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Abstract 

A Newton-Krylov Solver for the PuaMer-Stokes Equations on Unstnictured Grids 

Peter J. Blaser 

Master of Applied Science 

Graduate Department of Aerospace Science and Engineering 

University of Toronto 

2001 

A ~wdimensional Newton-Krylov solver for compressible viscous Bows has been developed. 

The Navier-Stokes equations are discretised in space using a finite-votume formulation on 

arbitrary polygonal meshes. Nonlinear scalar artScid dissipation is added for numerical 

stability. Newton's method is used to solve the dismete nonluiear algebraic equations, 

while an EU-preconditioned, matrix-kee GMRES method solves the resdting Iinear s y s  

tems. RCM reordering is used to reduce bandwidth, and local implicit-Euler time stepping 

promotes robustness during start-up. 

The solver bas been veriEed for a variety of Iaminar test esses. Optimal param- 

eten have been obtained considering both speed and memory requirements. Extension to 

turbulent flows is d i s c d ,  
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Chapter 1 

Introduction 

Computationd Fhid Dynamics (CFD) is the art and science of numericaiiy mod- 

eling the physics of fluid flows. The start ing point is the Navier-Stokes equations, which are 

integral or partial differentiai equations in space and t h e ,  for which no analytical solution 

is known. These equations are spatially discretised onto b i t e  grids and integrated through 

finite time intervais until the de& numerical solution is obtained. 

CFD complements the two older branches of Buid dynamics, namely theory and 

experiment . Theory typicaiiy examines pmblerns wit h significant simplifying mump tions. 

Even sol useful results such as classical thin airfoil theory, Prandtl's 1iRing line theory, 

boundary Iayer theories and iinearized supersonic 0ows have been deduced. Yet theory 

alone cannot be used for quantitative analysis of cornplex Bows over complex configurations. 

This sort of analysis has traditionaily ben performed experimentaiiy. 

"CFD is a new third dimension in aerodynamics, complementing the previous 

dimensions of both pure experiment and pure theory. It dows us to obtain answers to 

fluid dynamic problems which heretofore were intractabie by classicd analytical methods. 

Consequently, CFD is revolutionizing the airplane design process, and in many ways is 

modifying the way we conduct modern aeronautical research and development" [Il. 

1.1 Motivation 

There are many ways to subdivide the wide variety o f 0  problems; the k t  such 

classification is grid structure. The spatial discretisation is t y p i d y  categorized as either 

structurecl or unstructuted. Strnctured grids maintain a simple connectivity between grid 
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nodes and may be thought of as hm or three-dimensional arrays. Deaiing with stni~t~red 

grids is fairly straightforward and the connectivity of nodes is directly relateà to array indices 

within a computationai domain. AR excellent resource on understanding grid structure is 

the work of Thompson et al [2]. 

Unstructureci grids, on the other hand, maintain no speci6c pattern of connectivity. 

These grids conform weil to arbitrary or cornplex geometries, are simpler to generate than 

their structured counterparts and are easily adapted to more accurately resolve areas of 

steep gradients such as shocks. Unfortunately, there is usually an increased cost associated 

with hd ing  and storing the neighboucing ce1 mappings. 

Another cIass%cation of CFD codes involves the temporal advancement scheme. 

Time-marching methods are b r o d y  categorized as either explicit or implicit, aithough 

modern codes generally iitilize feahwes of bath. Ex$kit methods are more easily pro- 

gramrned at a reduced cornputational cost, but are constrained by strict stability limits. 

The first CFD codes utihed explkit tirne integration techniques such as MacCormack's 

predictor-corrector algorithm dating to 1969 [3]. Modern expiicit methods typically utilize 

multigrid, local time-stepping and implicit residual smoothing to accelerate convergence. 

Implicit methods, on the other hand, permit the use of much larger time steps, 

and thus converge in far fewer iterations than an expiicit method. This rapid per-iteration 

convergence cornes at a much larger per-iteration cost, since a linear system of equations 

must be solved at each tirne step. Examples of early implicit met hods rnay be traced to 

Peaceman and Rachford [4], or Douglas and Gunn [5]. 

Newton-Krylov methods are impiicit methods and may be used on either stmc- 

tured or unstructured grids. They are thus named since Newton's method is used to solve 

the nonlinear systems. The linear system arising at every Newton iteration is solved using 

a Krylov subspace method. These may be categorized as inexact Newton methods, since 

the Linear system may be soived approximately. The early m r k  of Dembo, Eisenstat and 

Steihaug [6] demonstrated the advantage of inexact Newton methods compared to an exact 

one, These resulted in enormous savings of cornputational do r t ,  whiIe retaining the desireci 

quaciratic convergence of Newton's method. 

S e d  works f o i i d  which were based on explicit matrix representations of the 

Jacobian operator as recounted by Gropp et al [71. Vanka [8] impIemented Newton solvers in 

primitive variable NavimStokes problems. Venkatakrishnan [QI, Orkwis [IO], and Whitfieid 

and Taylor [II] useci Newton-iïke methods for the hear Newton correction equation. 
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The use of KryIov iterative methods for solving the hear systems produced by 

inexact Newton iterations in a matrix-free context c m  be traced to the ODEoriented papers 

of Gear and Saad 1121, Chan and Jackson [13] and Brown and Hindmarsh [14], and the PDE 

oriented work of Brown and Saad [15]. According to Gropp et al [7J, it may have been in 

this last work [15] that the term "Newton-KryIov" was tirst used. 

The Generalized Minimal RESidual (GMRES) method developed by Saad and 

Schultz [16j waa popularized foUowing the work of Wigton, Yu and Young [17] and JO- 

hann, Hughes, and Shakib [la, 191. In 1993 Venkatakriihnan and Mavriplis showed that 

preconditioned Newton-Krylov methods were competitive with explicit multigrid methods 

for largescale CFD problerns [20]. in 1995 Keyes performed a simiiar cornparison for the 

matrix-fiee form of such methods [21]. Other aspects of Newton-Krylov solvers may be 

found in [22, 23, 24, 25, 26, 27, 28, 29, 301- 

The appiication of Newton-Krylov methods to Buid flows has been studied within 

the University of Toronto Institute for Aerospace Studies (UTTAS) CFD group as weU, botti 

with structureci and unstructureci meshes. In 1995, Blanco solved the Euler equations on 

unstructured triangular grids [3 11. His work featured a node-based, centered 6nitevolume 

discretisation combined with a nonlinear artScid dissipation scherne. A GMRES Krylov 

solver was employed within the nonlinear, Newton ûamework while an incompiete LU 

preconditioner baaed on a lower-order Jacobian accelerated convergence. Reverse Cuthill- 

McKee (RCM) reordering reduced bandwidth, and start-up instabilities were avoided using 

implicit-Euler tirne integration. Cornparisons with an explicit mult igrid solver have s h o w  

the Newton-Krylov solver to converge 2-3 times quicker. 

The aforementioned study has aiso been the topic of subsequent publications [32, 

331 which compare a quasi-Newton aigorithm with standard and matrix-fke variants of an 

inexact Ml-Newton solver. Again, the results famur the matrix-hee variant of the Newton- 

GMRES technique. 

Addit iody Pueyo solmi the Navier-Stokes equations on structureci grids with an 

algebraic turbulence model[34, 35,36,37]. He used a second-order centered-merence o p  

erator with second- and fourth-Merence dissipation, A preconditioned, restarted, mat*- 

fkee GMRES solver was used for the Iinear systems and RCM reocdering was applied. The 

aigorithm was started with an apprmtimately-factored solver, combined 6 t h  mesh sequenc- 

ing. Cornparisons with other eliicient impiicit solvers hund matrix-free, inexact-Newton- 

GMRES to be the fastest and most robust. 
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The immediate precursor to this current work is a thesis by Wehner [38], which 

studied a Newton-KryIov solver for the Euler equations on general unstructured grids. 

The spatial discretisation is taken From that of Lassaline [39] and involves a finitevolume 

formulation with a nonlinear artificial dissipation scheme added for numerical stabiüty. The 

nonlinear, discrete system is solved using an inexact Newton strategy while the resulting 

linear systems are solved with a matrix-free GMRES algorithm. Preconditioning is based 

on an incornplete LU decomposition of a Iower-order Jacobian matrix, and RCM reordering 

is applied. Wehner found that an implicit Euler start-up strategy was required for transonic 

flows only [38]. 

1.2 Objective 

This work is a viscous extension of the inviscid study by Wehner [381. The objective 

of this pcoject is to develop and optimize a tw+dimensic?nd, Newton-Krylov solver for the 

Navier-Stokes equations on general unstructured grids. This solver uses a ceIl-based 6nite- 

volume formulation on arbitrary polygonal meshes. As with the invtscici soiver, a second- 

and fourth-difierence scalar artScid dissipation is added for numerical stabiity. Newton's 

method is used for the discrete, nonlinear, algebraic equations, while an ILU-preconditioned, 

matrix-kee GMRES method solves the resdting linear systems. RCM reordering is used 

to reduce bandwidth and local, implicit-Eder t h e  stepping promotes robustness during 

start-up. 

The combined inviscid solver [38] and viscous solver presented here is based on 

the discrete, nonlinear residud as formdated by Lassaline and used for his agglomeration 

multigrid solver 1391. The combined solver wiii be referred to as Hurricane throughout this 

work. The specific objectives of this thesis are: 

hplement a matrix-free, Newton-Krylov solver (in conjunction with Wehner). 

Linearize the viscous terms. 

a Linearize the turbulence model. 

Implement the Iocal, impiicit-Euler time stepping. 

Optimize the solver parameten for various test cases. 



Section 1.3. Thesis O u t h e  5 

As wiii be discussed in section 2.2, the Spalart-AUmaras turbulence modd is cou- 

pled with the Reynolds-Averaged Navier-Stokes equations. As a result, this work actually 

implements two related, yet distinct, solvers, namely those for laminar and turbulent flows. 

As such, implementation and optimization will examine both subsets of viscous flows. The 

primary objective of this work is to fuiiy implement, optimize and verify the laminar solver, 

and to deveIop the kamework for coupling the turbulence model with the Bow equations. 

1.3 Thesis Outline 

This document is subdivided into six chapten. Following the introduction, the 

second chapter presents the Navier-Stokes equations and the Spalart-Allmaras turbulence 

model. Chapter Three discusses the spatial discretkation of the equations onto an unstruc- 

tured mesh and presents the noniinear, dgebraic residuai system, R(Q) = O. Solution 

of such a system is the topic of Chapter Four, and the matrix-fie Newton-Krylov dg* 

rithm is put forth. Chapter Five optimises the various parameters and strategies used in 

the Newton-Krylov scheme and presents some ha1 results. Based on these results, the 

sixth and ûnai chapter draws some conclusions and outlines suggestions for further study 

regardmg this topic. 





Chapter 2 

Equat ions 

In this chapter the Navier-Stokes equations and the Spaiart-Allmaras turbulence 

mode1 are presented and discussed. 

2.1 Navier-S tokes Equat ions 

The physics of compressible fiuid flows may be describeci by the conservation of 

mas, momentum and energy. These conservation Iaws, the Navier-Stokes equations, are 

presented in integrai, conservative, non-dimensionai form as 

and are expresseci as a function of the vector of conserved variables: 

The dimensionai variables, density ( f i ) ,  veIocity components (ü, 6) and total energy (è), are 

non-dimensionalised using Eree-Stream (00) dues: 

where a is the speed of sound. For ided fluids this may be written as 



where the ratio of specific heats, 7, is taken as 1.4 for air. The Reynolds number b d  on 

the kee-stream sound speed 

Pcn 

appears as a result of the choice of sound speed as the reference speed. This value diiers 

Erom the traditional Reynolds number by 

Re 
Re,, = - 

M m  

where 

is the kee-stream Mach number. 

Both the inviscid and viscous £luxes, respectively 

and 

are also functions of Q as presented above and via the foiiowing relations. 

Pressure, p, is reIated to Q through 

which is an equation of state for an ideal gas. 

The viscous stress terms are giveu by 
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and the viscous energy flux is defined by 

where Pr is the Prandtl number and Prt is the turbulent Prandtl number. Although the 

Prandtl number is dehed by 

for speciüc heat at constant pressure, cp, and thermal conductivity, nt, it is assumed constant 

with values of Pr = 0.72 and Pq = 0.90 [or the range of flows studieri. The non-dimensionai 

dynamic viscosity, p, is related to temperature, p, using Sutherland's Iaw 

where f is expresseci in Kelvin. F * d y ,  the dynamic eddy viscosity pt is modeled as 

diicussed in the following section. 

Laminar solutions are obtained by keeping = O and the inviscid or Euler qua- 

tions correspond to p being set to zero as weii. 

2.2 Spalart-Aiimaras Turbulence Model 

The Navier-Stokes equations wben conpled with an equation of state and appro- 

priate boundary conditions fully describe the physics of compressible, turbulent fluid flows. 

However, when these equations are descretised on Fmite grids and integrated though h i t e  

tirne intervals much of the high hquency information is lost. Due to current iimits on 

cornputer memory and processor speed, Direct Numerical Simulation (DNS) of turbulence 

is not feasible for any practicai study. btead, the flow variables are separated into mean 

and fluctuating components, forming the Reynolds-Averaged NavierStokes (RANS) qua- 

tions. The effeds of these turbulent fiuctuations on the merui flow are apprmcimated by 

adding a dynarnic eddy VisCrniS. term fit to the dynamic viscosity p as shown in equations 

2.11, 2.12, 2.13, 2.14, and 2.15. A third approach, namely Large Eddy smuiation (LES), 



involves a compromise between DNS and l W N S  in which large s a l e  fluctuations are corn- 

puted dïrectly while the subgrid scale turbdence is modeled. This approach is beyond the 

scope of this thesis. 

There are various methods of determinhg the dynamic eddy viscosity to be used 

with the RANS equations ranging h m  algebraic, to various one- and twcxquation models. 

As reported by Walsh [401, Godin, Nelson and Zingg [41, 421 studied the performance of 

several mgdels commonly used, including the Baldwin-Barth [43] and Spalart-Aiimam [44] 

one-equation models as weU as a tweequation model, on structureci grids. Although ai i  

these models performed weii based on experimentally determined surface pressures and 

velocity profiles, the Spalart-Ailmaras rnodel performed slightly better in complex flows. 

In this work the one-equation model of Spdart and A h a r a s  is used to simulate 

the effects of turbulence in high Reynolds number flows. This transport equation for the 

working variable fi may be written in consenative, non-dimensional form as 

The dynamic eddy viscosity, pl, which couples the turbulence model to the flow 

equations, is obtained fiom the kinernatic eddy viscosity ut by 

where 

and 

Additionaiiy, is 
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where S is the magnitude of the vorticity, 

and d is the distance to the closest waii. 

The function f, is 

Foliowing the recomrnendations of the paper [44], fw is limited for values of r above 10. 

The ft2 function is given by 

and the trip function, ftt is 

where 

and IAvl is the Merence between the speed at the field point and that at the trip, Px is 

the grid spacing dong the wall at the trip, and wt is the vorticity at  the trip location. 

The various constants used are: 





Chapter 3 

Spatial Discret isation 

The Navier-Stokes equations, Eq. 2.1, are continuous in space and tirne. As with 

most nonlinear integral or diierentiai equations, closed-form, analytic solutions are rare, 

and a discrete approach is used to obtain a numericai representation of the solution. In 

this work the discretisation will be treated as a tw*step process; k t  the spatial domain is 

rfiscretised into a b i t e  g i d  of ceh. N a t  the soIution will be ailowed to progress thraugh 

time at each of these ceUs until a stationary solution is obtained. Since we are only interested 

in stendy-state solutions, no effort is put forth to maintain timeacmacy. 

This chapter wiü deai with the spatial discretisation, while the temporal relaxation 

is the topic of the foilowing one. 

3.1 Finite-Volume Formulation 

No specific structure is assumed about the grids used in this study. The discrete 

domain consists of a coliection of arbitrary polygons used as control volumes. These poly- 

gons are constructed as the centroid-median duai of a primary grid as shown in figure 3.1, 

although this is not required. The d u e s  of the conservative variables are stored at the cen- 

troid of each ceil (likely a primary grid node) and are assumed to be constant throughout 

the cell. The more the mesh is rehed, the better this assumption becomes. 



Figure 3.1: Typical Control Volume 
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A t y p i d  ceii is shown in Fig. 3.2. This ilh ceii has area Cl, and each side has 

outward normd ~k = n,,, + ay,, = Apiki - Az,kj. CeU areas and face normals are 

precomputed and stored to d u c e  computational dort. 

3.2 Spatial Derivatives 

Before formulating the Navier-Stokes equatioos in the context of a finite-volume 

discretkation, one must consider the treatment of the spatial derivatives required by the 

viscous flux caiculations. In this work the spatial derivatives are precalcuiated for each cell 

by summing around neighbouring control voIumes, as described by Greiner 1451. 

These spatial derivatives, which are also assumed to be constant, are stored dong 

with the conserveci variables at the ceii centroid. With the assumption of constant spatial 

derivatives within a ceil, one may write 

for an arbitrary variable 4. Next Gauss's theorern m two dimensions is used to convert the 
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area integral into a line integrai around the perimeter of the closed control volume 

where n is again directed out of the volume. Note that n is a unit vector distinct fiom 

Ay,i - A x , ~ .  FinaiIy, this line integrai is the sum over the edges of the c d ,  providing the 

desired discrete fom 

If the ceU contains any boundary faces, the contribution h m  those must be considered as 

weU. That is 

where dbdSr is the value of the variabte at  the boundary face and Ne is the number of 

boundary faces bordering the ce11 in question. 

Lastly, to reduce computational effort, one may note that 

for a closed ceii bounded by Ni field faces. Thus the #i term is dropped in the sum in 

Eq, 3.3 for interior celis. 

The same approach as is used for the spatial derivatives is used for the flux inte  

gration. At steady-state the Navier-S tokes equations, Eq. 2.1, may be written as 

Again, Gauss's theorem is used to t d o r m  the area integrals into Line integrals giving 

FinaIiy the Line integrais may be converted into sums mer aU edges of each control voIume 

converting the system of integral equations, Eq. 2.1, to a system of coupled nonlinear 

algebraic equations. 
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The remainder of this thesis wüi consider the Spalart-Aiimaras turbulence model, 

Eq. 2.18, to be coupled with the flow equations, yielding a block size of five for the equations 

at each ceii. AU references to laminar cases wili simply omit the turbulence model equation 

and set pt to zero in the 0ow equations, producing a bbck size of four. 

3.3.1 Inviscid Fluxes 

Since we assume constant variables within each ceU, we may assume the flux at 

a control volume edge is similarly constant and equal to the average from the two c& on 

either side of that edge. Thua the inviscid flux term may be written in a discrete form as 

where 

and Ni is the number of field faces of ceii i. 

3.3.2 Viscous Fluxes 

Precisely the same approach is used for the viscous Buxes. This is given in discrete 

form as 

where 

The two terms addeà to the fiRh equation are referred to as the advective flux and the 

di&isive flux respectively. Some authors choose to indude the advective tenu in the inviscid 
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flux tensor; however, this presentation is used as a reminder that turbulence is a viscous 

phenornenon. 

3.4 Source Terms 

The remainder of the turbulence mode1 consists of source terms. For completeness 

this is included as - 

where the subscripts refer to the diffusion, production, destaction and trip source terms as 

defined below: 

SdifF = Cb2 (vfi12 (3.13) 

Care must be taken not to confuse the diffusive source term with the diffusive Bux term. 

3.5 Artificial Dissipation 

An artificial dissipation term is used to promote s tabi ty of the numerid 0ow 

equations. A fourth-ciifference b i i o n i c  operator is used except near shocks where a 

stronger second-difference Lapiacian operator is utfieci when triggered by a pressure switch. 

This is simiiar to a method developed by Jarneson and Mavripiis [46]. The test of section 

3.5 is taken largely fkom the development by Wehner [381. 

The application of artificial dissipation results in a term 
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The second-ciifference Laplacian operator is: 

where 

The fourth-difference biharmonic operator is: 

where 
N. 

and 

The coefficient r $ )  is a switch that tunis on the fourth-differeoee dissipation vhenever the 

second-difierence dissipation is turned off. Both K(*) and d4) are user-dhed constants. 

To ensure the dissipation has an appropriate magnitude, it is sded  by 

where (VI and a are caiculated based on the average of the conserved variables at the ceüs 

in question: 

Dissipation is added for ali interior or fieid faces, but there is no contribution kom boundary 

faces. 

A ht-order upwind formuiation is used with the turbuknce model, rather than 

adding artScid dissipation to it. Greiner [45] found this to be a more stable approach and 

cIaimed that it ensureci the convergence of the turbulence rnodel at about the same rate as 

the flow equations for an expiicit solver. 
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Figure 3.3: Typicai Boundary Cell 

3.6 Boundary Conditions 

In order to salve any system of Partial DiEerentiai Equations (PDEs), appropriate 

initial and boundary conditions must be specifmi. Solution of the discrete Navier-Stokes 

equations will be initiateci from free-stream (00) values and iterative updates will occur 

until a steady solution has been obtained. 

A typicai boundary celi configuration is shown in figure 3.3. A boundary ceii 

contains fieId faces and one or more boundary faces. When sumrning over aii faces of a 

boundary celi both types must be considered separatety. 

The value of the conserveci variable vector at the boundary is caicuiated in two 

steps; ürst the value at the boundary is extrapolated h m  the interior and then the a p  

propriate boundary condition is appiied to the extrapolated vaiue. The same approach is 

used for the spatiai derivathes, which are required for viscous flux caicuiations at boundary 

faces* 

For t h  work a simpIe zeroth-order extrapoIation is used whereby the vaiue h m  

the interior is simply copied to the boundary face. Higher order extrapolations are possible, 
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The various constraints imposed at boundary faces are discussed bdow. 

3.6.1 Inner Boundaries 

An inner boundary face W a soiid d l ,  typically the airfoil surface. Fluid may not 

flow into or out of an inner boundary face; thus it is required that the velocity be tangential 

to the body surface at al1 times. Details of how this solver treats inner boundaries when 

run in inviscid mode have been stated by Wehner [381. 

With viscous flows, however, the effects of viscosity cause the fluid velocity at the 

surface to be zero for stationary boundaries. This is commonly referred to as the neslip 

boundary condition. Thus two of the four necessary constraints are easily satisfied. 

The rernaining two act on temperature and pressure at the boundary face. 

At steady state, the temperature of the wall and the temperature of the fluid next 

to it should be the same. This is expresseci as an adiabatic boundary condition 

where & is the component of the derivative normal to the boundary surface. Similarty the 

normal component of pressure is also zero: 

These last two boundary conditions are easily implemented by extrapolating density, p, 

and pressure, p, kom the interior, and adjusting energy, e, accordingly. To ensure proper 

spatial derivatives at boundary faces for flux caldations, the normal component of the 

temperature derivative is forced to be zero as well. 

3.6.2 Far Field Boundaries 

Far fieid bounda~G~ are located ~ c i e n t I y  far fiom the airfoi1 surface, such that 

b s t r e a m  fiow may be assumed there. Any disturbances fmm the body within must be 

atlowed to exit the domain, thus non-refiecting b o u n d a ~ ~  conditions are used to prevent the 

formation of nonphysicai oscillations. 
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To implement th*, onedirnensional Riemann invariants are applied to the com- 

ponent of the flow normal to the boundary, as described by Hirsch [47]. These are given 

where un and ut are the components of velocity, v, n o d  and tangentid to the boundary 

respectively. Additionally, normal components of the spatial derivatives are zeroed at an 

outer boundary. 

These four in-ants are taken fiom b s t r e a m  and extrapolated values accord- 

h g  to Table 3.1. From these, the conserved 0ow vector at the boundary face may be 

reconstructed. 

Table 3.1: Riemann Invariant Cdcdation and Extrapolation 

Boundary Type 

Subsonic MOW (-a < un < O) 
S U ~ S O ~ ~ C  O U ~ ~ ~ O W  (O < un < a)  
Supenonic Infiow (un < -a) 
S I I ~ ~ ~ ~ C  O U ~ ~ ~ O W  (un > a) 

A third possible boundary type enforces symmetry in the fiow field. For exampie, 

a steady Bow around a symmetric body with no angle of attack would be syrnmetric. By 

the use of symmetry boundaries, one may solve on a grid over haif the object, thus reducing 

the t h e  and memory required for the computation. 

in this solver, symmetry boundary conditions are implemented for lamin;ir flow, 

but are not part of this study. For completeness these constraints are outlined below- 

As with inviscid inner boundaries, the flow is forced to be tangentid to ail sym- 

metry boundary faces. Again, details rnay be taken Erom Wehner [38I. For viscous flows, 

the normal components of the spatial derivatives are zemed as weii. 

Freestream 

RI,R3,& 
Ri 

R1,&,&,R2 

Extrapoiated 

R2 
R283& 

Rl &,%,R2 
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Inner Boundary 
--------- Outer Boundary 

Figure 3.4: Various Boundary Types 
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Figure 3.4 shows the three different boundary types. 

3.6.4 Turbulence Mode1 

The choice of ri as the transport variable for the Spalart-Aharas turbulence model 

greatly simpIi6es the boundary treatment for that model. The conserved turbulence variable 

has the property that it approaches zero both on the airioil d a c e  and in the far field. For 

inner boundary faces, components of the spatial derivatives normal to the boundary faces 

are zeroed as weU. For outer boundaries, fi is extrapolated at outflow and set at a o w .  To 

promote positivity of the model, a small positive d u e  (10-~) is used instead of zero for 

inRow. 

3.7 Residual Formulation 

The complete system of discrete equations to be solved may now be iuiiy dehed. 

Our starting point is the steady Navier-Stokes equations in line integral form, Eq. 3.7. By 

summing over aü edges for the Ph c d  we obtain 

for the interior. Should the c d  contain any boundary f a ,  their fiux contribution must 

be considered as well: 

When coupled with the turbulence model, a source term appears as 

Finaiiy, artificid dissipation is added to 4 field faces to promote numericd stability 
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Equation 3.35 is known as the residual for the ith cell, Ri and is compactly written as 

Additionaily, as with the spatial derivatives, Eq. 3.5 applies for closed, interior ce&. As a 

resuit, the Fi a d  Gi te- are dropped in the sw for SU& œh. 

In Eq. 3.36, the continuous set of integral equations, Eq -2.1 has been reduced 

to a dicrete nonlinear system of dgebraic equations. The foiiowing chapter discusses the 

solution to R(Q) = 0. 





Chapter 4 

Solut ion Algorit hm 

in the previous chapter the discrete, noniinear system of dgebraic equations, 

R ( Q) = 0, has been developed. This chapter discusses methods for solving such systems. 

4.1 Newton's Method 

Our starting point for solving a noniinear system of the form R (Q) = O is Newton's 

method which may be written as 

where 3 is the Jacobian of the residual, R, with respect to the conserved variables -or, 

Q. Newton's method requires iterative updates of the form 

starting at an initial guess, Q0 and proceeding until the system is satisfieà. in Hurricane 

iteration begins fiom free-stream, (a), values and continues unttl the L2 n o m  of the 

nonlinear residual, R (Q) is less than a user prescribed tolerance. 

4.2 Matrix-Fkee GMRES 

Using Newton's method, Eqs. 4.1 and 4.2, the nonlinear system of aigebraic qua- 

tions has been reduced to a linear system of algebraic equatious of the generïc form 
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and a linear update. For each Newton iteration, the correspondhg linear system, Eq. 4.1, 

must be solved. These multiple solves of potentially large hear systems cal1 fur an efficient 

solution method. As such, direct solven, with their relateci large processor and storage 

requirements, are dismissed as an option. 

The alternative is to use m iterative solver. KryIw subspace techniques are it- 

erative methods which tend to display better convergence propertiea tban the classical 

relaxation methods such as Jacobi, Gauss-Seidel or Successive Over-Relaxation (SOR) [20, 

23. 481. Additionaii~~ Krylov rnethods do not require diagonal dominance. The technique 

known as the Generahed Minimnl RESidual (GMRES) method developed by Saad and 

Schultz [16] is popular mong Krylov subspace techniques and is used here. Venkatakrish- 

nan [SOI compared the Chebyshev semi-iteration technique to GMRES for structured CFD 

problems and found GMRES to be rnarginaiiy better. Additionaiiy, Knoll and McHugh 

[26. 491 compareci Conjugate Gradient Squared (CGS), Tkansposed F'ree Quasi-Minimal 

Residual (TFQMR) and Bi-Conjugate Gradient(BCG) sotvers to GMRES, with the latter 

being found superior for an incompressible steady Bow. Lastly, GMWS has been found 

to be faster than BCG and Bi-Conjugate Gradient Stabiied (Bi-CGSTAB) solvers for the 

few aerodynamic scenarios tested by Pueyo [34, 351. 

Before proceeding, an important distinction must be made. Newton's method is 

an iterative rnethad for solving nonlinear systems. At each step of Newton's method a 

iinear system is solwd using GMRES, itself being an iterative method for solving linear 

systems. The distinction must be clcar between the outer, nonlinear, Newton iterations 

and the inner, Iinear, GMRES iterations. As such, any talk of optimisation must not focus 

soiely on reducing the number of inner iterations or outer iterations per say, but rather 

reduce a global masure of computational effort. This is further d i s c d  in section 5.2. 

For a hear system of the form Ax = b, GMRES searches the Krylov subspace, 

Km, for the iterate x, f {xo +Km) which *es the L2 n o m  of the linear residud 

given by 

The subspace is of the form 

& = ~pan{v~> A V ~ , A ~ V ~ ,  ..., Arn-lyl) 
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where the vector, vl is d&ed as 

GMRES is guaranteed to converge in, at rnost, N steps where N is the size of 

the system. Preconditioning is used to ensure many fewer GMN3S iterations are requtred, 

as described in Section 4.3. The storage required by GMRES increases Linearly with the 

number of search directions in the Krylov subspace, and (=PU t h e  increases quadratically. 

To avoid the excessive cost of a large number of inner iterations, G W S  itsalf may be 

applied iterativeiy by restarting it after m << N iterations and using x,,, as the initial 

guess upon restart. This restarted version of GMRES wilI be refmed to as GMRES(m). 

One extremely attractive feature of GMRES for solving systems of the form 

Ax = b, is that the matrix, A, is never required explicitly. This greatly ceduces the 

storage requirements of the solver. GMRES requires only matrix-vector products to form 

the subspace search directions. These matrix-wctor products may be approximated with a 

forward-dinerence approximation or Frechet derivative given by 

where E is a SIMU scaiar used for the perturbation. When using the Ftechet derivative to 

appraximate the matrix-vector products rather than the matrix, A, itself, we refer to the 

h e a r  solver as matrix-kee GMRES. 

Hurricane uses a strategy for choosing c as p r o p d  by Nielsen et aI. [501 wbich is 

where cm is "machine zero" for the partic* processoc used. Care in choosing E is exercised 

since it has been shown that Eq. 4.7 is very sensitive to E, especiaiiy when using forward 

differencing [51]. It has been mggesteci that dividing IIvi Il2 by the number of entries in the 

vector would improve scatability, akhough this has not been invcrstigated. 

A second, equally attractive feature of using mtrix-fie GMRES to solve the 

iinear problem is that the & i  of the Jacobian matrix, A = @, are hùly indudeci. 

An analyticaI iinearization of the residnal fnnction, Eq. 3.36, d certahly inchde severai 

simpQing assumptions regarding quantities which are dif i idt  to Iinearize such as the 

spectral-radius and pressure switch in the art%ciaI dissipation (Eq. 3.171, SutherIand's Iaw 

(Eq. 2.17) and the turbulence model (Eq- 2.18). Additionally* the f acob i i  upon which a 
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preconditioner is based need not maintain the strict accuracy of the system itseif. This will 

be furt her discussed in the following section. 

Finaiiy, with an iterative solver such as GMRES, one may control how accurately 

the b e a r  systems are being solved. It has been shown by Pueyo and Zigg that while 

the nonlinear solution is relatively far from the converged solution, the correction made 

by Newton's method can be very inaccurate. Solving the iinear system of equations very 

accurately does not, in general, e q d y  reduœ the residual of the nonlinear system of 

equations, thus wasting CPU t h e  [351. This is known as oversolving and is to be avoided. 

The effect of how accurately the linear system is solved on the overaii nonlinear convergence 

is discussed in Section 5.4. 

4.3 Preconditioning 

As was mentioned in section 4.2, GMRES is guaranteed to converge in, at rnost, 

iV steps. Unfortunately, periormance degrades rapidly a s  the number of inner iterations 

increases. To avoid large GMRES iteration counts, the linear system is preconditioned. 

Preconditioning converts the ünear system into one which is easier to solve by an iterative 

solver. An ideai preconditioner transiorms the diverse eigenvaiue spectrum of the inversion 

matrix, A, to one which is ciustered around unity. 

In this work a right-precouditioned system is formed, whereby the original system, 

Ax = b, is converted to 

AP- PX = b (4.9) 

When a iinear system is right-preconditioned, the n o m  of the modifieci system is the same 

as that of the unmodified one. As such, the n o m  is an accurate indicator of convergence 

for the inner iterations, which is not the case for the alternative, left-preconditioning. 

In the ideai scenario, P-' = A-' such that the product AP-' = 1- Of course 

this is a pedagogicai case since if A-' were known then the iinear system wouId be solved. 

Instead, two approximations are used as describeci in sections 4.3.1 and 4.3.2. 

Incomplete Lower-Upper (KU) factorizations are efücient preconditioners when 

used with GMRES [23,52,20,34,31]. The theory behind an LLU preconditioner is straight- 
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forward. We approxirnate the matrix A with the matrk P where 

where L is lower-tciangular and U upper-triangular. The incomplete aspect arises Erom the 

accmacy of the factorization. The more new non-zero entries permitted to appear in the 

factorization when compared to the original matrix, the more accurate the approximation. 

Of course the time and storage required to form and apply the preconditioner inmeases with 

the level of 6U ailowed. 

An E U  preconditioner with a level of fiil, pl will be denoted LU(p). Zero fiil 

or LU(0) corresponds to a Gaussian-elimhtion process whereby the element is dropped 

unless a nonzero element exists in the original matrix. inmeased levels of 6ii correspond to 

new nonzero entries being retained. Due to the block nature of the problems being solved, 

the fin, p, acts on nonzero blocks, as opposed to individual entries. The effects of the fili 

parameter ou convergence are shown in section 5.5, 

4.3.2 Approximate Jacobian Matrix 

The second approximation used in forming the preconditioner is a resuit of the 

matrix, Pl upon which the factorization is based. Initidy one would think that the mûst 

effective matrix wodd be the true Jacobian, A. This is not the case. It has been shown by 

Pueyo and Zigg [36] that the use of a weii chosen a p p r h a t e  Jacobian can produce better 

efficiency than the tûü one. For nonsymmetric, nondiagondy dominant matrices such as 

A, it has further been shown that the incomplete factors can be more ill conditioned than 

the original matrix [53]. As such, the recursion associated with the forward and backward 

solves involved may become unstable [54, 551. 

The off-diagonal dominance of the preconditioning Jacobian is reduced by using a 

modified second-difference dissipation stencii as reporteci by various authors [31,34,35,36, 

371. This is impiemented as a hear combination of the Laplacian and biharrnonic operators 

found in equation 3.17. The preconditioner coefücients are given by 

where ut is a ftee parameter. The & ' s  of a1 on convergence are shown in section 5.3. 

Another feature of an appraximate Jacobian is that it traditiondy reqnires less 

storage then the hrll Jacobian [34, 311. The use of Eq. 4.11 usuaiiy collapses the size of 
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the stencil reg&, both for inviscid solven and for structurecl solvers. With the former, 

next-to-nearest neighbour (NTNN) stencils are required for dissipation only, since no spatial 

derivatives are used in the ffw cdculation. Eq. 4.11 collapses the entire stencil to nearest- 

neighbours (NN) ody. With structured mIvers, a compact stencil is traditionally used 

whereby the spatial derivatives are caicuiated at half-nodes and the fiwes are computed 

at the nodes. This also avoids the next-tenearest neighbour requirement for structured 

solven. 

With Hurricane, however, the me of Eq. 3.3 for the spatial derivative calculation 

combined with Eq. 3.36, produces a next-to-nearest neighbour stencil for the viscous flux 

contribution to the residual. Hence, the she of the matrix is not necessady reduced for this 

CS. Using nearest-neighbour ody contributions in the preconditioner has b e n  attempted 

as is discussed in section 5.6, but is dismissed as a feasible option at that point. 

Certainly this could be a topic of further research. A ment study uses an ILU(0) 

factorization of the distance1 Jacobian mtrix [30I. This mat* is based on a lower-ordet 

discretisation of the equations bemuse it involves ody the edge and vertex neighbours of a 

ceii. This is not attempted here but is worthy of further investigation. 

Even though the size of the m a t n ~  may not be reduced, one stiu benefits h m  the 

increased diagonal dominance. As mentioned in section 4.2, assumptions may be made with 

the Lower-order Jacobian yet the system being solved using the matrix-free algori th  is the 

full system. The preconditioning matrix only aiiects the convergence and robustness of the 

inner iterations; it does not affect the couvergence of the outer iterations or the wcuracy 

of the solution. 

4.4 Matrix Reordering 

The ordering of the unknowns of the Iinear system piays a sigdicant d e  in the 

convergence of the prmnditioned iterative solver [56, 20). Various strategies exist for re- 

ordering the unknom, most of which focus on reducing the bandwidth of the matrix. 

Blanco and Zingg cornpared Reverse Cuthill-Mdee (RCM), Nested Dissection (ND) and 

Quotient Minimum Degree (QMD) reordering to the natural ordering of the unknowm 

for an unstructureci Euler solver and f o u d  RCM to be supenor [32]. Also Pueyo com- 

pared various domain decomposition, double bandwidth, minimum neighbouring and RCM 

reordering to the natural one and again the resuits favoured RCM for a structured Navier- 
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Stokes solver [34]. 

Therefore, no iurther study is undertaken here. Reverse Cuthill-McKee reordering 

is used to reduce the bandwidth of the h e a r  systems. Section 5.9 shows the effects of the 

remdering on convergence. 

4.5 Linearizat ion 

The Jacobian upon which the preconditioner is based, cornes frorn an appraxi- 

mate iinearization of the nonlinear residual, Eq. 3.36. The linearization is reierred to as 

appraximate due to severai simplifying assumptions outlined below: 

4 p is assumed independent of Q 

pt is assumed independent of Q 

is assumed independent of Q 

0 Eq. 4.11 is used for dissipation 

The linearization may be subdivided into diagonal and off-diagonal blocks. 

Keeping the above assumptions in rnind, one may begin he-ing Eq. 3.36 to 

obtain 

(@My aEw) as, + C  ap;-- -n&,-R- 
bdar=L BQi m, 

which is the diagonal (i,i) block. The eight terms in Eq. 4.12 wiü be discussed below in 

order. 

k is an inviscid t- which ap- in boondary celis only. For wmbounday 

ceUs Eq. 3.5 applies, thus there is no & contribution to Ri. More details on & can be 

found in Wehner's work [38]. 

% is a vismus term which appeam in boundary ceUs ody. Again, Eq. 3.5 applieil 

so there is no Gr contribution to R, for interior cells. This term has contributions fiom 
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Figure 4.1: Contributions to Gi 
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several sources. The viscous flux, Gi, is a function of both the conserved variables and the 

spatial derivatives at ceii i as illustrated in figure 4.1. The chain d e  may be used to obtain 

where DSq and DSyi are the respective x- and y- mmponents of the spatial derivatives 

of p, u, v and T as given by 

and 

The value of the conserved variables vector at the boundary face is QMy, wàiie Q& is 

extrapolated fiom the interior. These correspond to branches 1,2,4,5 and 7 of figure 4.1. 

The term is further complicated by the sums involveà in the spatial derivative 

caldation, Eq. 3.4. Upon further examination, the above equation (4.13) contains sums 

buried in the spatial derivative expansion. Branches 2 and 4 of figure 4.1 can be combined 

to obtain 

aDs where .r? is a complete linearization of Eq. 3.4. Strictly speaking 

with the sums explicitly recordeci. 
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Simiiarly branches 5 and 7 of figure 4.1 can be combineci with respect to the y 

component of the spatial denvatives giving 

-- 
aï% aDsyi l aGi aDsyi ~ Q M ~  a Q d  aEi aDsyi (4.1,, +----=-- 

aDSyi aQi ,,Y cons. ~ D S Y ~  ~ Q U ,  aQ, aQi a D s ~ i  aQi 

where 

with summation explicit. 

Using these clarifications (Eqs:4.16-4.19) one obtains 

% kidentically aem. The inviscid flux at one ceil is not relateci to the state at 

anot her. 

% is lairly straightfonvard and requires no modification for boundary ceiis ahen 

using a zeroth-order boundary extrapolation. The only contribution fiom Qi on Gk is 

through the spatial derivatives. This may be expanded using the chain d e  to give 

This corresponds to branches 3 and 6 of figure 4.1 with indicies i and k switched. The 

above expression, however, is simple enough that it may be mded expticitly. This avoids 

the overhead of excessive matrix multiplication. 

b the ünearization of the artificial dissipation which oc- for ail field fices. 

This is discussed by Wehner [38]. 

if c d  i is a boundary ceil, the flux at boundary faces must be linearized as well. 

Of the iwiscid and viscous contributions, the former, %, is Iess compIex. Again a chah 
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The tbree Jacobians are exptained by Wehner [38], but a brief description is warrantai here. 

The k t .  is the same hmdion as and is simply applied using the values 
UV 

at the boundary face, Qbdy. This iS the linearization of the flux at the boundary with 

respect to the c o n s e d  variables veçtor at the boundary. We are linearizing with respect 

to ce11 i ,  however, thus further expansion is undertaken. 

The flow variables at the boundary face are b a d  on those extcapotated h m  the 

interior, with the appropriate boundary condition applied. a is the Linearization of t h  

boundary condition. 

Fiaally, the extrapolated variables mme nom those at c d  i, as expresseci by W. 
For the aerothorder extrapolation procedure used hem. = 1. Thia Isctor is included 

to d o w  for a more elaborate boundary treatment in the future. 

For the viscous flux at a boufldary face, the iinearization is expanded as shown in 
- - 

figure 4.2. As with Gi? Gbdnr also has contributions both Grom the c o n s e d  variables as 

welI as the spatial derivatives at the boundary face. The cbain ruie gives 

correspondhg to branches 1, 2, 4, 5, and 7 of figure 4.2. Again, this equation is further 

complicated by the sums involveci with the spatial derivative calculations. Equations 4.17 

and 4.19 are used giving 

As with the c o d  variabIes. the spatial derivatives are also stored at bomdary 



Figure 4.2: Contributions to Gady 
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Table 4.1: Contribution to Diagonal Btocks 

faces. %. and are lineariaations of the viscous flux at a boundary face with 
YMB 

respect to the spatial derivatives there. These spatial derivatives are based on extrapolated 
aDSxkl ~ D S Y U  ones where and BDSy,,: are linearizations of any boundary conditions applied. 

BDS y Fhaiiy. and are both identity due to the zemth-order extrapolation useci. 

The fimi term included in a diagonal block of the appmximate Jacobian is &. 
This is a linearization of the source terms at ceU i .  These are simpler to compute than the 

flux Jacobians since there are no sums involveci. If 

t hen 

The M o u s  te- contributhg to the diagonal (i$) block are d in Table 

4.1. 
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4.5.2 Off-Diagonal Blocks 

The same procedure is foiiowed when ünearizing Eq. 3.36 with respect to a par- 

ticular neighbour ceil, k* ,  to obtain 

which is the off-diagonal ( i ,k8)  block. The eight terms in Eq. 4.27 d l  aiso be discussed 

beiow. 

The k t ,  &, ki ident idy aem. As with &, the inviscid flux at one ceii is not 

related to the state at another. 

j%it isaddeà only if i  is a boundary ceii. For interior ceh, there ki no Gi 

contribution to I&. This term rnay be found by tracing out branches 3 and 6 of figure 4.1 

and is writ ten as 

Here there are no sums associated with the spatid derivative calcuiations since only the 

2-kW face yields a nonzero term. 

contributes to % oniy if k = k*. In t h .  case the Jacobian block bas the 

same hinctionai form as %, an is simply caicuiated using values at c d  k*. 

The & contribution is added when k = k* as WU. One rnust be mindfui of the 
k * 

case when ceUs i and k* share a mmmon wighbour. In that case there is a & term when 

k points to that common neighbour. This will be considered a next-tenearest neighbour 

contribution and wîii be discussed in subsection 4.5.3. 

When k = k*,  Gk- depends on the conserved variables, Qk-, for aü ce&. This 
conesponds to branch 1 of figure 4.1 with indices i and k = k' switched. That is 

This is valid for the interior. 

Moreover, if k' is a boundary celi, there is a contribution through the spatial 

derivatives at k' as d. Here the finhiionai form of 2 is identical to that of %. This 
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is given as 

using the fidi derivat ives given by 

and 

The artiûcial dissipation contribution, . discussed by Wehner [38]. 

For the inviscid flux at the boundary face, 2 = O, since pMy is ody related to 

Qi for zerot h-order extrapolation. 

The viscous aux term at a boundary face, however, contniutes to the off-diagonal 

blacks. This may be seen in brauches 3 and 6 of figure 4.2, with k = k' and is written as: 

Findy, for source terms which contain spatial derivatives, there is an off-diagonal 

contribution as weii. This is written as 

asi as,, as,- asd,, as,.,, -=- +- +-+- a&* aqk- a%- aQk- aQk- (4-34) 

The various terms contributing to the off-diagonal (i,k8) block are summarized in 

table 4.2. 

4.5.3 Next-To-Nearest Neighbour Blocks 

The noniinear residual at ceii i, &, depends on the viscous fluxes at cell k, Gk, 
where k is a neighbour of i, These viscous flux terms contain the spatial derivatives a t  ceil 
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- -y  , 1 

&y O 2 - Eq: 413 

F k  O 

Table 4.2: Contribution to Off-Diagonal Blocks 

- 
Gr - - 
Aik 

FM. 

k which depend on ceii kn,, where kn, is a neighbour of ceii k. Thus one can see that R, is 

not completely defined by Qi and Qk, but also depends on Qknn. 

i l s  mentioned in section 4.2, wben using matrix-hee GMRES, the accuracy of 

the Jacobian upon which the preconditioner is based only affects the convergence of the 

solution. not the soiution itseif. The importance of these next-tenearest neighbour effects 

on convergence is the topic of section 5.6. Unfortunately, it wiii be shown that these e k t s  

have a great d u e n c e  on the robustness of the solver. 

Again, iinearization of R, with respect to Qkn, starts with 

Fortunately, most terma in Eq. 4.35 are identically zero. The only possible contribution ia 

$& - Eg: 4.29 (ka-ht), -Eq 4.30 (k'-bdy) 

O 

through the viscous fluxes, since the artilicial dissipation is treated using Eq. 4.11. Thus 

BC - Eq: 4.29 (k'-kt), -Eq: 4.30 (k*-bdy) & 

O 

Of the viscous fluxes, only Gk nisplays a next-to-nearest neighbour dependence. %th Gi 
and GWy depend only on ce11 i, neighbour k and boundary fhce bdy. Thus, 
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Table 4.3: 

Fi 

Contribution to Off-Diagonal, Next-teNearest Neighbout 

(i-interior) 1 & (i-boundary) 

O 1 O 

which is the (i,$,) block. 

The contribution to the off-diagonal, next-to-nearest neighbour biocks is summa- 

rizcd in Table 4.3. 

One problem with Newton's method for solving nonlinear equations such as R (Q)  = 

O, is that the solution may diverge if the initiai guess, Qo is far kom the solution. For in- 

viscid cases, Wehner noted that Newton's method wiIl converge starting hom fieestream 

values for subsonic flows, but diverga for transonic cases [38]. Even for subsonic Rows, a 

poor choice of parameten was found to cause divergence of the method. 

As such the Newton updates are damped in order to widen the domain of conver- 

gence. Implicit Euier time stepping is used with local t h e  Iinearizatiou giving 

(g + i) AQ = -R (Q) 

where h is the temporal inmement. Genedy, as the iterate, Qn, approaches the converged 

solution, the time step may be i n a d .  A variable tirne step is used whereby 

where llR[lo is the "tid L2 norm of the nonlinear residuai and llRlla is the L2 norm 

at iteration n. This ramping function has the property that as  the residuai approaches 

zero, the time step approaches infinity. Oniy a qui& examination of the scheme? Eq. 4.38, 
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is required for one to realize that in the ümit as h + oo Newton's method, Eq. 4.1, is 

recovered. 

In this solver the L2 nom ofdensity is used to measure convergence, although other 

masures can be used. For turbulent cases, the scalings based on p and f i  are compared 

and the less aggressive is used. This accounts for any ciifferences in convergence rates of the 

flow equations and the turbulence model. 

Stricter start-up requirements are needed for turbdent cases. The exact solution 

of the turbuience transport equation cannot become negative. It can be shown that if ü = O 

at some location and the surrounding values are non-negative, then 2 O To mimic 

this andyticai behavior, the recommendations of Spalart and Aiimaras [44] are foiiowed as 

outiined below. 

The production and destruction source terms are modi6ed for start-up to encour- 

age the positivity of fi. These may be written as 

and 

Sdm = D(V) i  

Thus the linearization is given by 

and 

[ ~ ( ü ) i ] '  = D ( i )  + D'(Ü)Ü 

h t e a d  of including the true linearizations in the left-hand side, P and D are chosen. These 

are dose to the true Jacobians given by equations 4.42 and 4.43, yet retain strict adherence 

to the positivity constraint. The sum is given by 

where the pos(q5) function clips d u e s  of 4 < O to zero. 

In order to enforce this constraint, start-up does not aiiow for a matrix-free solver. 

GMRES is used with the appracimate Jacobian as the matrix- The fiow equations are 

treated as before, but a srnaIl, dXerent, constant time step is used for the tnrbuience 
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model. Additionally, the off-diagonal t e m  are dropped for this equation, thus decoupling 

the turbulent transport. 

This was found to be very slow and convergence tended to stail aiter appraximately 

a two order of magnitude drop in the Spalart-- residual. The remainder of this work 

wiil start with a partly converged solution, dowing matrix-Eree GMRES to be utiiized. 

The possibility &ts of using explicit mdtigrid for start-up and switching to matrix-Eiee 

GMRES after a user-prescribed tolerance 6as b e n  obtained. Start-up remains a topic for 

furt her research. 

4.6.1 Local Time Stepping 

Since steady-state solutions are desired, the time accuracy of the iterates, Qn, may 

be sacrificeci. This ailows the solution at each grid point to be advanceci at the maximum 

possible time step. 

The local. viscous tirne step is &en by taken tiom Mavriplis et al [57] as recounted 

by Greiner [45] 
M c  h = C F L  (-) 
h, + h C  

CFL is the Courant-fiedrichs-Lewy number while h, and h, are given as: 

and 

where A, and A, are approximations to the m h u m  -ive and convective eigenvalues, 

given by 

and 

respectively. The dues used in the dculations are averages fiom ceils i and k. Modification 

for boundary c e b  is straight-forward. 



4.7 Implement ation 

Hurricane is coded in C i +  with much of the Newton-Krylov implementation corn- 

ing from the Portable, Extensible, Tookit for Scientific Computation (PETSc) [Ml. PETSc 
provides e5cient data structures for linear solvers, nonlinear solvers and optimization rou- 

tines. in particular Hurrïcane uses the vector and block, sparse matrix data structures as 

weU as GMRES linear solver, KU preconditioning and RCM reordering routines. 
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Result s 

in the preceding chapter an dgorithm has b e n  presented to solve the noalinear 

system R(Q) = O. One wishing to solve such a system with the Newton-Krylov method is 

Ieft with many choices of parameten. An arbitrary selection of these parameten may result 

in poor convergence properties, or often dimgence. A mil-tuned set, however, produces 

a.. efficient and robust solver. 

5.1 Test Cases 

Several laminar test cases have been used for parametric optimisation and verifi- 

cation of resdts as outlined in tabIe 5.1 below. 

1 Case Number 1 Airfoil [ Grid Type 1 Number of Ceils 1 Mm 1 a 17 1 Re 1 
I - - -. , .. , 

Tabte 5.1: Test Cases 

1 
2 
3 
4 
5 

- 

Cases 1 and 2 are primary test cases for which MI paramehic studies are under- 

taken. These show that the choiœ of parameters is reasonabIy independent of grid structurecture 

The remaining test cases show that solutions may be efficiently obtained for a varïety of 

shapes and flow conditions using the same parameter set. 

NACA 0012 
NACA 0022 
RAE 2822 

NACA0012 
NACA 0012 

Structured 1 12164 10.8 
Uostrnctnred 1 11441 1 0.8 
U n s t r n c t d  1 9275 1 0.75 

Structureci 
Structureci 

5.0 
5.0 
4.0 

12164 
12164 

500 
500 
500 

0.3 
0.5 

1 

6.0 1 1000 
1.0 1 250 



Figure 5.1: Structured and Unstructured Grids about a NACA 0012 

The first two gridz are shown in figure 5.1. The airfoil for each is a symmetric 

NACA 0012 with off-the-wall spacings of 5.0 x 1 0 - b d  1.0 x 10-%espectively. Figure 5.2 

iY an u u s t ~ c t u r d  grid about an RAE 2822 with an off-the-wd spacing of 1.0 x lo4. For 

the unstructureci gids  a smaii structureci region is used directly around the aidoils while 

the rernainder of the domain cunsists of an unstmctured trianguiar e d .  

5.2 Convergence Measures 

A base set of parameters for the solver may be lound in section 5.10. With the 

exception of the dissipation constants (d2) and d4)), the remaining parameters affect con- 

vergence and robustness of the solver, not the acwacy of the convergeri solution. Sections 

5.3 through 5.9 show the effects of these parameters on convergence. 

Ail convergence histories plot the La nom of the mntinuity residuai versus CPU 

tirne. in orcier to aüow for cornparisons between various proces%ors, grid sizes, compilera 

and coding styles, the Lime is n o m a i i d  by that required f ~ r  one right-hand side !ctzid.d 

evaiuation. Aithough me- convergence in RHS evaluations is by no means perfect, it 

nonetheless produces more repeatable r d t s .  

ALI tests were nui on a Compaq Aipha ES40 server with 667 h4Hz Alpha 21264A 

procesrs. As a pmut ion ,  all d t s  in the foUowing sections were obtained without other 

processes ruMing on the system. 
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Figure 5.2: Unstructured Grid about an RAE 2822 

Figure 5.3: Effects of ut on Convergence for Cases 1 and 2 

5.3 al Effects 

As rnentioned in section 4.3.2, the off-diagonal dominance of the preconditioning 

Jacobian is reduced by ushg a modifieci second-clifference dissipation stencil given by 

ïrhere ul is a kee parameter. The effeçts of ut on convergence ate shown in figure 5.3. 

For case 1, ai = 9 produces the best convergence whiIe cq = 7 also performs 

mil. Poor resnlts, or pûssibly dimgence is obtained for cq 1 3 or ut 2 10. For case 2, 

however, al = 9 results in a negative p-e caiculation. Here, the method appears to be 



Figure 5.4: RHS Evaluations vs ai for Cases 1 and 2 

more sensitive to the value of ai chosen, Whiie 01 = 6 or ul = 8 perform best, ul = 7 is 

acceptable as well. 

Figure 5.4 plots the norrnalised CPU tirne for convergence to 10-'O m 01 for cases 

1 and 2. Rom this graph, one may see that a q value between 5 and 8 is best, where 01 = 7 

has been chosen as optimal. 

These results compare weil with previous studies. Pueyo [Ml used al = 5 while 

Wehner [38] recommends a value of 4 or 5 for a,. The higher value of 01 required for these 

laminas cases can be attributed to the mwh lower d u e s  of d2) and d4). 

5.4 Linear System Solution Precision 

One attractive feature of using an iterative salver such as GMRES for the hear 

system is that one may control how accurately those systems are solved. T b  ratio of 

inner residual redudion wiil be rekrred to as rtd. As mentioned in section 4.2, ovecsolving 

of the h e m  system is costly a d  is to be avoided. The dects  of r~ on convergence arc 

shown in figure 5.5. 

Frorn these plots it may be noted that obtaining accurate solutions to the linear 

problem hinders overd convergence. A value of rM = 0.1 is optimal for both cases, agreeing 

with r d t s  obtained by Pueyo [34] and by Wehner [38]. Figure 5.6 plots the normalised 

CPU time for convergence to IO-'' vs r r d  for case 1. 



Section 5.5. Preconditioner FU 

Figure 5.5: Effécts of rtd on Convergence for Cases 1 and 2 

Figure 5.6: RHS Evaluations vs r~ for Case 1 

Coirpa* r,mor t 

It can also be seen t hat case 2 is very sensitive to the parameters used, as will be 

further disnissed in section 5.10. Here, oniy values of rtd = 0.1 and rtd = 0.01 resdt in 

converged solutions with the former superior. 

lms 

d 

nm- 

5.5 Precondit ioner Fil1 
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When forrning the preconditioner b d  on the apprmimate Jacobian, one is left 

with the choice of how much fül to aüow. Whiie the effectiveness of the preconditioner 

should increase with increased üii, the t h e  tequired to form the preconditioner and the 

storage needed increases as well. 

, '-l/ - 
1- ami  m am ai t 
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Figure 5.7: Effectv of 611, p, on Convergence for Cases 1 and 2 

Figure 5.8: RHS Evaluatious vs p for Cases 1 and 2 

Figue 5.7 shows the effects of p on convergence for cases 1 and 2. Clearly p = O or 

p = 1 are poor choices for both cases. For case 1 increased fili resdts in better convergence 

up to p = 8 although lit tte is gainecl when p > 6. For p > 8 the time required to fonn the 

preconditioner begins to become prohibitive. 

Again, case 2 is more sensitive to the parameters chosen the ûrst case- Here we 

can clearly see the cost associated with a 6U level which is too low or too high. Fi d u e s  

of O, I or 10 are poor while 6 or 8 are best. 

Figure 5.8 plots the nomdiseci convergence time vs fill leveI for cases 1 and 2. 

Rapid convergence occurs for 6 or 8 Ieveis of filL Also one may note that some dues of p 

resdt in divergence, mostly for case 2- Fkom the plots in Section 5.10, one can see that poor 
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Figure 5.9: Total Memory Usage vs p for Cases 1 and 2 

mesh quality is causing this sensitivicy. A d u e  of p = 6 was chosen as optimal, although 

any d u e  about 3 is reasonable. 

Finally, figure 5.9 plots the total memory usage vs fiil level for cases 1 and 2. 

Generally as  one increases the fiil permitted, the memory usage increases as weil. In choosing 

p = 6 as optimal, however, convergence tirne was the primary consideration. This is simpIy 

due to the fact that time is continuous while memory usage is quantized. The program will 

either fit in the system space availabte, or it will not. It is only in these latter cases that 

program size becomes a primary concem. Conversely, one can always benefit from improved 

convergence. 

This choice of ILU(6) compares to ILU(2) used by both Pueyo [34] and Blanco [31]. 

Wehner, however, recommended vaiues of p between 4 and 7 for various cases [381. 

5.6 Preconditioner Accuracy 

As mentioned in section 4.3.2, a compIete Iinearization of the viscous fluxes resuits 

in a next-to-nearest neighbour stencil. Considetatiou has been given to using a nearest- 

neighbour only stencil for the viscous fluxes, thus significantly reducing the overall size of 

the appraximate Jacobian matrix. This nearest-neighbour ody  stencil simply drops any 

entries formed by the presence of next-tcmearest neighbour celIs. Figure 5.10 shows the 

difference in convergence rates when using a fidl stencil vs using nearest-neighbours only 
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Figure 5.10: Effects of Preconditioner Accuracy on Convergence for Cases 1 and 2 

for cases 1 and 2. 

The full stencil results were obtained using the optimal parameten Listeci in section 

5.10. Unfortunately these parameters resuited in divergence for the nearest-neighbour only 

rum. Results for these cases were obtained by dowing 100 GMRES iterations with no 

restart. Additiondy, the initial CFL was reduced fiom 5000 to 1000 and 2000 for cases 1 

and 2 respectively. 

- 

Table 5.2: Memory Requirements for Nearest and Next-twNearest Neighbom Stencils 

Table 5.2 shows the storage costs associateci with the nearest-neighbour and next- 

to-neatest neighbour stencils. The Iarger stencil ody  r d t s  in a 25% additionai penalty for 

case 1 and a 45% increase in the second case. The extra nonzero entries produced by the 

next-to-nearest neighbour stencil are not the ody  cause of the different storage requirements; 

the memory required for the nearest-neighbour only cases is infiatecl due to the stonge of 

the additional Krylov subspace search directions for the 100 GMRES iterations. 

Case Number 
1 
2 

As mentioned in section 4.6, the iterates produced by Newton's method may di- 

verge if the initial guess is fhr from the ateady-state solution. To avoid t&, local implicit 

Memory (NN Stencil) p] 
191 
205 

- Memory (NTNN Stencil) [Ml 
239 
297 

Percentage hcrease [%] 
25 
45 
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Figure 5.11: Effects of Initial CFL on Convergence for Cases 1 and 2 

Figure 5.12: RHS Evaluatious vs initiai CFL for Cases 1 and 2 

Euier time stepping is used as shown in equation 4.38. As tbe n o m  of the residuai a p  

proaches zero, the Cn is increased accordmg to equation 4.39. 

The rernaining fiee parameter for startup is the initiai CF'L. Figue 5.11 shows the 

effects of initiai CFL upon the overall convergence. For cases where the initiai Cn is too 

low, convergence degrades rapidly. ConverseIy divergence may occur if the initial CFL is 

too hi&. 

Figure 5.12 plots the convergence time vs. initiai CFL for cases 1 and 2. For these 

two cases the optimal starting CFL is between 5000 and 10000. For case 2 an initiai CFL of 

lûûûû significantly outperforms an initial value of 5OOO. The aim hem, however, is to obtain 

a set of parameters which result in convergence for a variety of test cases. Conservatively, 
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Figure 5.13: Effects of Freezing the Preconditioner on Convergence for Cases 1 and 2 

5000 was chosen as optimal. 

5.8 Freezing Precondit ioner 

Since the preconditioning matrix is based upon an approximation to the Jacobian, 

one may consider no longer updating the preconditioner once the solution has sufiiciently 

converged. This wiii be termed "freezing" the preconditioner. Pueyo found that the pre- 

conditioner need only be formed once, foiiowing an appraximately factored startup period 

[Ml. Blanco found convergence was accelerated when freezing the preconditioner after a 

5 order reduction in the nonlinear residuai [31I. Wehner found optimal results when the 

preconditioner was k e n  after a 2 order reduction of the nonlinear residual for cases where 

a time-step is required [38]. 

Figure 5.13 shows the &its of h i n g  the preconditioner on the overall conver- 

gence time for cases 1 and 2, It is clear the the preconditioner must not be kazen too 

soon. Performance degrades if the preconditioner is h z e n  after only one or two orders of 

magnitude reduction in the nonlinear residual. 

Figure 5.14 plots the normalised CPU t h e  for convergence to vs orders 

reduction before keezing for cases 1 and 2. Again one sees that the preconditioner mnst not 

be frozen too soon. Fteezing the prmnditioner d e r  a hur order of magnitude reduction 

in the nonlinear residuai is chosen as optimal aithougb other d u e s  perform well aiso. 
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Figure 5.14: FLHS Evaluations vs Jhming Tolerance for Cases 1 and 2 

Figure 5.15: Approximate Jacobian Matrices with and without RCM Reordering for Case 
1 

5.9 RCM Reordering 

As was stated in section 4.4, reverse Cuthill-McKee reordering will be applied to 

the linear systems. Figure 5.15 shows the appmximate Jacobian matricies obtained before 

and after reordering is applied for case 1. 

The effect of remderhg on convergence is shown in figure 5.16. Reverse Cuthill- 

McKee reordering significantly improves convergence for these two cases. These results 

agree with the literature. 



+ 

O m m l s m = m ~ m W s m  
ma- 

Figure 5.16: Effects of Reordering on Convergence for Cases l and 2 

5.10 Optimal Parameters and Final Results 

The base parameters used for the solver were determined Som the resuits found 

in sections 5.3 through 5.9 and are Listed below: 

ILU(6) preconditioner based on NTNN stencil 

Variable, local, implicit Euler t h e  step with initial CFL of 5000 

Preconditioner fiozen after a 4 order of magnitude drop in the nonlinear residual 

0 RCM remdering is applied 

Maximum of 40 GMRES iterations miarted &er 20 

These parameters are to be used as a general guide for arbitrary cases and may not 

be optimal in ail circumstances. For example, increasing the initial Cn to 10000 for case 

2 wiii significantIy reduce the t h e  required for convergence. Nonetheles, the convergence 

behavior in generai is desirable. 

Convergence histories for the test cases may be found in figure 5.17. AU converge 

in less than 1000 function evaiuations with the exception of case 2- These resdts agree with 

those obtained by Pueyo [MI and Wehner [381. 
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Figure 5.17: Convergence Histories for the 5 Test Cases 

Table 5.3: b e r  and Outer Iteratioos for Test Cases 

Table 5.3 shows the inner and outer iterations required for solving the various test 

cases. The r d t s  are in h e  with the structurecl results of Pueyo [MI. On average it 

takes less than 20 GMRES iteratiom per Newton step for aii 5 test cases; cases 1 through 3 

require less than 10. One may note that the systems st8m as the Mach number is duced .  

No Iow-Mach number preconditioning is employed. 

The Mach number distriiution throughont the domain, and the d c i e n t  of pres- 

sure on the airfoi1 surface are pIotted in figare 5.18 for case 1- The grid produces nice d t s  

as are evident in the mooth graphs. 

Case 2 uses the same airfoiI and flow parameters as case 1; the ciifference is the 

mesh use& Case 2 uses the hybrid, ltllstfuctured mesh as shown on the right of figure 

5.1. The Mach number distribution and C' plots may be found in figure 5.19. Finally 

it is clear why Case 2 is more sensitive to the parameters listed above. The dfne~ence in 

mesh structure ïs evident in the final solution for this case- There are two possiile, reiated 

Case 

1 
2 
3 
4 
5 

GMRES Its. 
98 
295 
116 
125 
212 

Newton Its. 
13 
39 
L7 
9 
11 

GMRES/Newton 
7.54 
7.56 
6 -82 
13.89 
19.27 

CPU Time [RHS EvaIs.] 
483 
1287 
458 
514 
943 



Figure 5.18: Mach Contour and Cp Plots for Case 1 

Figure 5.19: Mach Contour and Cp Plots for Case 2 
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Figure 5.20: Mach Contour and Cp Plots for Case 3 

causes for this phenomenon, namely the off-thewaii spacing and the mesh resolution. The 

problem may be solved with either a finer grid having the appropriate off- the-d spacing, 

or by using an adaptive gridding strategy as discussed by Walsh [40j. 

Table 5.4: Cornparison of Resdts for NACAOO12, Mm = 0.8, a = 5O, Re = 5Oû 

Table 5.4 compares the iift and drag coefficients h m  cases 1 and 2 with to one 

obtained Erom the structureci code O p t i d .  One can see that the oscillations present 

behind the d o i l  in figure 5.19 do not signiscantly affect the bulk coelficients. 

Figure 5.20 shows that the same d a t i o n s  present in case 2 are present in case 

3 as weii. For this case ~4 was raiseci to 0.1 in an attempt to damp out the osdations in 

the solution. 

Due to the osciliations present in the solutions on the hybrid grids, the remaining 

two test cases used the structured mesh. Figures 5.21 and 5.22 show the solution foi. cases 

4 and 5 respectively. The hi& quality of the mesh used accounts for the srnooth soIutions- 

c d  

0.230 
0.237 

Run 
Case 1 
Case 2 

Cr 
0.229 
0.257 



Figure 5.21: Mach Contour and Cp Plots for Case 4 

Figure 5.22: Mach Contour and C' Plots for Case 5 



Chapter 6 

Concluding Remarks 

6.1 Conclusions 

The inviscid work of Wehner [38I has been extended to viscous Bows. A Newton- 

Krylov solver for the Navier-Stokes eqriations on generai unstnictured grids bas been de- 

veloped and an optimal set of paranieters determineci considering both speed and storage 

requirements. 

The solver uses a finitevolume formulation on arbitrary polygonal meshes. Second- 

and fourth-ciifference scaiar artEcial dissipation has been added for numericd stability. 

Newton's method bas been used to solve the discrete, nonlinear, algebraic equations, whiie 

an ILU-preconditioned, matrix-free GMRES method solves the resuiting ünear systems. 

RCM remdering was used to reduce bandwidth and local, implicit-Euler t h e  steppuig 

promotes robustness during start-up. 

It has been shown that an optimal choice of parameten resdts in a very efficient 

solver for a variety of laminar flow conditions; convergence is generaüy obtaîned in fewer 

than 1000 function evaluations. These tests successfully vaiidate the functionaiitq of the 

solver. 

6.2 Recommendat ions 

The laminar solver is ready for bai extension to turbulent flows. The t u r b u h t  

flux Jacobians have been d e d  using We-diffecence comparisons and the turbulent start- 

up aigorithm is functionai as we& The solver may now be restarted h m  a mdtigrid run, 



and appropriate parameters rnust be chosen. Once a soiution is obtained on an adequate 

grid using an explicit solver, this Newton-Krylov algorithm may be verifid. Start-up may 

then be accomplished via either the algorithm stated herein, or using multigrid. 

W h e r  tests ought to be run on unstructureri meshes. Although a successfui grid 

has been fond for various test cases, the effects of off-thewall spacing and grid remlution 

on convergence should be investigated. 

Finaiiy, storage required for the solver may be reduced as weiî. Although it has 

been shown that a nearest-neighbour only stencil resuits in poor convergence, the use of 

a distance-1 Jacobian should be studied. Additionally, other researchers have s u c c d y  

reduced memory overhead by storing the preconditioner in single precision. The feasibil- 

ity of implementing this using the PETSc iibraries could be investigzrted. Any reduction 

in memory reguirernents obtained by further research wuid significantly impact a tkee 

dimensional extension of this work. 
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