Second-order

G1 02:14:39 8 9 1.2E-11 8.9E-9
G2 04:16:05 8 9 1.2E-13 3.0E-10
G3 08:48:30 7 8 8.0E-13 4.0E-10
G4 24:22:28 8 9 1.2E-13 2.0E-10

Third-order

G1 02:18:19 8 9 6.2E-10 3.2E-8
G2 04:18:05 8 9 7.9E-11 1.8E-8
G3 10:59:47 9 10 2.8E-14 1.9E-10
G4 66:09:05 9 21 1.1E-8 4.8E-8

Fourth-order

G1 05:51:55 8 9 8.2E-13 8.8E-9
G2 11:37:09 8 9 1.4E-11 1.4E-10
G3 60:47:14 10 13 3.6E-10 9.6E-7
G4 91:00:40 9 10 4.6E-12 5.4E-9

Table 5.13: Viscous laminar span optimization: design variables of various optimal shapes.

Grid Optimal AoA (◦) Optimal Semi-span

Second-order

G1 7.84 1.72
G2 6.53 2.21
G3 6.00 2.62
G4 6.23 2.66

Third-order

G1 9.56 1.41
G2 8.59 1.67
G3 8.13 1.91
G4 8.12 2.03

Fourth-order

G1 9.50 1.45
G2 8.36 1.77
G3 8.05 2.01
G4 8.07 2.01
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Table 5.14: Viscous laminar span optimization: summary of aerodynamic performance of optimized
geometries.

Grid (CL ∗ S) (CD ∗ S) (CL ∗ S)GF
(CD ∗ S)GF

Second-order

G1 0.500000 0.183726 0.389606 0.191412
G2 0.500000 0.225008 0.481497 0.235860
G3 0.500000 0.264373 0.559856 0.275104
G4 0.500000 0.273621 0.585124 0.282268

Third-order

G1 0.500000 0.172220 0.316762 0.166869
G2 0.500000 0.195735 0.382758 0.191152
G3 0.500000 0.219777 0.452551 0.216799
G4 0.500000 0.232818 0.487392 0.230897

Fourth-order

G1 0.500000 0.187240 0.330068 0.172434
G2 0.500000 0.211091 0.415019 0.201990
G3 0.500000 0.233060 0.478700 0.227419
G4 0.500000 0.240497 0.503569 0.237465

Table 5.15: Viscous laminar span optimization: angle of attack adjusted to meet lift constraint with the
fourth-order fine mesh analysis.

Grid Adjusted AoA (◦) (CL ∗ S)GF
(CD ∗ S)GF

Second-order

G2 7.00 0.501525 0.240246
G3 5.14 0.500887 0.266970
G4 4.99 0.499936 0.270329

Third-order

G4 9.29 0.500986 0.242773

Fourth-order

G3 9.96 0.504592 0.247326
G4 7.95 0.500529 0.236341



Chapter 6

Conclusions, Contributions and

Recommendations

An adjoint-based optimization algorithm was extended to include high-order analysis to allow for

optimization to be performed on coarser meshes while maintaining a high level of accuracy.

The optimization algorithm has been verified with the use of the complex-step approximation to

check the consistency of analytical differentiation in several portions of the gradient computation. The

directional derivative test was performed on several objective functions to ensure that the gradient is an-

alytically precise. Validation was successfully performed with an inverse design problem, and an inviscid

twist optimization. A mesh refinement study was performed to demonstrate the accuracy and efficiency

of the high-order viscous laminar flow analysis. It was found that high-order methods are more efficient

than second-order methods at determining lift and drag accurately; high-order methods can achieve the

same accuracy as second-order methods for a reduced computational cost. High-order analysis used in

conjunction with an adjoint-based optimization algorithm was shown to produce aerodynamic shapes

with improved performance with similar CPU time as a second-order method when applied to viscous

flows. Experimentation with an inviscid subsonic twist optimization showed no particular benefit to

improving accuracy of the analysis through either grid refinement or increase of order of accuracy, po-

tentially due to the simplicity of the problem definition. High-order methods were also shown to meet the

nonlinear constraints more closely when the optimal shape was evaluated with a more accurate analysis.

Several novel contributions were made in this thesis project:

• improvements to an existing high-order flow solver including general speed improvements, imple-

mentation of compact second-derivative operators, and incorporation of the diagonal norm as an

integration rule for viscous flows;

• a first attempt at high-order grid generation criteria by examining geometric and hyperbolic stretch-

ing functions in one dimension;

• extension of adjoint equations to high-order with the addition of larger bandwidth SBP operators;

• exploration of a technique of analytically forming the transposed Jacobian-vector products in a

way which does not require the Jacobian matrix to be explicitly stored. This technique has an

increased computational cost (around 2 to 4 times as long to solve the adjoint problem, depending

65
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on the mesh) but is a necessary expense since it is expected that the current system would not

be able to store the high-order flux Jacobian matrix with the available memory with a mesh of a

reasonable size.

The introduction of high-order spatial discretization applied to ASO leads to many new and inter-

esting extensions. The following is a list of recommendations to improve the usefulness and extend the

capabilities of the current framework:

• robustness of the high-order analysis should be improved, and could be done by using various

safeguarding techniques [16] or alternative globalization strategies [31];

• improving preconditioning is extremely important for high-order, as larger bandwidth operators

tend to increase the stiffness of the linear system of equations. The current preconditioner is

modelled after a first-order approximation to the flux Jacobian and may not be adequate for dis-

cretizations higher than fourth-order, although convergence was achieved with this preconditioner

in the solution of the flow residual equations and the flow adjoint equations for discretizations of

up to fourth-order;

• a hybrid technique of combining explicit and implicit matrix-vector products could be explored

which stores the inviscid and viscous double-derivative contributions and recomputes the cross-

derivative terms at each matrix-vector product request, similar to the hybrid technique employed by

Barth [11]. Since the cross-derivative terms contribute the most to memory requirements, this could

lead to an efficient high-order adjoint solution methodology with modest memory requirements;

• extending the high-order analysis and gradient computation to include the effects of turbulence by

use of a RANS turbulence model such as the Spalart-Allmaras turbulence model;

• diagonal-norm SBP operators have been explored in this work. The current framework would

allow for extension to restricted full-norm SBP operators without much modification and could be

stabilized using ideas from Mattsson and Almquist [56];

• SBP operator optimization is an avenue that can be explored. Free parameters can be introduced

into an SBP operator by extending the boundary stencil [57]. These additional free parameters can

be used to tailor the SBP operator to specific needs such as reducing principal truncation error,

improve spectral radius, or reducing floating point operations by reducing bandwidth;

• order-sequencing could be employed to improve the efficiency of optimization. This would consist

of optimizing first with a second-order algorithm, and switching to a high-order algorithm after a

specified tolerance;

• finally, issues associated with the coordinate transformation with high-order spatial discretization

should be investigated further – one possible approach is to use the free parameters available in

the SBP operator to mitigate the negative Jacobian problem.
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Appendix A

Summation-by-Parts Operators

A.1 First-Derivative SBP Operators

Listed here are the first-derivative operators, which are applied directly to form the inviscid and viscous

contributions to the discrete residual vector. In addition, these operators can be used to form a second-

derivative approximation by applying the first-derivative operator twice. There are several advantages

to using more advanced second-derivative operators when computing the derivatives of the viscous flux

vectors [22], such as the reduced storage requirements for storage of the Jacobian matrix, reduced time to

form an ILU factorization, and reduced truncation error. Such second-derivative operators are presented

later in this appendix.

The operators presented here have a well defined structure. An SBP operator which is an exact

derivative when applied to a discretized monomial of degree s has an interior order of accuracy of 2s, a

boundary order of accuracy of s, and a global order of accuracy of s+ 1. For a standard diagonal-norm

SBP operator, the boundary scheme is formed by a 2s× 2s block, while the remainder is defined by the

symmetry of the operator. SBP operators with preferential properties can be constructed by expanding

the boundary stencil to include more nodes. This can be used to the advantage of the designer by using

the additional free parameters to optimize the operator, as is done by Mattsson et al. [57].

The SBP operator for the first-derivative has a general form of δ = H−1Θ where

H = diag(h1, . . . , h2s, 1, . . . )

and

Θ + ΘT = diag(−1, 0, 0, . . . , 0, 0, 1).

The interior scheme is predetermined and is a 2s-order central-difference approximation to the first

derivative. The interior stencil coefficients can be determined using the following:

(δu)i =

2s∑
v=−2s

αvui+v (A.1)

αv =
(−1)v+1(s!)2

v(s+ v)!(s− v)!
(A.2)

where αv is the coefficient of the vth right-hand term. The corresponding left-hand term is
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α−v = −αv and α0 = 0 [48]. In total there are 2s unknowns in H and s(2s − 1) unknowns in Θ, all

from boundary contributions. These unknowns are used to satisfy the accuracy requirements of the

SBP operator at the boundary. A system of equations can be formed by row-vector products with xm,

which represents a restriction of a monomial of degree m on the grid, i.e., the ith component is xmi . The

accuracy conditions require that

Θxm = mHxm−1; m ∈ [0, s]. (A.3)

This forms a set of s + 1 equations for each boundary node, for a total of 2s(s + 1) equations and

s(2s+ 1) unknowns. This leads to a balanced set of equations and unknowns for the second- and third-

order operator, with one undetermined parameter in the fourth-order operator. One additional equation

is required to form a complete set for the fourth-order operator; details of this additional equation are

below.

A.1.1 Second-Order SBP Operator for the First Derivative

Hξi = ∆ξi diag

(
1

2
, 1, · · ·

)

δξi =
1

∆ξi



−1 1

− 1
2 0 1

2

. . .
. . .

. . .

− 1
2 0 1

2

−1 1


A.1.2 Third-Order SBP Operator for the First Derivative

Hξi = ∆ξi diag

(
17

48
,

59

48
,

43

48
,

49

48
, 1, · · ·

)

δξi =
1

∆ξi



− 24
17

59
34 − 4

17 − 3
34

− 1
2 0 1

2 0
4
43 − 59

86 0 59
86 − 4

43
3
98 0 − 59

98 0 32
49 − 4

49
1
12 − 2

3 0 2
3 − 1

12

. . .
. . .

. . .
. . .

. . .
1
12 − 2

3 0 2
3 − 1

12
4
49 − 32

49 0 59
98 0 − 3

98
4
43 − 59

86 0 59
86 − 4

43

0 − 1
2 0 1

2
3
34

4
17 − 59

34
24
17


A.1.3 Fourth-Order SBP Operator for the First Derivative

Hξi = ∆ξi diag

(
13649

43200
,

12013

8640
,

2711

4320
,

5359

4320
,

7877

8640
,

43801

43200
, 1, · · ·

)
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δξi =
1

∆ξi



− 21600
13649 δ1,2 δ1,3 δ1,4 δ1,5 δ1,6

δ2,1 0 δ2,3 δ2,4 δ2,5 δ2,6

δ3,1 δ3,2 0 δ3,4 δ3,5 δ3,6

δ4,1 δ4,2 δ4,3 0 δ4,5 δ4,6
72

5359

δ5,1 δ5,2 δ5,3 δ5,4 0 8640
7877Θ5,6 − 1296

7877
144
7877

δ6,1 δ6,2 δ6,3 δ6,4 − 43200
43801Θ5,6 0 32400

43801 − 6480
43801

720
43801

− 1
60

3
20 − 3

4 0 3
4 − 3

20
1
60

. . .
. . .

. . .
. . .

. . .
. . .

. . .

− 1
60

3
20 − 3

4 0 3
4 − 3

20
1
60

− 720
43801

6480
43801 − 32400

43801 0 43200
43801Θ5,6 −δ6,4 −δ6,3 −δ6,2 −δ6,1

− 144
7877

1296
7877 − 8640

7877Θ5,6 0 −δ5,4 −δ5.3 −δ5,2 −δ5,1
− 72

5359 −δ4,6 −δ4,5 0 −δ4,3 −δ4,2 −δ4,1
−δ3,6 −δ3,5 −δ3,4 0 −δ3,2 −δ3,1
−δ2,6 −δ2,5 −δ2,4 −δ2,3 0 −δ2,1
−δ1,6 −δ1,5 −δ1,4 −δ1,3 −δ1,2 21600

13649



δ1,2 = − 7624

40947
+

43200

13649
Θ5,6

δ1,3 =
715489

81894
− 172800

13649
Θ5,6

δ1,4 = −187917

13649
+

259200

13649
Θ5,6

δ1,5 =
735635

81894
− 172800

13649
Θ5,6

δ1,6 = −89387

40947
+

43200

13649
Θ5,6

δ2,1 =
7624

180195
− 8640

12013
Θ5,6

δ2,3 = −57139

12013
+

86400

12013
Θ5,6

δ2,4 =
745733

72078
− 172800

12013
Θ5,6

δ2,5 = −91715

12013
− 129600

12013
Θ5,6

δ2,6 =
240569

120130
− 34560

12013
Θ5,6

δ3,1 = −715489

162660
+

17280

2711
Θ5,6

δ3,2 =
57139

5422
− 43200

2711
Θ5,6

δ3,4 = −176839

8133
+

86400

2711
Θ5,6

δ3,5 =
242111

10844
− 86400

2711
Θ5,6

δ3,6 = −182261

27110
+

25920

2711
Θ5,6

δ4,1 =
187917

53590
− 25920

5359
Θ5,6

δ4,2 = −745733

64308
+

86400

5359
Θ5,6

δ4,3 =
176839

16077
− 86400

5359
Θ5,6

δ4,5 = −165041

32154
+

43200

5359
Θ5,6

δ4,6 =
710473

321540
− 17280

5359
Θ5,6

δ5,1 = −147127

47262
+

34560

7877
Θ5,6

δ5,2 =
91715

7877
− 129600

7877
Θ5,6

δ5,3 = −242111

15754
+

172800

7877
Θ5,6

δ5,4 =
165041

23631
− 86400

7877
Θ5,6

δ6,1 =
89387

131403
− 43200

43801
Θ5,6

δ6,2 = −240569

87602
+

172800

43801
Θ5,6

δ6,3 =
182261

43801
− 259200

43801
Θ5,6

δ6,4 = −710473

262806
+

172800

43801
Θ5,6

The fourth-order operator introduces one free parameter, Θ5,6. There are several options when

choosing how to optimize an SBP operator. Minimizing the spectral radius of the operator may be ideal

for an explicit scheme as it would allow for larger CFL number to be used, improving the overall speed of

the algorithm [26]. Minimizing the Average Boundary Truncation Error (ABTE) presents an attempt at

minimizing the truncation error in the local solution associated with the scheme [26, 22]. Minimizing the

bandwidth of the boundary scheme is another approach; this reduces the number of matrix entries in the

SBP operator. The criterion used for operator optimization in this work is to minimize the integrated

error on the solution [21]. In this approach the principal error, EH = δxs+1 − (s + 1)xs, is computed

and its norm, ETHHEH , is minimized. It is expected that this will reduce the truncation error associated

with functionals, such as the lift and drag coefficients, since it accounts for the diagonal-norm integration

scheme.
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Table A.1: Various choices of fourth-order first-derivative free parameter

Criterion Θ5,6

minimum error norm 540222713
764186400

minimum ABTE 17171
24300

minimum bandwidth 89387
129600

A.2 Second-Derivative Operators with Variable Coefficients

The second derivative operators used in this work have been derived by Del Rey Fernández. Details of

how to derive second derivative operators can be found in the SBP operator review paper by Del Rey

Fernández et al. [21]. Recall that δ(2)(B) =
N∑
j=1

bjMj where bj is the jth component of the diagonal

variable-coefficient matrix. The Mi matrices are very sparse, so only the non-zero blocks are shown

below, with the subscripts indicating the location of the columns and rows within the full structure of

each Mi.

A.2.1 Second-Order SBP Operator for the Second Derivative with Variable

Coefficients

(M1)1:2,1:3 =
1

(∆ξi)2

(
2 −3 1
1
2 − 1

2 0

)
(M2)1:3,1:3 =

1

(∆ξi)2

−1 1 0
1
2 −1 1

2

0 1
2 − 1

2



(Minterior)j−1:j+1,j−1:j+1 =
1

(∆ξi)2

−
1
2

1
2 0

1
2 −1 1

2

0 1
2 − 1

2



EDb =
1

∆ξi



3
2 −2 1

2

0 0 0

. . .
. . .

. . .

0 0 0
1
2 −2 3

2


A.2.2 Third-Order SBP Operator for the Second Derivative with Variable

Coefficients

(M1)1:4,1:5 =
1

(∆ξi)2


2879991513763
708927703404 − 1690268551303

177231925851
1084368403411
118154617234 − 812081292415

177231925851
36658672979
41701629612

12
17 − 59

68
2
17

3
68 0

− 96
731

118
731 − 16

731 − 6
731 0

− 36
833

177
3332 − 6

833 − 9
3332 0



(M2)1:3,1:3 =
1

(∆ξi)2

−
59
68 0 59

68

0 0 0
59
172 0 − 59

172


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(M3)1:5,1:5 =
1

(∆ξi)2


− 16

731
118
731 0 − 118

731
16
731

2
43 − 59

172 0 59
172 − 2

43

0 0 0 0 0

− 118
2107

3481
8428 0 − 3481

8428
118
2107

1
129 − 59

1032 0 59
1032 − 1

129



(M4)1:6,1:3 =
1

(∆ξi)2



22234270742044366600996285
92384693511838976830929638

116590704647991227547354443
184769387023677953661859276 − 1672763229741535455995005

4296962488922743108415332
1976113638101546229616177
10868787471981056097756428 − 5380398187503030289952517

10868787471981056097756428
45884983363308829505569
126381249674198326718098

− 1672763229741535455995005
10868787471981056097756428

2707214018435220940828571
5434393735990528048878214 − 8747537009342933011957537

10868787471981056097756428

− 7308792299222291610446675
266285293063535874395032486

20146347569936722217937635
266285293063535874395032486 − 175266372986262402167966

3096340617017859004593401
1017923286470445896018945
30688341097358276040724032 − 1808356039711272174774511

10229447032452758680241344
67591689042814771864657
118947058516892542793504

− 3940431677933607043783
713682351101355256761024

27313058433187407833395
713682351101355256761024 − 11641319492235593482625

118947058516892542793504



(M4)1:6,4:6 =
1

(∆ξi)2



− 7308792299222291610446675
92384693511838976830929638

1017923286470445896018945
10868787471981056097756428 − 3940431677933607043783

252762499348396653436196
341463518134520715558265
5434393735990528048878214 − 91950307103962991937687

639340439528297417515084
462933193782837420905

14868382314611567849188

− 175266372986262402167966
2717196867995264024439107

202775067128444315593971
319670219764148708757542 − 34923958476706780447875

319670219764148708757542

− 1285719098470858721911916
133142646531767937197516243

371774814159041401615631
15663840768443286729119558 − 2070288423608550485209

364275366707983412305106
371774814159041401615631

15344170548679138020362016 − 16733516466686245052024947
30688341097358276040724032

68801299953147017116669
713682351101355256761024

− 2070288423608550485209
356841175550677628380512

68801299953147017116669
713682351101355256761024 − 18185432907770156040113

713682351101355256761024



(M5)3:7,3:7 =
1

(∆ξi)2


− 2

43
8
43 − 6

43 0 0
8
49 − 40

49
24
49

8
49 0

− 1
8

1
2 − 3

4
1
2 − 1

8

0 1
6

1
2 − 5

6
1
6

0 0 − 1
8

1
6 − 1

24



(M6)4:8,4:8 =
1

(∆ξi)2


− 2

49
8
49 − 6

49 0 0
1
6 − 5

6
1
2

1
6 0

− 1
8

1
2 − 3

4
1
2 − 1

8

0 1
6

1
2 − 5

6
1
6

0 0 1
8

1
6 − 1

24



(Minterior)j−2:j+2,j−2:j+2 =
1

(∆ξi)2


− 1

24
1
6 − 1

8 0 0
1
6 − 5

6
1
2

1
6 0

− 1
8

1
2 − 3

4
1
2 − 1

8

0 1
6

1
2 − 5

6
1
6

0 0 − 1
8

1
6 − 1

24



EDb =
1

∆ξi



252525932147
117745777728 − 124968006275

29436444432
66095117411
19624296288 − 46470821123

29436444432
36658672979
117745777728

0 0 0 0 0

. . .
. . .

. . .
. . .

. . .

0 0 0 0 0
36658672979
117745777728 − 46470821123

29436444432
66095117411
19624296288 − 124968006275

29436444432
252525932147
117745777728


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A.2.3 Fourth-Order SBP Operator for the Second Derivative with Variable

Coefficients

The fourth-order second-derivative operator is derived based on the work by Del Rey Fernández et al.

[21], and is omitted here for brevity.



Appendix B

Analytical Differentiation of the

Discrete Residual Vector

The adjoint method relies heavily on the accurate computation of the derivatives of all terms associated

with the residual vector shown in Equation 2.36 and the objective function, J . The flow adjoint equations

requires the differentiation of the residual vector, R, with respect to the untransformed flow variables,

Q. The mesh adjoint equations require the differentiation of the residual vector with respect to the grid

metrics m = [ξx, ξy, ξz, ηx, ηy, ηz, ζx, ζy, ζz]
T . This chapter provides basic instructions to differentiating

residual contributions with respect to either the flow variables or the grid metrics.

B.1 Differentiation with Respect to Flow Variables

The algorithm used in this work requires a transposed Jacobian-vector product, ATv. It is not necessary

to form the flux Jacobian matrix explicitly and store it; an alternative method is chosen to save on

memory requirements [39, 3, 11, 64]. The products are analytically constructed, and the vector Φ = ATv

is formed at every matrix-vector product request.

B.1.1 Inviscid Flux

The inviscid flux contribution to the residual vector is

Rinv = δξÊ + δηF̂ + δζĜ, (B.1)

where Ê, F̂, Ĝ, and δ take on their usual definitions as described in Chapter 2. Differentiating and

simplifying leads to

Φinv =
∂Rinv

∂Q

T

v (B.2)

=

(
∂Ê

∂Q

)T
δTξ v +

(
∂F̂

∂Q

)T
δTη v +

(
∂Ĝ

∂Q

)T
δTζ v, (B.3)
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where ∂Ê
∂Q is a block diagonal matrix. Formatting in this way allows the program associated with

computing Φ to take on a very similar structure to the program responsible for the computation of R.

B.1.2 Dissipation Operator

The artificial dissipation residual contribution is

RAD = H−1
ξ DT

d,ξBDd,ξJQ̂ +H−1
η DT

d,ηBDd,ηJQ̂ +H−1
ζ DT

d,ζBDd,ζJQ̂ (B.4)

where B = εA, which represents a 5×5 matrix that applies non-uniform dissipation across the governing

equations if matrix dissipation is applied. Differentiating and simplifying leads to

ΦAD =
∂RAD

∂Q

T

v (B.5)

=

ξ,η,ζ∑
i

[
DT
d,iBDd,iH

−1
i v +

(
∂B

∂Q
Dd,iJQ̂

)T
Dd,iH

−1
i v

]
(B.6)

where the properties HT = H, BT = B and ∂JQ̂
∂Q = I are used. B can have a complicated dependence

on Q, especially if a nonlinear shock capturing scheme is used:

∂B

∂Q
= ε

∂A

∂Q

In the differentiation of B it is assumed that ∂ε
∂Q = 0. The term ∂A

∂Q is computed with the complex-step

method [70]. If the nonlinear shock capturing scheme of Jameson et al. is to be included for application

to transonic aerodynamic optimization, then ε must be analytically differentiated, as there is a direct

dependence on the solution data in this case. Osusky has presented the necessary considerations for

analytic differentiation of ε and has applied the algorithm to several transonic aerodynamic optimization

problems [70, 69].

B.1.3 Viscous Flux

The viscous flux contributions to the residual vector are represented in a concise notation,

Rvisc = −
ξ,η,ζ∑
i

ξ,η,ζ∑
j

δiAi,jδjQv,

where Qv = [u, v, w, a2]T . The inclusion of the double-derivative terms and the cross-derivative terms

yield a total of 9 derivative combinations. In the above, the i index represents the outer derivative, while

the j index represents the inner derivative. The double derivatives (where indices i and j take on the

same direction) can be computed using the application of the first derivative twice, otherwise known

as the non-compact second-derivative operator, or a specialized compact operator can be applied. The

compact operator is preferred for its improved ILU factorization time and truncation error properties.
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The viscous contribution to the adjoint update is

Φvisc =
∂Rvisc

∂Q

T

v (B.7)

= −
ξ,η,ζ∑
i

ξ,η,ζ∑
j

[(
∂Qv

∂Q

)T
δTj Ai,jδ

T
i v + Qv

T δTj

(
∂Ai,j
∂Q

)T
δTi v

]
, (B.8)

where Q = [ρ, ρu, ρv, ρw, e]T = [q1, q2, q3, q4, q5]T , and the differentiation of the viscous variables Qv

forms a 4× 5 matrix:

∂Qv

∂Q
=


−q2
q21

1
q1

0 0 0
−q3
q21

0 1
q1

0 0
−q4
q21

0 0 1
q1

0

γ(γ−1)
q21

(
q22+q23+q24

q1
− q5

)
−γ(γ−1)q2

q1
−γ(γ−1)q3

q1
−γ(γ−1)q4

q1
−γ(γ−1)

q1

 .

The variable coefficient matrices, Ai,j have a dependence on Q through both viscosity and the velocity

components, (u, v, w). The differentiation of Ai,j is a straightforward algebraic exercise.

B.1.4 Simultaneous Approximation Terms

Differentiating the SATs is complicated by communication between neighbouring blocks. Residual con-

tributions to neighbouring blocks are appended to form one vector:

R = [R1,R2]T ,

Q = [Q1,Q2]T ,

v = [v1,v2]T ,

Φ = [Φ1,Φ2]T ,

where the subscripts 1 and 2 indicate the nodal contributions from block 1 and its neighbour, block 2.

The local contribution to the matrix-vector product from the SATs takes the form Φ = ∂R
∂Q v, which can

be expressed as:

Φ1 =

(
∂R1

∂Q1

)T
v1 +

(
∂R2

∂Q1

)T
v2,

Φ2 =

(
∂R1

∂Q2

)T
v1 +

(
∂R2

∂Q2

)T
v2.

This result can be used to improve the understanding of the implementation. For boundary SATs, such

as the symmetry, wall, and far-field SATs, there is no communication required between blocks because

the residual contribution only relies on local information. In this case, only ∂R1

∂Q1
and ∂R2

∂Q2
are non-zero.

Interface SATs take on the form RSAT,1 = αSAT(X1 −X2), as described in Table 2.2. Differentiating
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and simplifying with ∂X1

∂Q2
= ∂X2

∂Q1
= 0 leads to

Φ1 = αSAT,1

(
∂X1

∂Q1

)T
v1 − αSAT,2

(
∂X1

∂Q1

)T
v2, (B.9)

Φ2 = −αSAT,1

(
∂X2

∂Q2

)T
v1 + αSAT,2

(
∂X2

∂Q2

)T
v2. (B.10)

This form requires minimal communication across block interfaces; on block 1, only the boundary node

of the neighbouring vector v2 is required to be transmitted.

B.2 Differentiation with Respect to Grid Metrics

Differentiation with respect to the grid metrics is very similar to differentiation with respect to the flow

variables, but some terms can be simplified. Limited information will be provided since the matrix-

vector product approach taken in this work is identical for the flow adjoint equations and mesh adjoint

equations. In the mesh adjoint equations, derivatives are taken with respect to the grid metrics, m.

The inviscid contributions take on an identical form to Equation B.3. The contribution from the

dissipation model takes a similar form to Equation B.6, with ∂B
∂m = 0 used to simplify the result. The

viscous contributions are similar to Equation B.8, with ∂Qv

∂m = 0 used to simplify. SAT contributions

are similar to Equations B.9 and B.10, but must account for an additional term which arises from the

differentiation of the Jacobian of the transformation in Equation 2.9, ∂J
∂m .
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mized on grid G5.

Figure C.1: Spanwise lift distribution of optimized geometries using the second-order method for the
inviscid twist optimization case. Fine mesh analysis is performed on grid GF with the fourth-order
method on the optimal design to obtain the spanwise lift distribution.
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(c) Spanwise lift distribution of geometry opti-
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(d) Spanwise lift distribution of geometry opti-
mized on grid G4.
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(e) Spanwise lift distribution of geometry opti-
mized on grid G5.

Figure C.2: Spanwise lift distribution of optimized geometries using the third-order method for the
inviscid twist optimization case. Fine mesh analysis is performed on grid GF with the fourth-order
method on the optimal design to obtain the spanwise lift distribution.
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(c) Spanwise lift distribution of geometry opti-
mized on grid G3.
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(d) Spanwise lift distribution of geometry opti-
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(e) Spanwise lift distribution of geometry opti-
mized on grid G5.

Figure C.3: Spanwise lift distribution of optimized geometries using the fourth-order method for the
inviscid twist optimization case. Fine mesh analysis is performed on grid GF with the fourth-order
method on the optimal design to obtain the spanwise lift distribution.
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Table C.1: Summary of adjoint solve with a drag objective at the first design iteration of the inviscid
twist optimization study for various accuracy levels. Computations performed over 120 processors.

Grid Residual evaluation Krylov Adjoint Time Fraction of
time(s) iterations time(s) Flow Analysis

Second-order

G1 0.00382 810 30.7 0.441
G2 0.00816 1057 73.0 0.531
G3 0.01470 1424 176.7 0.637
G4 0.03233 1657 396.4 0.690
G5 0.06850 2259 1084.6 0.875

Third-order

G1 0.00458 774 30.0 0.417
G2 0.01042 1031 72.3 0.509
G3 0.01827 1134 145.3 0.520
G4 0.03759 1428 351.3 0.604
G5 0.08006 1718 857.9 0.682

Fourth-order

G1 0.00589 2710 110.9 0.683
G2 0.01291 3425 259.8 0.711
G3 0.02172 3977 540.7 0.682
G4 0.04582 5358 1374.5 0.764
G5 0.09489 7243 3751.8 0.821

Table C.2: Summary of adjoint solve with a lift objective at the first design iteration of the inviscid
twist optimization study for various accuracy levels. Computations performed over 120 processors.

Grid Residual evaluation Krylov Adjoint Time Fraction of
time (s) iterations time(s) Flow Analysis

Second-order

G1 0.00382 895 33.8 0.486
G2 0.00816 1145 78.5 0.570
G3 0.01470 1491 185.1 0.667
G4 0.03233 1812 432.1 0.753
G5 0.06850 2349 1128.6 0.911

Third-order

G1 0.00458 818 31.8 0.442
G2 0.01042 1026 71.9 0.506
G3 0.01827 1236 159.1 0.570
G4 0.03759 1594 392.1 0.674
G5 0.08006 1957 972.4 0.773

Fourth-order

G1 0.00589 3134 128.1 0.789
G2 0.01291 3703 279.4 0.765
G3 0.02172 4459 603.6 0.761
G4 0.04582 5973 1527.9 0.849
G5 0.09489 8355 4339.9 0.950
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(e) Optimized sectional shape on grid G5.

Figure C.4: Optimized sectional shapes obtained with the second-order method for the two-dimensional
viscous laminar section optimization. Control points are shown as solid dots and the B-spline surface as
a solid line.
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mization did not fully converged.

X

Z

.00 .20 .40 .60 .80 1.00

-.05

.00

.05

.10

(e) Optimized sectional shape on grid G5; opti-
mization did not fully converged.

Figure C.5: Optimized sectional shapes obtained with the third-order method for the two-dimensional
viscous laminar section optimization. Control points are shown as solid dots and the B-spline surface as
a solid line.
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mization did not fully converge.
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(e) Optimized sectional shape on grid G5; opti-
mization did not fully converge.

Figure C.6: Optimized sectional shapes obtained with the fourth-order method for the two-dimensional
viscous laminar section optimization. Control points are shown as solid dots and the B-spline surface as
a solid line.
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Table C.3: Summary of adjoint solve with a lift-over-drag objective at the first design iteration of the
two-dimensional viscous laminar section optimization study for various accuracy levels. Computations
performed over 20 processors.

Grid Residual evaluation Krylov Adjoint Time Fraction of
time (s) iterations time (s) Flow Analysis

Second-order

G1 0.04304 449 129.0 0.359
G2 0.06514 475 194.9 0.389
G3 0.11275 521 347.1 0.417
G4 0.21004 551 585.6 0.433
G5 0.30703 614 966.4 0.452

Third-order

G1 0.05579 492 181.7 0.436
G2 0.08314 506 268.3 0.456
G3 0.14158 527 441.5 0.476
G4 0.24525 586 792.0 0.523
G5 0.38519 654 1365.1 0.561

Fourth-order

G1 0.07748 807 403.9 0.603
G2 0.11464 810 582.0 0.599
G3 0.18933 969 1085.9 0.722
G4 0.33281 943 1734.5 0.673
G5 0.49748 1021 2826.0 0.713

Table C.4: Summary of adjoint solve with a drag objective at the first design iteration of the three-
dimensional viscous laminar span optimization study for various accuracy levels. Computations per-
formed over 120 processors.

Grid Residual evaluation Krylov Adjoint Time Fraction of
time (s) iterations time (s) Flow Analysis

Second-order

G1 0.047200 385 130.6 0.379
G2 0.081063 427 252.2 0.411
G3 0.185486 480 570.0 0.409
G4 0.387711 586 1431.8 0.467

Third-order

G1 0.052035 372 154.971 0.437
G2 0.099623 425 311.003 0.478
G3 0.214524 469 682.157 0.499
G4 0.462070 574 1780.625 0.584

Fourth-order

G1 0.071036 1056 777.568 1.339
G2 0.132531 1110 1066.840 0.998
G3 0.276627 1331 2512.152 0.952
G4 0.586296 1623 6357.037 0.996
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Table C.5: Summary of adjoint solve with a lift objective at the first design iteration of the three-
dimensional viscous laminar span optimization study for various accuracy levels. Computations per-
formed over 120 processors.

Grid Residual evaluation Krylov Adjoint Equivalent residual
time (s) iterations time (s) evaluations

Second-order

G1 0.04720 508 171.5 0.498
G2 0.08106 626 370.2 0.604
G3 0.18548 652 771.9 0.554
G4 0.38771 816 1995.5 0.651

Third-order

G1 0.05203 513 214.0 0.603
G2 0.09962 583 428.8 0.660
G3 0.21452 653 950.0 0.696
G4 0.46207 751 2347.1 0.769

Fourth-order

G1 0.07103 1502 826.8 1.424
G2 0.13253 1556 1496.2 1.400
G3 0.27662 1626 3070.1 1.164
G4 0.58629 2041 7989.1 1.252
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